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Abstract. This paper presents the approach of building a mathematical model for a par-
allel robotic manipulator with flexible links and elastic joints. The links to the base are
assumed to be rigid bodies, and the thin connecting rods are assumed to be flexible links.
The elasticity of the transmission from the actuators to the transmission is modeled by
a torsional spring and viscous damper. This is a mixed system of rigid bodies, spring,
and flexible links. The deformation motion of the elastic link is approximated by shape
functions similar to the finite element method. The differential equations of motion are
established by combining the substructure method and the Lagrange equation of the 2nd
kind for the serial multibody system. Based on the differential equation established for
the parallel robot manipulator of five bars, numerical simulations were carried out to in-
vestigate the response of the system.

Keywords: parallel robot manipulator, elastic links, elastic joints, modeling, numerical sim-
ulation.

1. INTRODUCTION

In the era of the fourth industrial revolution, mechatronics and robotics are playing
an increasingly important role. Compared with the serial robot manipulator, the parallel
robot manipulator has the following advantages: higher accuracy, because the error be-
tween the pins is compensated for each other without having to accumulate; the mass of
the moving link is lighter; better stability. Although the disadvantages of parallel robots
are that the workspace is smaller and they require more complex analysis of singularities
than serial robots, they are often preferred for high speed and high-precision tasks. The
efficiency of the robot is not only to be more accurate and faster, but also to be lighter


https://doi.org/10.15625/0866-7136/17944
https://orcid.org/0000-0003-2525-2856
https://orcid.org/0000-0002-8680-889X
https://orcid.org/0000-0002-8799-820X
https://orcid.org/0000-0001-7007-5639
mailto: hoang.nguyenquang@hust.edu.vn

Modeling of parallel manipulators with flexible links and joints driven by electric actuators 475

and consume less energy. This fact leads that the slender link is no longer considered
as a rigid body but as an elastic link, which takes into account the elastic deformation
of the links. In addition, when the robot has a large acceleration, the elasticity of the
transmission also needs to be considered.

The study of flexible manipulators has attracted the attention of scientists in the last
three decades. There have been many studies on the dynamics and control of manipu-
lators with flexible links. These works are summarized in review articles such as [1-6].
In general, they focus on modeling, calculation of dynamics and oscillation, and con-
trol design for flexible manipulators. The research works presented in [3,7-11] focus on
elastic serial robotic manipulators. Other works [12-16] concern closed loop multi-body
systems to study parallel robots with elastic links in which, five main methods are used
to model elastic links including: (1) Lumped parameter method [17], (2) Finite difference
method [18], (3) Method of expansion to assumed mode functions [7,10,12,13,16,19-25],
(4) Finite element method [9, 11, 14, 26, 27], (5) Method of multibody systems [8]. Each
method has its advantages and disadvantages, which method to use depends on forte
and supporting tools.

In this paper, the finite element method and Lagrange equation of 2™ kind are used
to build a dynamic model for a parallel planar manipulator with elastic links and joints.
Based on the equations of motion, it is possible to simulate the response of the system to
the conventional PD controller for the positioning problem. The remainder of this paper
is organized as following: Section 2 describes the structure diagram of the manipulator
from actuators to the end effector. Section 3 presents the establishment of a dynamic
model for the system, in which the equations of motion for one part is developed in
detail. Section 4 presents the numerical simulation results of the forward dynamics. The
conclusion is made in the final section.

2. ELECTROMECHANICAL MODEL OF A FIVE-BAR PARALLEL ROBOT WITH
FLEXIBLE LINKS AND JOINTS

Consider a 5-bar planar parallel manipulator driven by two DC motors as shown
in Fig. 1. The two links connected to the base are considered as rigid bodies, the two
slender rods connected to the end point E are flexible links, and the transmission of the
active joints are also considered elastic ones.

The system parameters include:

- DC motor: resistance R,, inductance L,, torque constant K;,;, back-emf constant K,,
inertia of the rotor I;;

- Gear transmission: r — gear ratio, its mass is neglected;

- Torsional stiffness of the shaft k, torsional damping c; linear damping at the shaft d;

- Links connected to the base: length of /;, mass m;, moment of inertia about the axis
of rotation I, center of mass at the middle point;

- Flexible links: length of I, cross-sectional area b x h, mass density p, elastic mod-
ule E;
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To establish the dynamic equation for this robotic manipulator, we combine the sub-
structure method and the Lagrange equation of the 2" kind. Imagine that the joint E is
cut and two reaction forces are added at E of each part. Two parts are then treated as
serial manipulators with elastic joints and link, Fig. 2. The dynamic equations for the two
parts are similar. Therefore, only the deriving equations of motion for the right part is
presented in detail.

R,
I~ Km
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Fig. 2. Substructure diagram

Description of the deformation motion of the elastic link

To describe the deformation motion of elastic link AE, we introduce a floating coor-
dinate system Axy (frame 1). The origin A is fixed to one end of the link and axis Ax
tangential to the link at end A, Fig. 3. Denote [Zﬂ are two unit vectors of the coordinate
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system Axy. The displacement due to deformation of point P at a distance x = ¢ from A
is determined by
d =w(x, )],

where w(x, t) is the transverse displacement due to bending deformation.
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Fig. 3. Motion presentation of flexible link

Here the approach of FEM (finite element method) is applied. Each flexible link will
be considered as a beam. Let [e3, e4] be transverse and angular displacements of node
2 (end 2) respectively, the displacement of point P is determined through the following
shape functions (displacements at end A are 0, [e1, €3] T- 0)

w(x) = ha(x)es + ha(x)es = [ ha(x) ha(x) | [ e3

e ] =S(x)e, 0<x<I. (1)

The shape functions are chosen by polynomials as the following

1 1
hs(x) = Z—S(—Zx3 +31x%), hy(x) = l—z(x3 —Ix?). (2)
In the floating frame Axy, the position of the point P is determined as
1 x
ré) = [ S(x)e ] . 3)

The coordinates of the point P belonging to the elastic link in the fixed frame are

determined
rl(,o) = rff) + R(Q)rg), 4)

where the rotation matrix is defined by

cosf —sin6
R(G)_[sin() cos 0 ]
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The results of (4) are written in detail as

xl(,o) = x4+ xcosf —w(x,t)sinb,
y§?) = ya + xsinf + w(x, t) cos 6. ©
The coordinates of the endpoint E in the fixed system are determined
xEEO) =2x4+1cosf —e3sinb,
(6)

yggo) =1y +1sinf + ez cosb.

Now, we can choose generalized coordinates of two parts as:

Qi = [al,, 9] = [p1,611,012]e13, e14]" - for the right part,
Q@ = [958, 9% = (92,621,602 e23, e24]" - for the left part,
where ¢, 01, O, are angular position of rotors, of the rigid link, and relative angle of

flexible link w.r.t to the rigid link (Fig. 1); ex3, ex4 are transverse and angular deformation
at the end of the flexible links, k = 1,2 (Fig. 3).

3. EQUATIONS OF MOTION

In this section, the equations of one part are established using Lagrange equations
of the second kind. The procedure is the same for serial manipulators. Here, we need
to calculate the kinetic, potential, dissipative energy of the system, and control torques.
Two parts obtained after decoupling joint E have the same structure, so in the following
only equations of motion of the right part are presented.

3.1. Kinetic energy — mass matrix

The right part consists of the rotor, the rigid link OA and the flexible link AE. The
kinetic energy of this part is calculated as

1 1. .
T = ilm(P% + 51109%1 + Tar + Ttip-

The kinetic energy of the rotor and the rigid link OA is given by

_1
2

with M, = diag([Ix, I10,0,0,0]).
The kinetic energy of the flexible link AE is calculated by

I O S € Y
TAE—E/vdm_zlz/ovdé,

) 1 . 1. .
T, ImQD% + 51109%1 = EQ{qull
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where v is velocity of the infinitesimal mass dm belonging to link AE. The coordinates of
the point P belonging to the elastic link in the fixed frame are determined

x%o) = x4+ xcosb —w(x,t)sind

= Xo, + 1 cosB11 + x COS(911 + 912) — w(x, t) Sil’1<911 + 912),

yg)) =ya+xsinf + w(x,t)cos6
=Yo, + [y sinfy1 + x Sil’l(@ll + 912) + ZU(X, t) COS(911 + 912).
Using (1), we get
xl(jo) =X, + Iy cos 011 + XCOS(911 + 912) — S(x)e sin(911 + 912),

yg)) =Yo, T [1sinBq1 + xsin(611 + 912) + S(x)e COS(911 + 912).
The Jacobian of the point P and velocity of P are calculated as

r§9> = rg))(ch) = vg)) = fg))(ql) =Jr(q1)a

o (aqu) @)
Jr(qn) = T

The kinetic energy of the elastic link is then determined

1 0)T_ (0 Lmy L .1, .
Tag = 5 [ v v dm = 2 24 / Jp(@)Jp(qu)dS | 41 = 541 Me(q)dn-
2 21 0 2
The kinetic energy of the mass at the end point E is determined

1 1. .1 .
Tip = ymavy) Vg = smsafJE(@)e(q)a = 54T Ms(@)dn.

Thus, the kinetic energy of the right part is given by

1 1. . 1. .1, .
Qfmqf’% + 51109%1 + Tap + Thip = quT[Mr +M,(q) +Ms(q)]q: = quM1<q1)q1- (8)

3.2. Potential energy — generalized forces

T =

Potential energy includes gravity and elastic one. Elastic potential energy of joints
and elastic link are given

1 1
Pe = Qk(ll?l —611)> + Po, = Qk(r_lq)l —601)* + Pa, ©)

where 11 = ¢1/r is the angular position of the output shaft of the gear box, r is reduction
ratio.

To give the element stiffness matrix, the expression of strain potential energy due to
transverse bending of the beam needs to be calculated. According to the theory in the
strength of materials [28,29], the bending strain potential energy of a beam is calculated
by the formula

I
Py = % /0 [EI(w")?)de. (10)
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From (1), we can determine bending strain as

dy = S(¢)qe = d,y/ =5"(¢)qe- (11)
Substituting (11) into (10) gives
1 I 1
Pye = iqu (/0 [EIS//T(‘:)S/I(g)]dé’) 9de = ECIeTKeqe- (12)
So, stiffness matrix of the element is obtained
1
K= [ E1S"" ()" (¢))de. (13)
0

In combination with the potential energy of torsional spring of the driven shaft:

1 _ 1 1 _
P, = §k(f Yor — 611) + quTKeqe = quKqu (1 =7""gn).

And the generalized force of the elastic force is calculated by

ap.\"
<aq1) = Kad.

When the manipulator moves in the vertical plane, the potential energy of the weight
needs to be added. Let g¥ = [g,, gy]T = [0,—g]" be the vector of gravity in a fixed
system. If the manipulator moves in a horizontal plane, value of g is set to zero. The
gravity potential is calculated as follows

Potential energy due to gravity

my, [k
Py = —mig el (ar) - T; 0 g7y (q1)dg — mag e (qu). (14)
The generalized force of gravity is calculated by

aP, d b d
o _ T 9 (0 g1 (O)T/ 9 0) 3% _ o1 9 (0)
aq mig aqer1 (q1) —maly g 0 8q1rp d¢ — msg BqlrE (q1)
I
= —m g Jri (qu) — mzlilg(O)T/o J(q1)dé — msg O Je(qu).
Or

Py T——m J11(a1)g'” — maly! /lle( )d¢ ) 8@ — maJE(a)g”.  (15)
5q) = Jr1(q1)8 2y 0 q 8 sIE\U)E -

Thus, the generalized force due to potential energy can be calculated by the formula
I
g(a1) = Kiqi —miJf; (q1)g"” — maly! (/0 JT(Q)dC) 8 —miJE(a)g”.  (16)
3.3. Dissipative energy
1 .. o, 1o 1 1,
D= EC(I,Ul —011)" + §d911 = Ec(r $1—011)" + Edelll (17)

where d is the viscous coefficient at the bearing O;.
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3.4. Driving force and constraint forces at the cutting joint

The generalized force of the motor torque acting on the rotor and the force acting at
the end point E is calculated based on the calculation of the virtual work as follows:

SA = 1069 + X6xg + Yoyp = 109 + [JE(q1)A] 0qu,
with A = [X, Y]" and Jp(q1) = arg)) /90q is Jacobian of the end point E.

The motor torque acting on the rotor is calculated according to the input current and
voltage as follows (here we use the approximate L,di/dt ~ 0)

Ty = Kpi = Ky

UoKep A—U— Enke s (18)

R, R,

3.5. Equations of motion of the right part

Applying Lagrange’s equation of the 2™ kind [30], the differential equation of mo-
tion for the right arm would take the form

Mi(qq)d1 + Ci(qr, q1)d1 + Didqr + Kiqr + g1(q1) = Brug +J{1A, (19)

where Mi(qq) is the mass matrix of size 5x5 that is the Hessian matrix of kinetic en-
ergy with respect to q; D is the damping matrix; Lagrange multipliers A = [X, Y]" are
the reaction forces at cutting joint E; the Coriolis and centrifugal matrix C;(qi,q1) are
determined from the mass matrix M;(q;) based on Kronecker product [31] or by the
Christoffel formula

1 ami' ami om .
Ci(qua1) = {cij(quan)}, cjlqua) = Z ( aqk] + aq]_k aq]k> k- (20)

Normally, the differential equation of motion for a serial flexible manipulator is writ-
ten in the following form

g ]35S

Mﬂ( qf
T
(5 g][ EEE NIRRT
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For the given manipulator, these matrices and vectors are written in detail as follows

I, O 0
My (q)=| 0 mxn my3 |, Mgp= MrTf,
0 mz ms3

13 2 11 1 212 : 1 .
my = I1 + 3511263 — ﬁ?ﬂ2€3€412 + 1051264 [,* — mplyes sin q2 + 51’112111264 sing;

+ %7’}121% + myly cos qzlz —+ m2112 + 7113(112 -+ 122 + 2l11, cos q2 — 2l1e3 sin q2 + 632),

_ _ 13 2 11 1 212 1 : 1 :
M3y = M3 = z=Mne3” — qgsMaesesls + qsmaes”ly” — 3maly singaes + maliloes sings

+ %Tnzl% + %mZleg cos gy + TH3(1112 cos gy — l1e3 sin q2 + 122 + 832),

_ 13, 2 11 1 212 1, 12 2., 2
M3z = z2maes — qosMaesesly + qemaegly” + 3maly 4+ ms (15 + €3),

M, - [ 0 Fmoly + %11712112(:05 qlz +ms(lycos gy + Ip) %mzl]z + 77;312 ’
0 —Emzlz — ﬁmzlllz Cos 42 —@mzlz
13 1
=My + M3 —3:-1M>l
Mys = [ ST s ]
210M2t2 105242
c/r* +KuK./R, —c/r 0
D, = —c/r ¢ 0], Dg =023, Dys=033,
0 0 0
k/r> —k/r 0 3 2
- B [ 12EI/13 —6EI/B3
KTT — —k/i’ k O 7 Kfr - 02><3/ Kff - |: —6EI/Z% 4E1/12 4
0 0 0
g1(q) =0,

92(q) = mis1gcosqi + $5ma[—6essin(q1 + q2) + eslr sin(q1 + q2) + 6> cos(q1 + q2)
+ 1215 cos q1|g + m3[l1 cos g1 + I cos(q1 + q2) — ez sin(g1 + 42)]g,

93(q) = ma[—6essin(q1 + q2) + ealr sin(q1 + q2) + 61> cos(q1 + q2)]g
+ m3|l2 cos(q1 + q2) — ez sin(q1 + q2)]g,

84(q) = (gma2 +m3) cos(q1 +q2)g,  g5(q) = —qymalacos(q1 +q2)g,

B, =[Ku/R, 0 0]".

The equation of motion for the rotor is obtained after neglecting the current chang-
ing, it means L,di/dt ~ 0:

o KuK\ . cp (K k. K
i (5T Jo o () o o= U

3.6. Constraint equations

With the given generalized coordinates, the constraint equations are obtained by
comparison between the position of the endpoints E of the right and left parts

¢(q1,q2) = 1 (q1) — 12 (q2) = 0, (22)
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in which for the right part

X](Eol) = xo1 +l1cosbi1 + 1 COS(QH + 912) — €13 Sin(911 + 912),

yéol) = yo1 + l1 sin 611 + I sin(611 + 612) + e13 cos(011 + 612),

and for the left part
xj(goz) = x0p + 11 cos 61 + 1> cos(621 + 022) — ex3 sin(6y + 622),

yéoz) = Yoo + l1sin 0y + > sin(61 + 022) + €23 cos (621 + 622).
3.7. Dynamic equations of the whole system

Combining the equations of two parts together gives the dynamic equations of the
whole system in the form of differential algebraic equations (DAEs) as following

M(q)d +C(q,q)q +Dq +Kq +g(q) = Bu+ @;2,
¢(q) =re(q) —1ri(q) =0, P4 =0¢(q)/0q.

The matrices and vectors in (23) are given as

(23)

M(q) = diag([M1(q), M2(q)]), C(q,q) = diag([Ci(q,4q),C2(q,9)]),
D = diag([Dy, Dy]), K = diag([Ki, K3]),

g(q) = g1 (q), & (@], B = [By,0;0,By],

u=[Uy, U], A=[XY], @f =[iTh).

4. NUMERICAL SIMULATION OF FORWARD DYNAMICS

4.1. Forward dynamics

Forward dynamics of flexible parallel manipulators are solved in the same way as
of rigid parallel manipulators. There are some methods to determine generalized accel-
eration ¢ from equations of motion (23). In this study, the second derivatives of the con-
straint equations is used and the matrix R satisfying R7®T = 0 is exploited to eliminate
the Lagrangian multipliers. Additionally, to restrict the drift of constraint equations dur-
ing integration, the Baumgarte’s stabilization technique is applied [32]. So, the dynamic
equations for forward dynamics will be as following

R'M(q)§ = R (Bu— C(q,4)q — Dg — Kq —g(q)),
@(q)f = —®(q)q — 200 ®(q)q — w’¢(q), 4w >0.
Solving the above equations for ¢ gives
4= [ R"M(q) } - [ R” (Bu - C(q,4)q - Dy~ Kq—g(q)) | 1)
®(q) —®(q)q — 260 ®(q)q — W’ P(q)

The motion of the system is obtained by integration (24) with the consistent initial
conditions, that satisfy the constraint equations at the position and velocity level.
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4.2. Simulation results

In this subsection, the simulation results on five-bar parallel manipulator with flex-
ible link and joints are presented. The kinematic and dynamic parameters of the system
shown in Fig. 1 are chosen as in Table 1.

Table 1. System parameters

Actuatorandgeartransmission

Kn = 1; Nm/A, torque constant

Ke = 1; Volt.s/rad, BACK-EMF constant

R, = 3; Ohm, armature resistance of the motor

I, =0.1; kgm~2 , moment of inertia of the rotor
r = —10; -, gearbox ratio

k = 5000; Nm/rad, torsional stiffness of the spring
c =k/100; Nms/rad, viscous coefficient

Rigid link 1

my = 3; kg, mass

1, = 0.4; m, length

sy = 0.2; m, center of mass, 0C1
I, =0.2 kgm~2 , moment of inertia about axis 0
Flexible link 2

rho = 2712; kg/m~3 , mass density

E =7.102 % 10"10; N/m~2, elastic module

1, = 0.5; m, length

h = 0.003; m, thickness

b = 0.030; m, width

A=Dbxh; m~2 cross-sectional area

I=bx*xh"3/12;

my = rho *x 1y xb*h;

m~4, area moment of inertia
kg, mass

Lo = 0.6; m, distance 040,
mz = 0.25; kg, 1/2 mass at the end-effector
g = 9.81; m/s~2, gravity acceleration

Baumgarte parameters:

=1, w = 700

In the simulation, the voltage applied to the motor is chosen as PD controller plus

gravity

upd = [72*(2*r-q(1))-30%qdot (1); 72*(2*xr-q(6)) -30%

qdot (6)1;

ug = pinv(R’*B)*R’*(G);

u = upd + ug;
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The consistent initial conditions are calculated based on the rigid model of the ma-
nipulator, deformation of the flexible links are disregarded

q0 = [* 0.9812 1.5958, 0 O, * 1.7125 -1.2922, 0 0]7;
q0 (1) = q0(2)*r; % torsiomnal spring 1 is relax;
q0(6) = qO0(7)*r; % torsional spring 2 is relax;
dq0 = [0 O O, 0 O, O O O, O 0]’;

5 5
oL oL —
I - r _—--
s e
5 , q;;gad]] | 5 ‘_,/ go[rad] |
/ — — —qull/s ___421[1/31
10 / 10
/
15 | 15
/
20 |/ 20 L
v
25 ) ) ] ] 25
0 1 2 3 4 5 0 1 2 3 4 5
t[s] t[s]
25
2 L
qi2[rad] g (rad)
. H 15 N 4
— — — di2[1/3] — — — ([1/s]
1
05 I\
~
~ ~ ~
_______________ 0 —— ]
0.5 . 0.5
0 1 2 3 4 5 0 1 2 3 4 5
t[s] t[s]
2 4
go3[rad]
— — —qx1/s]

W qu3[rad)
v — — —dull/s]

0 1l 2 3 4‘ 5 - 0 1 2 3 4 5
ts] t[s]
(a) Right part (b) Left part

Fig. 4. Time history of joint variables (solid line: position; dashed line: velocity)
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-5
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-15
0 1 2 3 4 5
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Fig. 5. Time history of transverse and angular deflection of flexible links

-5 constraint equations

ts]

Fig. 6. Time history of error of constraint equations



Modeling of parallel manipulators with flexible links and joints driven by electric actuators 487

The simulation results are shown in Fig. 4 and Fig. 5 include time plots of the joint
variables of the rigid link and the deflection of the flexible link. The graph of the joint
variables q11, 912, 913 and g1, 922, 423 reaches the stationary position after about 2.5 s (Fig. 4).
The deformation motion graph e;3, 14,623, €24 shows high frequency oscillation even when
the manipulator has reached the target position (Fig. 5). The oscillation of the flexible
link has a clear effect on the joint variables g13 and g23. The graph in Fig. 6 shows that
with Baumgarte stabilization, the errors of the constraint equations are kept small and
approaches zero as the manipulator comes to rest.

5. CONCLUSIONS

An approach to establish dynamic models of parallel robotic manipulators with rigid
and flexible links and elastic joints is presented. According to the symmetric structure of
the parallel robot, the system is divided into some similar substructures consisting of
components with lumped parameters (rigid bodies and springs) and distributed param-
eters (flexible links). The flexible links are modeled by beams subjected to flexural deflec-
tion and using a method of floating reference frames. Based on kinetic energy, potential
energy and dissipative energy, dynamic equations are established for each substructure
using Lagrange’s equation of 2" kind. The overall equations obtained form a system
of algebraic differential equations. These equations are solved by Lagrange multiplier
elimination and combined with Baumgarte stabilization technique to ensure that the con-
straint is not broken in numerical simulation. The approach in this paper can be applied
to modeling parallel planar and spatial robots with flexible links and elastic joints.
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