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Abstract. Dynamic vibration absorber (DVA) integrated with a piezoelectric stack energy
harvesting subjected to base excitation is introduced in this paper. The system of dynamic
vibration absorber and piezoelectric stack energy harvesting system (DVA-PSEH) has two
functions, the first is to reduce vibrations for the primary system, and the second is to
convert a part of the vibrational energy into electricity through the piezoelectric effect. The
mechanical and electrical responses of the electromechanical system are determined by the
complex amplitude method, then the numerical simulations are carried out to investigate
the characteristics of DVA-PSEH.
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1. INTRODUCTION

In the past few decades, the research in the field of energy harvesting from available
energy sources in the surrounding environment, such as vibration, heat, light, radiation,
wind and water, into energy the amount of electricity that replaces the use of grid elec-
tricity or batteries for low-power electronic devices used in sensors or measuring devices
used in vehicles, construction equipment or artificial biological components has received
the attention of many researchers. One of the sources of wasted energy that can be har-
vested for a variety of applications is vibrations from the surrounding environment.

Many designs and approaches have been proposed to convert mechanical energy
from vibrational sources in the environment to electrical energy for small and microp-
ower electronic devices such as electromagnetic, piezoelectric, electrostatic, magnetostric-
tion, and triboelectric. Prominent among them is the piezoelectric mechanism, which has
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a wide range of applications, from piezoelectric energy harvester (PEH) devices to sen-
sors or actuators.

According to the direction of deformation and electric field of piezoelectric materials,
piezoelectric energy harvesters are designed in two basic forms which are horizontal type
(piezoelectric cantilever beam) and vertical type (piezoelectric stack) [1]. The piezoelec-
tric stack energy harvester (PSEH) is composed of several layers of piezoelectric ceramics
installed in series, with electrodes interspersed between them, which are connected to
an external resistor. For this reason, PSEH reduces the distance between electrodes and
thereby increases the efficiency of energy harvesting when subjected to mechanical de-
formation compared to a piezoelectric block of the same size [2]. Besides, PSEH is also
capable of withstanding large loads, so it can be applied to large structural objects. Some
typical applications of PSEH developed from 2010 onwards can be mentioned as integra-
tion with backpacks [3], footwear [4], traffic-induced pavement [5] the suspension system
of the vehicle [6,7], railway [8], tuned mass damper [9]

For the system subjected to base excitation, the studies on energy harvesting using
piezoelectric stack harvesters are very few and mainly focus on the suspension system.
Hendrowati et al. [6] performed a study on an energy harvesting device from the vibra-
tion of two-degree-of-freedom suspension subjected to harmonic excitation by applying
a single-degree-of-freedom mathematical model of a multilayer piezoelectric vibration
energy harvesting mechanism (ML PZT VEH) using the principle of force amplification,
then using Laplace transform and simulation on Matlab Simulink software to determine
the necessary parameters of the system. The authors also showed that mounting ML
PZT VEH does not change the performance of the suspension. Daraseb et al. [7] built a
mathematical model of quarter-car and half-car models with a built-in piezoelectric stack
which was installed in series with the suspension spring to maintain the operation of the
car compared to the original. The harvested voltage and power are theoretically studied
in the time and frequency domain. Next, the authors performed numerical simulations
for vehicle 1/ and 1/, models with the parameters of the piezoelectric stack and the car
suspension parameters by using MATLAB/Simulink software. The numerical simula-
tion results of the vehicle model 1/4 have been verified experimentally under harmonic
excitation. The results show good agreement with the simulation results at different fre-
quencies of excitation. Therefore, this paper focuses on studying the system of dynamic
vibration absorber with piezoelectric stack energy harvester (DVA-PSEH) installed in the
undamped primary system under base excitation

2. UNDAMPED PRIMARY SYSTEM SUBJECTED TO BASE EXCITATION WITH
A DYNAMIC VIBRATION ABSORBER

Now we consider the system of the undamped primary system with a conventional
DVA subjected to base excitation as shown in Fig. 1(a), and dynamic vibration absorber
with mass m,, damping coefficient c,, the stiffness k; as shown in Fig. 1(b). The governing
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equations for the system are
my¥1 — oy + kix1 — kgxp = —miZ, (1)

MoXy + CoXo + kyxo = —mz(jc'l + 2), (2)

where z(t) is harmonic base excitation, zyp and () are the amplitude and frequency of
excitation

z(t) = zgcos O,  2(t) = zg0? cos Ot (3)

oz

(a) (b)

Fig. 1. (a) The primary system with dynamic vibration absorber under base excitation;
(b) Dynamic vibration absorber

By setting

my [ k1 [ kg 1o wy (@)
= —, w1 = —, = —, = , = —, )\ = —, 4
# m ! mp wa my & 2moywy B w1 w1 @

where y is the ratio of masses, w; is the natural frequency of the primary system, wy, ¢, B
are the natural frequency, damping and tuning ratios of DVA, respectively; A is the ratio
of excitation frequency to primary system’s natural frequency.

The governing equations (1)—(2) can be rewritten as

R = 2UwaGr% + WiXY — Pewixy = —Z, (5)
X + 2wk + wixg = —X — 2. (6)
Consider the harmonic excitation (3) in the complex form
z = zpe'Y, (7)
The corresponding complex steady-state solutions of the system (5)—(6) are of the form

X1 (t) = XleiQt, X2 (t) = XzeiQt/ (8)
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where X, X, are complex amplitudes. Substituting (7)—(8) into (5)—(6) and solving the
system of equations, the magnification factors K; and K, of masses m; and m; are, re-
spectively

K, — 22 (B*(1+ 1) = A2)" +4p2A%(1 + )83 ©)
(1= A2)(A2 = B2) + up2A2)* + 4222 (A2 (1 + ) — 1)* &3
K, — v . (10)

V(1= A2 (02 = B2) 4+ pp2A2)" + 4BA2(2(1+ o) — 1)283
Applying the fixed-points theory by Den Hartog [10] for the system (5)—(6), the opti-
mal tuning and damping ratios of DVA are given in the form, respectively,

V2+u (1)

,Bopt = \/E(l I y) ’
_ 3
Cz,opt - m (12)

3. UNDAMPED PRIMARY SYSTEM SUBJECTED TO BASE EXCITATION WITH A
DYNAMIC VIBRATION ABSORBER INTEGRATED WITH A PIEZOELECTRIC
STACK ENERGY HARVESTING

First, we consider the PSEH governed by constitute equations [9], as shown in Fig. 2(a)

q=0px, —C,V, (14)
where EA A A
_ Epfp ~ _ EB34p €334y

ky = nh, ,Cp=mn Iy 0y Iy (15)

In (13)-(15), Ap is the section area of the PSEH with n layers, h, is the thickness of
a single piezoelectric layer, E, is the elastic modulus of piezoelectric material, e33 is the
piezoelectric stress constant, ¢33 is the permittivity, f, is axial force, V' is the voltage across
the external resistor R, g is electric charge, x, is deformation, and k, 8, C, are stiffness,
effective electromechanical coupling coefficient, internal capacitance, respectively.

Fig. 2(b) illustrates the model of the primary system with DVA-PSEH, in which the
PSEH is connected in series with the spring of the DVA. In this model, the stiffness of
the spring k; and the stiffness of the piezoelectric stack k, are equivalently replaced by
an equivalent PSEH with the stiffness ky, electromechanical coupling coefficient 6, and
internal capacitance C as depicted in Fig. 2(c) (see [11]). At that time, the governing
equations for the electromechanical system are

myX1 — X + kix1 — koxo — 0V = —mZ, (16)

Moy + CoXo + koxy + 0V = —7712(551 + Z), (17)
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Fig. 2. Schematic of: (a) PSEH; (b) The primary system with DVA-PSEH; (c) The primary system
with DVA- equivalent PSEH

CV + % = 0x,. (18)

Let’s denote

| k2 S Co PN w2 - 92 1 cv
—_= e — —_= = —, = —, = -, = —, 19
“2 mz' 62 ZchcQ’ 'B w1 K k2C & QRC v 0 ( )

where «? is the electromechanical coupling coefficient, « is the resistance ratio, and v is
the transformed voltage. Then the equation system (16)—(18) is rewritten as

X — 2yw2(fzx2 + w%xl — yw%xz — yw%;c% = —Z, (20)
iy + 2walaky + WXy + WIKPY = —F — %, (21)
0+ aQv = Xo. (22)
The corresponding complex steady-state solutions of the system (20)—(22) are of the form
% () = X1, % (1) = X0,  3(t) = Xpe'Y, (23)

where X, X5, X, are complex amplitudes. Substituting (23) into (20)—(22) leads to
(W — O X1 — (2puwrtrQ + pw) Xy — nwix*X, = 0%z, (24)
— 02X + (28w + w3 — O Xy + Wik X, = 0%z, (25)
—iXo 4+ (i+a)X, =0. (26)

Removing wy from (24)-(25) gives

(1 =AY Xy — (2uéaAB + up?) Xz — up*x*Xy = A%z, (27)
—A2X + (286AB + B2 — A*) Xp + B2K* Xy = A%z, (28)
—iXo 4+ (i+a) X, =0. (29)

Solving (27)—(29) gets

X1 _ B1 + Boi Xo . C1+ Coi & . Dy + Dji (30)
Z0 - Ei+Ei’ 2o N Ei+Ei’ z - Ei+ Exi’
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where
Bi = aA* + BA(1+ p) (2028 — aPA), Br = A* — BA(1+ ) (BA(1 + 62) + 2aA%E),
Ci=aA?, Cr=A* D=0, Dy=A%
Ey = aA?(1 =A%) + B(1 — A2(1 + u)) (2A& — af),

Ex = A%(1 = A?) — B2 (14 %) 4+ BA(1 + u) (BA(1 + %) 4+ 2aA?Ey) — 2aBAE,

Consequently, the steady-state responses of the system (16)—(18) are obtained
x1 (t) = ay cos (Qt + ¢1),
x (t) = azcos (Ot + ¢2), (32)
v (t) = Vocos (Ot + ¢o),

B2 + B3 ByE; — B1E,
= X = = t -1 _—
m =Xl =2 \ E2 + EZ' pr=an <31E1 + BzE2> ' 3

(31)

where

C2 4 C2 GE1 — GiEy
il — ’ —tan~ 1 21T M2 34
az ‘ 2‘ Z0 E2 + E2 $2 an <C1E1 + CZEZ) ( )
D2 + D2 D,E; — D1E;
Vo= X = , —tan ) [ Z2S1T TRz 35
0= |Xo| = 20 E2+E2 $o = tan <D1E1 +D2E2> )

To evaluate the performance of PSEH with the optimal DVA, considering the condi-
tions B = Bopt and & = G2,0pt, Nnamely by substituting (11), (12) in (33)—(35), this will give
the magnification factors and voltage amplitude of the optimal DVA with PSEH

A

. 2
K = i = A? [(M\z + (2ABopt82,0pt — IX,ngt)(l + V))

(B2t = A2+ B O (L 1) + 1) + 200 Bopil,opr(1+ 1) ) ] -
« [(/\2(1 —A2) 4 B2 (A2 = K2 = 1) + B A2 (K2(1 + 1) + ) (36)
F20A Bopt oot (A2(1+ 1) — 1))
(A 4 020 )~ 1Az~ e |
ko (1)
X (A2 = 02) + B2, (A2 =2 = 1) + B2 A2 (P (1+ 1) + )

37
+2“)‘,30pt€2,opt<)\2(1 +u) — 1))2 7

2 —-1/2
+ (—zx)\z(l =A%) + (A2 (14 p) — 1) (2ABoptEa,0pt — aﬁ%pt)) ] ,
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Vo= [(A20 - 22) + Bpu(W = = 1)+ BpA* (21 + 1) + 1)
+20A BoptEa,opt (A2(1 + 1) — 1)) (38)

—-1/2
+ (200 + A0+ ) = DA — o)) | 00

Using (19) and (38), we get the electric power harvested from the DVA-PSEH system

V2 62
Pout = R = @VOZ cos? (Qt + ¢y)
2
= @Z%/\‘L COS2 (Qt + (PU)
X [(AZ(l —A2)+ [5,2,pf()\2 —x*—1)+ ﬁgpt)\z(xz(l +u)+u) (39)

+2“A,Bopt€2,opt(A2(1 + V) - 1))2

-1
+ (—0()\2(1 — /\2) + (/\2(1 + }4) - 1)(2/\ﬁopt§2,opt - ‘X,B%pt))z] 4

or in the dimensionless form

w{l’jrj;ltzé = ua kA% cos? (Qt + ¢y)
X [(A2(=22) + B (A% = 2 = 1) + BL A2 (14 1) + 1) W)
+2aA BoptCaopt(A2(1 4 ) — 1))
+ (<20 A + 020+ ) = ) @A — o)) | B
Hence, the dimensionless averaging power determined from (40) is
P _077 Pu dt = L papa®
Y / wimzg o px

< | (A1 =22 + BN = ¥ = 1) + B A2 (21 + ) + ) (@)

+2aA BoptCa,opt (A2 (1 + ) — 1))2

-1
+ (—@A2(1 =A%) + (A2(1+ ) = 1) (2ABopiCopt — aﬁ%p»ﬂ

4. RESULTS AND DISCUSSION

In this section, the numerical simulations are implemented for performance analysis
of the system (36)—(41) with the corresponding values

=005 a=1 w =1 x*=0.005.
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Fig. 3. (a) The magnification factor of the primary system versus A;
(b) The dimensionless averaging power versus a with various values of x>

Fig. 3(a) depicts the magnification factor of the primary system K; versus A in two
combinations: with DVA, and with DVA-PSEH with various values of x¥%. We can see that
the optimal DVA helps to reduce significantly the vibration of the primary system with
Bopt and C20pt. When adding a PSEH, the vibration amplitude of the primary system
becomes dependent on the electromechanical coupling coefficient x?, so the vibration
amplitude of the primary system increases with the increase of x*. If x* is very small,
e.g. k> = 0.001, then the DVA-PSEH works as a conventional DVA. The two peaks of the
vibration amplitude of the primary system occur at A; = 0.93 and A, = 1.07.

Fig. 3(b) illustrates the dimensionless averaging power P,, of PSEH versus a with
various values of x°. It is easily seen that the average power increases as x* increases and
vice versa. However, as shown in Fig. 3(a), the increase of % also makes the vibration
amplitude of the primary system gets larger. Therefore, for obtaining both purposes
of reducing the vibration of the primary system to an acceptable level, and getting the
electrical energy as much as possible, x? should be chosen in the interval [0.005, 0.01]
corresponding with the above-mentioned input parameters.

Fig. 4(a) describes the dimensionless displacement and voltage responses versus
time t. One can observe that the displacement response of DVA-PSEH is out of phase with
the displacement response of the primary system, but in phase with the voltage response.
This helps to obtain both purposes of the well-designed DVA-PSEH. The graphs of the
voltage response corresponding with two peak frequencies, i.e. A; = 0.93 and A, = 1.07,
show that the voltage amplitude at the first is larger than at the latter.
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Fig. 4. (a) Dimensionless displacement and voltage responses versus time ¢;
(b) Voltage response with variations of «

Fig. 4(b) shows the time history of the voltage response with various values of a. As
we can see, the voltage amplitude is larger as the value of « is in the interval [0, 1], but
smaller as « > 1. Thus, for better harvested voltage, the value of a should be chosen in
the vicinity of 1.

5. CONCLUSIONS

First, Den Hartog'’s fixed point theory is used to determine the optimal coefficients
of a conventional dynamic vibration absorber mounted on the primary system subjected
to base excitation. Next, the equivalent replacement is used to replace the series combi-
nation of spring and piezoelectric stack in the dynamic vibration absorber with an equiv-
alent PSEH having stiffness k, electromechanical coupling coefficient 8, and internal ca-
pacitance C. This equivalent PSEH then is used to establish the governing equations for
the electromechanical system of DVA-PSEH attached to an undamped primary system
subjected to base excitation. Next, the complex amplitude method is used to determine
the mechanical and electrical responses of the electromechanical system.

Numerical simulation is carried out. The results show that the electromechanical
system dealing with the optimal DVA not only reduces vibrations similar to a conven-
tional system without PSEH, but also efficiently converts vibration energy into electric
energy with appropriate values of the electromechanical coupling coefficient x* and the
resistance ratio «.
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