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Abstract. This paper addresses an on-off adaptive damping isolation, in which the damp-
ing can be frequency dependent. The comparison with the passive isolation is illustrated
by the trade off performance curve, which is shown the relation between the displacement
and force transmissibility. The adaptive control is based on on-off dampings and a switch-
ing frequency. The analytical optimization of the adaptive damping law can be obtained.
The optimized adaptive damping control showed a remarkable improvement comparing
with the passive one. At last, a self-made magnetorheological fluid is introduced to show
the capability to provide the variable damping.
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1. INTRODUCTION

Vibration isolation involves the insertion of the springs and dampers between the
foundation and a vibrating machine to protect the foundation against large unbalanced
forces. The conventional passive isolation suffers from the inherent trade-off between
poor high frequency isolation and amplification of vibration at the fundamental mounted
resonance frequency [1]. To overcome the trade-off, considerably improved performance
can be provided by active, hybrid and semi-active approaches [2, 3]. In the most con-
trolled system, the variable damping technologies are used. The main damping modu-
lation technologies (electrohydraulic [4], magnetorheological [5], electrorheological [6],
air-damping [7]) can be produced at low cost and with compact packaging. The on-off
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damping is the simplest variable damping technology, in which the bi-state damping de-
vice is quite cheap and easy to control [8]. Many on-off damping strategies have been de-
veloped extensively for the vehicle suspension problem [3] and tuned mass damper sys-
tem [9–14]. However, most of them involve the feedback control using the displacement,
velocity or acceleration measurements. In fact, in some applications such as the machine
passing through resonance during start-up and stopping, the excitation frequency can be
known. Therefore, we consider in this paper the feed forward adaptive damping law,
in which the damping can be varied depending on the excitation frequency. The feed
forward control is indeed much simpler and cheaper than the feedback one.

This paper proposes a simple adaptive damping law to improve the passive damp-
ing one. The analytical analysis and optimizing are presented. The performance im-
provement is shown through a so-called performance trade-off curve. The last section
introduces a self-made magnetorheological fluid to show the capability to provide the
variable damping.

2. PROBLEM STATEMENT

Let us consider the foundation or base of a vibrating machine is protected against
large unbalanced forces as shown in Fig. 1.

 

Figure 1.  Machine and resilient member on rigid foundation 

The motion equation is given by [1]: 
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damper system, F0 and ω respectively are the amplitude and frequency of the harmonically varying 

force. The damping c(ω) is assumed to be adaptive, which depends on the excitation frequency. The 

damping is passive when its value is a constant. From [1], the vibration amplitude of x in (1) is 
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where r is the frequency ratio and ζ is the damping ratio. The transmissibility or transmission 

ratio of the isolator (Tf) is defined as the ratio of the magnitude of the force transmitted to that of the 

exciting force and can be expressed by: 
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The displacement transmissibility or amplitude ratio indicating the ratio of the amplitude of the 

mass, X, to the static deflection under the constant force F0 can be expressed by: 
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Variations of Tf and Td with r are shown in Fig. 2 

Fig. 1. Machine and resilient member on rigid foundation

The motion equation is given by [1]

mẍ + c (ω) ẋ + kx = F0 cos ωt, (1)

in which m, k and c respectively as the mass, the stiffness and the damping of spring-
mass-damper system, F0 and ω respectively are the amplitude and frequency of the har-
monically varying force. The damping c(ω) is assumed to be adaptive, which depends on
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the excitation frequency. The damping is passive when its value is a constant. From [1],
the vibration amplitude of x in (1) is obtained by

X =
F0√

(k−mω2)2 + ω2c2
, (2)

while magnitude of the total transmitted force is given by

FT =
F0
√

k2 + ω2c2√
(k−mω2)2 + ω2c2

. (3)

Denote the following non-dimensional terms
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km
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where r is the frequency ratio and ζ is the damping ratio. The transmissibility or trans-
mission ratio of the isolator (T f ) is defined as the ratio of the magnitude of the force
transmitted to that of the exciting force and can be expressed by

Tf =
FT

F0
=

√
k2 + ω2c2

(k−mω2)2 + ω2c2
=

√√√√ 1 + (2ζr)2

(1− r2)2 + (2ζr)2 . (5)

The displacement transmissibility or amplitude ratio indicating the ratio of the am-
plitude of the mass, X, to the static deflection under the constant force F0 can be ex-
pressed by

Td =
X
δst

=
X

F0
/

k
=

√
1

(1− r2)2 + (2ζr)2 . (6)

Variations of T f and Td with r are shown in Fig. 2.

Fig. 2 shows that the damping reduces Td for all frequencies, but reduces T f only if
r <
√

2. Above that value, the addition of damping increases T f . To measure the metrics
characterizing Td and T f , let us introduce following indexes

Jd =

∞∫
0

T2
d dr, (7)

J f =

∞∫
0

T2
f dr. (8)
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Figure 2: Variations of (a) transmission ratio and (b) displacement transmissibility with r 
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By varying a certain parameter and plotting Jf versus Jd, we obtain a so-called performance trade-off 

curve of the system [3]. In the next section, we will discuss the trade-off curves of passive and 

adaptive system. 

3. TRADE-OFF CURVES 

3.1. Passive system 

In the passive damping case (ζ is constant), we can calculate explicitly the indexes (7) and (8). 
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The performance trade-off curve of the passive system is shown in Fig.3 
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Fig. 2. Variations of (a) transmission ratio and (b) displacement transmissibility with r

By varying a certain parameter and plotting J f versus Jd, we obtain a so-called per-
formance trade-off curve of the system [3]. In the next section, we will discuss the trade-
off curves of passive and adaptive system.

3. TRADE-OFF CURVES

3.1. Passive system

In the passive damping case (ζ is constant), we can calculate explicitly the indexes
(7) and (8). Using the Appendix, we have

Jd =

∞∫
0

dr

(1− r2)2 + 4ζ2r2
=

π

4ζ
, (9)

J f =

∞∫
0

(
1 + 4ζ2r2)dr

(1− r2)2 + 4ζ2r2
= π

1 + 4ζ2

4ζ
. (10)

The performance trade-off curve of the passive system is shown in Fig. 3.

As seen in Fig. 3, although increasing damping reduces the performance index of
displacement transmissibility (Jd), the performance index of force transmissibility (J f )
can only achieve the minimum when ζ = 0.5. In the case ζ = 0.5 we obtain J f = π ≈ 3.14

and Jd =
π

2
≈ 1.57. In the passive system, we must compromise in choosing the amount

of damping to minimize J f and to limit Jd.
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Figure 3: Trade-off performance curve of passive system 

As seen in Fig.3, although increasing damping reduces the performance index of displacement 

transmissibility (Jd), the performance index of force transmissibility (Jf) can only achieve the 

minimum when ζ=0.5. In the case ζ=0.5 we obtain 3.14fJ =   and 1.57
2

dJ


=  . In the passive 

system, we must compromise in choosing the amount of damping to minimize Jf and to limit Jd. 

3.2. Adaptive on-off damping system 

Let us consider a class of adaptive on-off damping system, in which the damping is high at low 

frequency and conversely. The adaptive on-off strategy is as follow: 
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In which ζh and ζl are high and low dampings respectively, rs is the switching frequency ratio. 

The performance indexes are calculated as: 
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By using the Appendix, we can determined analytically the indexes (12) and (13). Some results 

for various cases of on-off damping and switching frequency ratio are presented in Figs.4, 5, 6. As 

seen in the figures, the adaptive damping can improve remarkably the performance trade-off curve, by 

move it lower and further to the left. The performance is better if the off-damping ζl is lower (Fig.4) 

and the on-damping ζh is higher (Fig.5) and the switching frequency ratio rs is chosen optimally 

(Fig.6). We will show how good the performance in the limit case is, i.e ζl tends to zero, ζh tends to 

infinity and rs is chosen optimally. 

Fig. 3. Trade-off performance curve of passive system

3.2. Adaptive on-off damping system

Let us consider a class of adaptive on-off damping system, in which the damping is
high at low frequency and conversely. The adaptive on-off strategy is as follow

ζ =

{
ζh, r < rs
ζl , r ≥ rs

(11)

In which ζh and ζ l are high and low dampings respectively, rs is the switching frequency
ratio. The performance indexes are calculated as

Jd =

rs∫
0

dr

(1− r2)2 + 4ζhr2
+

∞∫
rs

dr

(1− r2)2 + 4ζlr2
, (12)

J f =

rs∫
0

(
1 + 4ζ2

hr2)dr

(1− r2)2 + 4ζhr2
+

∞∫
rs

(
1 + 4ζ2

l r2)dr

(1− r2)2 + 4ζlr2
. (13)

By using the Appendix, we can determined analytically the indexes (12) and (13).
Some results for various cases of on-off damping and switching frequency ratio are pre-
sented in Figs. 4, 5, and 6. As seen in the figures, the adaptive damping can improve
remarkably the performance trade-off curve, by move it lower and further to the left.
The performance is better if the off-damping ζ l is lower (Fig. 4) and the on-damping ζh
is higher (Fig. 5) and the switching frequency ratio rs is chosen optimally (Fig. 6). We
will show how good the performance in the limit case is, i.e ζ l tends to zero, ζh tends to
infinity and rs is chosen optimally.
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Figure 4: Comparison between trade-off performance curves of passive and adaptive systems. 
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Figure 5: Comparison between trade-off performance curves of passive and adaptive systems. 
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In this limit, ζl < 1 and ζh > 1, from the Appendix, we have
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Take the limits of (14) and (15) we have
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To limit the values of the performance indexes, the frequency ratio rs must be larger
than unity. Then we have
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The formula (18) means Jd decreases as rs increases. This is clear because increasing rs

in (11) means the on-damping is used more, which reduces the amplitude as shown in
Fig. 2(b). The force transmissibility however is minimized when rs =
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Compare with the passive case, it is seen that the indexes J f and Jd can reduce 47%
(from 3.14 to 1.68) and 83% (from 1.57 to 0.27), respectively.

4. ON THE SELF-MADE MAGNETORHEOLOGICAL FLUID

In the above sections, we have shown the remarkable benefit of using adaptive
damping in the a vibration isolation. In this section, we present some preliminary results
on the self-made magnetorheological fluid, which can be used in the future self-made
variable fluid damper. Magnetorheological (MR) fluids are known for their ability to
change their rheological behavior within milliseconds under the influence of magnetic
field and therefore have been regarded as controllable fluids for fluid damper. Typically
these fluids are non colloidal suspensions of micron sized magnetic particles (generally
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iron particles) in nonmagnetic carrier medium (mineral oil, synthetic oil or water). Un-
der the influence of magnetic field, these particles polarize and forms columnar structure
parallel to the applied field. Therefore MR fluid can be converted from a free flowing
liquid to a plastic like solid by applying magnetic field and vice versa.

The magnetorheological fluids available in the market currently are expensive [15].
Therefore, for the future use, we developed a self-made margnetorheological fluid, which
can be converted from the liquid state to the semi solid state under magnetic field and
vice versa. The developed MR fluid consists of three parts: a continuous phase, magne-
tizable particles, and stabilizer additives. The iron powder reduced (Fig. 7(a)) was used
as the dispersed phase. These magnetizable particles were dispersed in the silicone oil
(Fig. 7(b)), which has often been used as lubricant in photocopying machines. To im-
prove the fluid stability, the additive employed was stearic acid (Fig. 7(c)). The sample
weight contains 62% iron particles, 33% silicone oil and 5% stearic acid. The mixture was
stirred with the aid of an self-made overhead stirrer for half an hour until a homogeneous
solution was obtained.
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(c) Stearic acid

Fig. 7. Three parts of MR fluid

The obtained MR fluid then is checked to see if it can be changed its state from liquid
to semi-solid and vice versa. In Fig. 8(a), a magnet attached to the bottom of the cup can
change the fluid to the semi-solid state, which can resist the gravity. Without the magnet,
in Fig. 8(b), the fluid is changed to the liquid state and the free flow appears due to the
gravity.
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In brief, we have initially synthesized a low-cost MR fluid using some popular chem-
ical compounds. Its change between the semi-solid and liquid states under magnetic field
can be used in the future damper to make the variable damping devices.

5. CONCLUSIONS

This paper considers the problem of an on-off damping isolation regulated by a sim-
ple adaptive controller. The proposed controller changes the damping based on a switch-
ing frequency. The proposed controller has simple feed forward nature and can be ana-
lytical optimized. Comparing with the passive isolation, the reductions of the force and
displacement transmissibility of the best adaptive isolation can achieve 47% and 83%, re-
spectively. A self-made magnetorheological fluid is synthesized to show the capability of
change between the semi-solid and liquid states under magnetic field. This state change
can be used in the future damper to make the variable damping devices.
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APPENDIX

In this appendix, we calculate explicitly the following two integrals

I1 =
∫ dr

(1− r2)2 + 4ζ2r2
, (A.1)

I2 =
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1 + 4ζ2r2)dr

(1− r2)2 + 4ζ2r2
. (A.2)

The integrals have different forms for three cases of ζ: the underdamped (ζ < 1), the
critically damped (ζ = 1) and the overdamped (ζ > 1).

If ζ < 1, we can write (A.1) and (A.2) as
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The integrals (A.3) and (A.4) are determined explicitly by
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If ζ = 1, the integrals (A.1) and (A.2) are calculated easily

I1 =
∫ dr
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r
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+
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, (A.7)
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If ζ > 1, we can write (A.1) and (A.2) as
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The integrals (A.9) and (A.10) are determined explicitly by
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(A.12)

Although the forms of the integrals are different depending on the comparison be-
tween ζ and unity, their values for r = 0 and r = ∞ do not depend on this classification.
Indeed, for any amount of damping ζ, we have

I1|r=0 = I2|r=0 = 0, I1|r=∞ =
π

4ζ
, I2|r=∞ = π

1 + 4ζ2

4ζ
. (A.13)
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