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Abstract. In this paper, we present the establishment the vibration equation for the study
of nonlinear beam effects. A illustrative example allows us to derive equations und use
nonlinear vibration for calculating vibration of beams.
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1. INTRODUCTION

When studying the bending vibrations of beams, we assume that the beam cross-
section is symmetrical about two axes. For example, the cross-section of a beam is cir-
cular, rectangular, or I-shaped. If the cross-section of the beam is not symmetrical about
two axes, the beam will undergo bending, longitudinal, and torsional vibrations simul-
taneously. In this report, we do not consider the beam torsional vibration problem, only
the beam bending and longitudinal vibration problem. Neglecting the rotational inertia
and the sliding deformation of the beam axis, we have Euler-Bernoulli beams. If we are
interested in rotational inertia and Gleitverformung deformation of beam axis, we have
Timoshenko beam.

The problem of bending and longitudinal vibrations of linear beams has been stud-
ied very carefully. However, the bending and longitudinal vibrations of nonlinear beams
are still a little explored area. In the book “Nonlinear Mechanics” [1], Kauderer presented
the basics of the theory of nonlinear vibration of beams with relative care. In our coun-
try, the presentation of the mechanical principles of deformed solids was presented in [2]
and some other documents. In [3,4] the basic problems of setting up the equations of
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motion of non-linear beams were presented relatively carefully. In order to extend some
assumptions about the relationship between stress and strain, the relationship between
strain and displacement, in this paper we establish equations for bending and document
vibrations of nonlinear beams of beams under the action of axial force. Studying the com-
putation of the oscillation of this class of problems is of interest at Hanoi University of
Science and Technology.

2. ESTABLISHING THE NONLINEAR BENDING VIBRATION EQUATION OF
THE BEAM SUBJECTED TO THE LONGITUDINAL FORCE AT THE BEAM END

In this section, we establish the bending vibration equation of the beam taking into
account the geometric nonlinearity, the physical nonlinearity and the longitudinal force
acting at the beam end (Fig. 1).

Fig. 1

Assume that in the un-deformed state, the geometric axis of the beam coincides with
the axis x of the perpendicular coordinate system xyz. The ends of the beams have coor-
dinates x = 0 and x = I. Assume that the principal axes of inertia at the intersection of
the cross-section with the axis x are parallel to the axes y and z that the beam’s axis is bent
only in the plane of symmetry (x,z). The symbol m(x) is the mass per unit length of the
beam, r is the mass density, A(r) is the cross-sectional area of the beam, the beam length is
I, the beam is homogeneous. Using the Bernoulli hypothesis, consider the beam’s cross-
section to be consistently flat and perpendicular to the beam’s deflection axis.

2.1. Dynamic balance equations of beams

To establish the beam bending vibration equation, imagine separating a small ele-
ment of the beam at two cross-sections x and x + dx. The symbol for the length of the
element before deformation is dx, after deformation is ds. The symbol w(x,t) is the de-
flection of the beam at the section x, u(x, t) is the axial displacement of the beam at the
section x, j(x, t) is the angle of rotation of the beam at the section x. Neglect rotational
inertia and shear deformation of beam shaft. Applying d’Alembert principle, set up the
dynamic equations of the investigated beam element as shown in Fig. 2. In Fig. 2, we use
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the symbols: w is the deflection of the beam in the z direction, u is the displacement along

the x axis.
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From the condition of dynamic equilibrium in the direction z, we have

%w

Y P = —dmﬁ —F;—Qcos¢+ (Q+dQ)cos(g+de)
+ Nsing — (N +dN)sin(¢ +d¢) + p*(x,t)ds = 0.

From the condition of dynamic equilibrium in the direction x, we have

o%u

Y B = —dmﬁ — Qsing + (Q +dQ) sin(¢ +dg)
— Ncos¢+ (N +dN)cos(¢+de) =0.

From the torque equilibrium condition, we get the equation

- ds ds
Y iy (Fk> = —M, + My +dM, - Q7 — (Q+dQ)F =0,

(1)

)

where N is the component of the normal force, Q is the shear force, M, is the bending
moment and F; is the external resistance acting on the element of length dx. Suppose

external resistance is proportional to velocity
ow

F; = cgpA(x)dx,

where c is a constant.

4)
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Notice that y(x) = pA(x),dm = u(x)dx = pA(x)dx = p*(x)ds, p*(x,t)ds = p(x, t)dx.

2.2. Some assumptions and approximate formulas describing the properties of the
beam

2.2.1. Stress—strain characteristic equation (constitutive equation)

When considering the physical non-linearity of beams, the relationship between
stress and strain is often expressed by a general formula in the form of a stress-strain
curve, as follows [2]

f(O.XI ('TX/ ‘C’XI éX/ t) - 0 (5)

For the nonlinear elastic model, the stress-strain characteristic equations (5) have the
following form:

- Stress-strain relationship of the nonlinear rheological model

0 = E(1 — a3E%€%)e,. (6)

- Stress-strain relationship of the viscoelastic Kelvin—-Voigt model

0x + (1 + K)oy = E(éx + 7ex). (7)

- Stress-strain relationship of the nonlinear rheological model

Oy + bdx = klsx + k38i + hléx + hSé%- (8)

For the creeping beam model, the stress-strain characteristic equation (5) is com-
monly used in the following form [2]

o) t
=+ /o0 ©)

0
where the first term on the right-hand side represents the elastic strain that occurs in-
stantaneously after the load is applied, the second term represents the linear time accu-
mulation of strains from the differential variable. The function ®(t) represents the creep

deformation rate. We can also consider ®(t) as the creep rate (the creep softness in a unit
of time).

For creep beam model, in [3] stress-strain characteristic equation (5) is used in the
form

dey

t
Oy = 165 + (138:; + /K(t — T)%dr, (10)
where a1, a3 are the constants that characterize the physical properties of the material, the

function K(t — 7) is the kernel of the genetic function determined by empirical formulas.
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For the fractional viscoelastic nonlinear beam model, the stress-strain characteristic
equation (5) has a very rich form [5,6]. Below we introduce two types of stress-strain
characteristic equations that are commonly used

Ox = E <€x + ,uaddiix) 7 (11)

where « is a real number (0 < &« < 1,0r1 < a < 2), and
o(t) + a1 Do (t) = boe(t) + by D"e(t), (12)

where « is a real number.

2.2.2. Approximate formula for determining the relative strain and displacement relationship

Due to the assumption that the displacement in the direction y of the points on the
beam is zero (v = 0), from the displacement and deformation formulas in [1] we deduce

1 ou 1 ou\? ow \ 2

Using Kirchhoff’s hypothesis, considering partial derivatives of small u relative to
partial derivatives of w, we have

1 ou 1 [ow)\?
&x0 = E)\xx = + 5 (ax) ’ (14)

One can prove that €9 depends only on ¢, not on x. Therefore, from (14) we have

¢ 2 ¢ 2
1 /19 1/9 1 1 d

Ifu(l,t) —u(0,t) = 0 then from (15) deduce

l
1 /1
SxO 60/2 () X. (16)

According to [7], the relative strain of the layer a distance from the neutral axis (axis
x) a segment z is of the form

*w

= (17)

ex(x,z,t) = exo(x,t) — 2



150 Nguyen Van Khang, Nguyen Thi Van Huong, Nguyen Van Quyen, Pham Thanh Chung

From (16) and (17), we deduce the approximate formula determining the relationship
between the relative length strain and displacement

l
Pw 1 ow\? 0*w
Sx(x,z, t) — Exo(t) - ZW — %/ (ax) dx - Z@. (18)

2.2.3. Approximate formula for determining axial forces

Fig. 3 shows the deformation of a beam element dx at the survey location and at the
initial position.

Fig. 3
According to Fig. 3, we have
H(x,t) = Qsing + Ncos ¢, (19)
V(x,t) = Qcos ¢ — Nsin ¢, (20)

where H(x, t) is the force along the x axis, V(x, t) is the force along the z axis.

First, we determine the elongation of the beam. Consider the beam elements before
and after deformation as shown in Fig. 3. The coordinate of point P(x,0) before defor-
mation, after deformation P — P*(x*,z")

=x+4u zF=uw. (21)
From (21) we deduce

dx* = <1 + au> dx, dz* = a—wdx. (22)
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The length of this element after deformation is

ds = \/(dx*)Z + (dz*)* = \/(1 + 32)2 + <gi)>2dx,

(23)
ou ou'\? ow\ 2
Notice the formula v1+x ~ 1+ %x (when |x| < 1), we have
u 1| [ou\? ow 2
ds~{1+ax+2[<ax> +<8x> ]}dx—1+sx0dx. (24)
The elongation due to elastic deformation of the element is
du 1 ou\* 1 [ow)?

2 2
Due to assumption of Kirchhoff, (gi) is small compared to <3¥> , the expression
(25) has the form

ou 1 [ow\?
From (26), the elongation due to total strain is
1 /¢ fow\?
A = u(t) —u(0) + E/o <8x> dx. 27)

If at the two ends of the beam u(¢) — u(0) = 0, from (27) we deduce

1 /¢ fow)\?
A:E/O (ax> dx. (28)

So the compressive force due to elastic deformation at the end of the beam has the
following form

¢ 2
_EA EA <8w> i, (29)

S==7b8=%7 ) \ox

Now we move on to determine the tensile force at the section x.
. . . %u
From Fig. 4, ignoring Tk we have

—H—Py(t)+ S =0.
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Therefore H = S — Py(t)

H(t) =

_EA é(&w

2
50 ), 8x> dx — Py(1). (30)

Note: From formula (24), we have

ou 1 [ow\?
1+$+§ <8x> ]dx. (31)

2.3. General nonlinear bending vibration equation of elastic beam

ds =

Using approximate formulas

53 2

: x
sinx & x — =, cosx~1—?, (32)
sin(¢ + dg) = sin ¢ cos(d¢) + cos @ sin(dg)

~ sin ¢ [1 - (dz@)z} + cos ¢ [d(p— (dg’)j , (33)

cos(¢ + dg) = cos ¢ cos(dg) — sin ¢ sin(dg)

2 3 34
zcosgo[l—(dq))]—sin(p[dgo—(dgo)] (4
2 6
Substituting (33), (34) into Egs. (1), (2) and paying attention to formula (31), we have
0*w ow
pA(x)de = —cgpA(x)dx — Qcos ¢
2 3
+(Q+4Q) {COS(p [1 — (d;) ] —sing [d(p— (dg) } } + Nsin¢
2 3
— (N +4dN) {sinqo [1 — (dg)] +cos ¢ [dqo - (dg)) } } + p(x, t)dx
2 —caaz;)pA(x)dx +dQcos ¢ — Qsinpdgp — dN sin ¢ — N cos ¢dg + p(x,t)dx

~ —c—pr(x)dx +d(Qcos ¢ — Nsin ) + p(x, t)dx.
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Simplifying the above equation, we have

92 9 9
PA(X)T;) = —pA(x) (c;:) + al +p(x,t), (35)
pA(x)dx?:tZ = Qsing + (Q +4dQ) {sinqv [l ] tcosg [dﬁ” (d?T }

 Neosg+ (N +dN) {cosqo[ ( 90) } —sing [dq;_ (dél))s]}

~ dQsin ¢ + Qcos ¢dg + dN cos ¢ — Nsmgodgo
~ d(Qsin¢ + N cos ¢).

So we have X
o‘u  JH
PA(X)W = ox (36)
From Eq. (26) we have
ds oM, dQ M ox
= = = . 37
dM, st+dQ2 = =Q+ Q=0= s (37)
In the sense of the derivation we have
ox
cos ¢ = e (38)
Substituting (38) into (37) we get
= =L cosg. (39)
From Fig. 4, we have Q = H sin ¢ + V cos ¢. Therefore, expression (39) has the form
aMy .
5y 0S¢ = Hsin ¢ + V cos ¢. (40)

Divide both sides of (40) by cos ¢, we have

oM,
V= W—Htanqo. (41)

2,
When % 5 viewed as small, from (32) we deduce %Ij =0 = H = H(t). Using the
approximation

~o+ L
tang ~ ¢ + 3

the formula (41) is rewritten as

q03
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From (42) deduce the approximate formula

V(x, t) = py

H(t)ep. (43)

Substituting the expression (43) into (35) we get

0*w ow\ = 9*M, ¢
pA(x)W = —pA(x) <C8t> to2 H(t)g + p(x, t). (44)

Note that the relationship between deflection and rotation has the following form [7]

Jw

tan g = —aixa.
1+ 5%
. . . ou . ow
According to the assumption of Kichhhoff: 3y 1S small compared to 35 5° tan =
ow @° @° ow
———. Repl = — weh =
pye eplacetang = ¢ + 3 we have ¢ + 3 Fye
Therefore
ow
~——. 4
pr -5 45)

Substituting expressions (26) and (41) into equation (40), we get a nonlinear vibra-
tional equation of the beam

0%w ow 9*M, EA £ (ow\* , | ®w
pA(x)W + pA(x) (Cat> By + [Po(t) T <ax> dx i p(x,t), (46)
within

M, = Azadi:/Azaxdydz:/Azf (ex,éx) dydz. (47)

Eq. (46) is the equation of flexural vibration of a nonlinear beam under the action of

axial force Py(t) at the shaft end. Depending on the physical nonlinear stress-strain equa-
2

M
Y

52 then substitute

tion of beam f(0y, 0y, €x, €x, 1) = 0, we will calculate the derivative
into Eq. (46).

2.4. Nonlinear bending vibration equation of beam when choosing simple physical
nonlinear law

We choose a fairly simple nonlinear physical law like formula (6)

0 = E(1 — a3E?%€%)e,. (48)
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With a3 is a constant. Which ¢, is calculated according to (18)

1 ¢ fow)? *w
Ex = ﬂ/o <ax> dx — Zﬁ‘ (49)
. . 9™My .
Here we will show how to calculate the derivative 522 to substitute Eq. (46). Sub-

stituting (49) into (48), we get
0x = f (ex) = E (1 — a3E%&}) &,

7 3
1 ¢ fow\? *w 5|10 fow)? *w
r 3
1 L fow\? o1t (w2
_ {Ezg/o <ax> dx — a;E %/0 (83() dx 50
2
*w 11l fow\?

1 ow\ 2 %w %w
3 3
— 32%a3E i <8x> dx <8x2> + 23a3E <8 2) .

Substituting (50) into (47), we get the expression for calculating bending moment

My:/zadi
A
2
z [Eexo(t) — asEe3y(t)] — zzEg—Z;) [1—3a3E%3(t)] (51)
—/ azw 2 * azw 3 dA.
3 4 3
—32%a3E exo(t) (83@) + z*a3E <8x2>

Because is a function of and is a function of and so we have

/ z [Eexo(t) — azEe3(t)]| dA = [Eexo(t) — asE%e3y(t)] / zdA =0,
A A

*w *w
//Aﬁ [1 - 303230 (1)] 2244 = 55 [1 - 3as %6, ]//AdeA

82
82

3 3 Pw\’ 3 0%w 3
/AZ a3E €x0(t) W dA - a3E gx[)(t) ﬁ / z dA - 0,

/1, <3?§>3Z4dA:<ax2> /] A= <a2> .

[1 — 3a3E SxO( )] I(),
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Ip = / /A 2dA, I = / /A A, (52)

So the expression for bending moment is

In which we denote

0*w » 5 s (2w’
My = —Elp=—7 [1—3a3E%5(t)] + a3E°I 5z ) (53)
From (53) we have
aZMy o*w 5 5. 0% [d*w
axz = —EIO a 1 [1 - 3(13E XO( )] + ﬂ3E 12@ (a;ﬂ) . (54)

Notice that with ¢ = g(x,t), we have
2
d 3 218 i [agﬂ d [3gzag} _6gagag+3 2378

ax® =35 7 ox |ox ax |°% ax axax % a2
2
w
For g(x,t) = 2 we have
2 [0 (Pu)] | (Pu (Pu\ P ot (55)
ox | ox \ 9x? U ox2 \ 0x3 ox2 ) oxt’

Substituting the expression (55) into (54), we get

P2M 40 4.2 3.\ 2] 22
y :—Elog (1 - 3a3E22(1)] + 3a3E° L [awa w+2<a w) ] 0w

ox?2 ox* ox2 ox3 o0x2

2
Elogizf{l 3452 [%/ (?;‘;) dx] } (56)

o*w o*w Pw\*| 2w
3 S — [ [
+3ﬂgE 12 [ax4 922 +2 (ax3> 92
Substituting (56) into the nonlinear oscillation equation (46), we get the bending os-

cillation equation of the geometric and nonlinear physical elastic beam according to for-
mula (44) and subjected to axial force

2
0%w ow o*w s |1 L fow?
pA( )atz +PA( )( at> ‘|‘EIOB 1 {13Q3E Iy [M/O <ax> dx

EA (¢ (w)\? *w 5. | 0*w Pw Puw\’| o%w

(57)
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2.5. Some special cases of physical nonlinear law

a) In case the calculation of the physical law follows the linear elastic law, only the geo-
metric nonlinearity is taken into account and the beam is not subjected to the axial force
acting at the top of the shaft.

Then az = 0, Py(t) = 0, from (53) we get Eq. (48)

o*w o*w EA /¢ [ow\? o*w
If we use the notation
V4
EA ow \ 2
N = 27/ (E)x) dx, (59)
0
from Eq. (48) we get
*w o*w *w ow

b) In case the physical nonlinearity obeys the rule (48), the geometric nonlinearity is ig-
nored and the beam is not subjected to longitudinal forces acting at the shaft end

¢ 2
Then Py(t) = 0 and if the term is omitted e,o(t) = 217 / <?;;> dx, from (59) we
0

get the equation
0*w o*w 5. | 0tw d*w Pw\ ] 2w
pA(x)F + EIO@ = 3a3E°D, 53 92 2 <8x3 > 52 T p(x,t). (61)

3. ILLUSTRATED EXAMPLE

In this section, we present an example illustrating the calculation of nonlinear os-
cillations according to the equations given in the previous paragraph. Considering the
model of two hinged beams subjected to agitation of concentrated distributed forces as
shown in Fig. 5. According to (60), the vibration equation of the beam paying attention
to the geometric nonlinearity has the form

otw 0%w *w

ow
EI i Nax2 +pA Y +,B§ +kfw = p(x,t). (62)

o

Adding the fractional order term ,B,xaaTzu in the equation (62), we get the following

partial derivative equation
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o*w *w *w Jw o*w
Elax4 —Z\]ax2 +pA 32 +ﬁ§+ﬁaw +kuU—P(xlt) (63)
n (63) the axial force component Nhas the form
EA (L [ow\?
N = 5T <8x) dx. (64)

Fig. 5

3.1. Transforming a partial differential equation into a system of differential equa-
tions

Applying the Ritz—Galerkin method, we find the solution of the differential - integral
equation (63) in the form

X1) = i ,(x)du (1), (65)

where @, (x) is the form function of the beam with no longitudinal force and no elastic
foundation. According to [8] the form function ®,(x) has the following property

APy (x) _pA w2
dx4 EI q)l’l ( ) (66)
In which we denote s
» N El

Using the formula to find the root (67), we can calculate the axial force easily

N = iii [/L 4Pi( dq;i ) i }qi(t)q]-(t). 68)

To simplify the expression we put ¢ = % Therefore

depl.(x)dq}(x) 1 Ld@j(@)dq)'(é)
| =1 T &

If we enter the symbol

L d®i(E) dP;(E)
KU_/O e (69)
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then

L dd; (x) dq)] (x) - 1
/O 1 e = K, (70)

Substituting (70) into (68) we get the expression to determine the axial force
A [ee] (o]
2L2 Z Z l]ql q] (71)

i=1j=1

Using formula (65), Eq. (63) is transformed to the form

- y . 9" (t
> [ 0A(6) + Bin(t) +kggu(t) + pAcaa(t) + 52200 | @, (x)
n=1
(72)
EA S & & d?®,(x)
2L2 ZIZ%Z Kl]ql ( ) 2 = P(xrt)-
n=1i=1j
Notice that we have the expression
0y (x) _ 1 d*®y(0)
dx2 L2 dg2
So Eq. (72) can be rewritten as
5 | oAt in(t) + keqn(t) + pAwiqn(t "7 g
D |PAGn(E) + Biu(t) + Kpgn(t) + pAwngn(t) + Ba—3 2= | Pu(E)
n=1
EA o & P20, (73)
7 1LY Kyn 0 (090358 = pie.n.
n=1i=1j=1

Multiplying equation (73) by the form function ®,,(¢) and integrating over the length
of the beam from 0 to L, using the orthogonality of the form function, we get the formula

1
DA (1) + B (8) + kg (8) + pAwan (1) + p dnll) g;f )} / @, (2)dg
79

EA
Y

1 1
0o 00 o0 dZ i’l 1
L 2 ) Kiai(®)a(t)an(t ) [ @@ - e=1 [ @l
==t / g L/

In some recent documents, we often choose the normalization function according to
the following conditions

1
[ @)ae = 1. (75)
0
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If we use the notation

d2®n
R = / ou(e) 5, 76)
then Eq. (74) has the form

k
G () + p[iﬂ'm(f) + Wi (t) + p%;q (t) + pﬁj‘a ZT( )

2L4pnzhzl]211<z i (D);(1)3 (1) = pAL/cb p(Z, e,
Notice that
1
dzq)
[o® i - /q’m (o)
§:1 (78)
_ g 1 [ A, d,, Ao
d¢ dg
_\/_/

=0

Paying attention to the boundary conditions of the hinged beam at both ends. So
Eq. (77) now has the form

k I
in(®)+ Zoat)+ (4 25 ) am(t) + fza In(t)

2pL22121 Konni0jn = AL/@ P&, 1) = hu(t),

(79)

where the index m takes the values from 1 to my. The right-hand side function in (79)
has the form

1
1
n(t) = 7 / Pu(@)p (2, Hde. (50

If we choose the normalized form functions according to the condition

®y(§) = V2sin(mng), (81)

then from (69) we have

Knm = Kmn =

1
2.2
d®, dd,, { w°m° when m=n 82)

d¢ d¢ 0 when m #n
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Eq. (79) now takes the form

. _ o 0% g (t w? MU
Gm (£) + p’i”ﬁn(t) —|—CU%1 (1 + ﬂ) qm(t) + fz g?a( ) + 2R212 Z:l nZQ%qm = hwm(t). (83)
n—=

Inside

4
2 _ 2.4 »  TTEI _ ky _
Wy, = wym*,  wj = piAL‘V k= pAwO' R = A (84)

where wy is the fundamental frequency.

To simplify the calculation, we choose my = 1, from (83) we have an equation as
follows

2
f(t) + qul(t) + @} L+ k) () + 55ai(t) + fjlaz’;ft) =m().  (®)

Eq. (85) is a Duffing equation with the addition of a fractional derivative resistance
term. Shifting a few terms of Eq. (85) to the right hand side we get an equation of the
form

2

. 2 _ 2 wy 3 B . P 9Pq1(t)

id1(t) + wpqi(t) = —kwpga (t) — R2 qi(t) — qul(t) T oA ot + hy (t). (86)
The function k4 () on the right hand side now has the form

1

1
i) = g [ @ @p(Ende = 2 0/ V2sin(e)p(¢, t)de. (87)

o

Consider the case of beams subjected to uniformly distributed external loads

p(x,t) = PycosQt = p(&,t) = Pycos Q. (88)
Then £ () has the form

2Py/2
tpAL

1
hi(t) = pLJ 0/ V2 sin(7&) Py cos QtdE = cos Ot. (89)

3.2. Calculation of nonlinear oscillation

To study the main resonance oscillation of the system (86), when () ~ wy, we set

0O? = Wi + eo, (90)

where ¢ is a small parameter, ¢ representing the difference between () with wy.
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With some assumptions about the parameters, Eq. (86) can now be reduced to the

form
() + 0 (t) = —e k(0 —50) — ] (1) — L Dgar

P
By - P mlt) | 2PV2
pA pA OtP mpAL

1)

os O,

where ¢ is the small parameter. To simplify mathematical expressions we denote 4 =
q1(t). Ignoring the effect of higher order infinity ¢?, Eq. (91) is rewritten as

G(t) + QPq(t) = ef (t,9,D%q,4). 92)
Inside
. 2 3 . 9Pq(t)
f(t,q,D7q,4) = — (kQ° = 0) q(t) — aq’(t) = 64 (t) — dp— = + Ecos O,
we X s B By 2V2 -
C2RY T pAT P pA’ - mpAL’

Using the asymptotic method, we can solve the oscillation equation (92). The amplitude-
frequency curve is plotted in Fig. 6. In it, we choose the following parameters

0,=01, p=05 E=1, a=1 6=02 k=01 w =1 Q=wp

Amplitude - Frequency
T

25

—0p=0.1
------ sp=0.2
---6p=05

Fig. 6. The amplitude-frequency curve (dotted lines represent stable conditions)

4. CONCLUSION

In this paper, we present the establishment of a relatively general nonlinear beam
vibration equation for the study of nonlinear beam effects. Eq. (46) allows us to derive
equations or use nonlinear vibration calculations of beams.
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A relatively brief illustrative example is presented at the end of the article. Readers
who are interested in calculating the nonlinear vibrations of elastic beams can find them
in the literature [9,10].
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