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Abstract. Wet granular materials flowing down an inclined plane are omnipresent in
multi-field engineering. Although extensive research has been carried out to investigate
the flowability of such flows, our understanding of the flows like landslides is limited due
to the presence of the cohesive forces between particles and the arbitrarity of inclination
angle. In this paper, we explore the effects of the inclination angle on the velocity profiles
and force distribution of the gravity-driven wet granular free-surface flows in the steady-
flowing state by means of an extensive discrete element method with the inclusion of the
capillary cohesion law. This capillary cohesion law is enhanced by the capillary attraction
force due to the presence of the liquid bridges between near-neighboring particles. The
results show that the mobility of wet granular materials is strongly controlled by the in-
clination angle due to the domination of the gravity effects of particles as compared to the
cohesion effects and rough effects of the inclined surface. These observations are consis-
tent with the previous experimental work done on the granular collapse on an inclined
plane. Furthermore, in its steady-state flow, the granular materials separate stably into
two different flowing regions: solid-like and fluid-like flows, and the depth of these flows
strongly depends on the values of the inclination angle. More interestingly, the inclination
angle also strongly governs the density and intensity of the tensile and compressive com-
ponents of the normal forces and tangential forces in both solid-like and fluid-like regions
with different characteristics.
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1. INTRODUCTION

Wet granular materials flowing down an inclined plane are omnipresent in geotech-
nical engineering such as landslides and rock avalanches [1–3]. Characteristics of such
flows strongly depend on the particles’ gravity, friction coefficient, the inclination angle,
the height of the granular column, the rough base, and the cohesion forces between neigh-
boring particles [4–9]. Once occurred, the granular materials start flowing down from
the quasi-static regime mainly due to the exceeding of the gravity effects as compared
to the frictional effects. The flows then evolve into the inertial regime as a consequence
of having the large displacements of granular materials before reaching a steady-flowing
state [10–12]. Unlike the dry granular flows, the velocity profiles of granular materials in
the steady-flowing state are almost homogeneous which represents the Bagnold velocity
profile [13], the gravity-driven wet granular free-surface flows tend to separate stably into
two different regions: solid-like and fluid-like [3, 14–17]. In particular, a solid-like flow
occurs near the free surface of the flow and its local shear rate is nearly zero, meanwhile,
the fluid-like layer appears below the solid-like layer with a large local shear rate [15–18].
Besides the inherent effects of the particles’ gravity, friction coefficient, and the interac-
tions between grains, both solid-like and fluid-like layers may strongly depend on the
inclination angle. And although extensive studies have been constructed to investigate
the rheological properties of gravity-driven dry and wet granular free-surface flows, the
fundamental understanding of the underlying physical properties of wet granular mate-
rials flowing down an inclined plane is due to the effects of the inclination angle is still
limited.

Indeed, a number of the gravity-driven granular free-surface flows have been carried
out to investigate their rheological properties and the behavior of the solid-like and fluid-
like layers over the last few decades [3, 15, 18–20]. Silbert et al. [19] firstly discussed the
formation and the evolution of the solid-like (plug) flow of granular materials flowing
down an inclined plane. Brewster and co-workers [18] then numerically measured the
effects of the cohesion between grains on the thickness of the solid-like flowing region
as well as proposed the modification of the Bagnold prediction of the velocity profiles
in the steady-flowing state. Rognon et al. [15] also illustrated the development of the
plug region (solid-like flow) from the free surface of granular flow where the cohesion is
strongest as compared to the particles’ gravity, they also then analyzed the microstruc-
ture of the whole flows by measuring the coordination number and the normal forces
distribution. Mandal and co-workers [16] numerically highlighted the flowability of co-
hesive granular media flowing down an inclined plane with a given inclination angle,
their results showed the rheological properties of such flows can be described by us-
ing an effective cohesion number that incorporates the interparticle cohesion and the
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mechanical properties of raw particles. The ordered/disordered behavior of such flows
was also discussed by Moharamkhani et al. [17] due to the occurrence and development
of the solid-like flow as a consequence of considering the smooth and rough inclined
planes. However, most of the investigations above only reported the existence of the
solid-like and fluid-like regions but without considering in detail the fundamental mech-
anism and properties of these flow regions. More interestingly, Zhu and co-workers [3]
recently studied the behavior of the solid-like and fluid-like granular flows under the
surface-normal vibration. They reported in detail the velocity profiles and the stress dis-
tribution for a given inclination angle. However, the effects of the inclination angle on
the compressive and tensile forces distribution were also absent.

In this paper, we report in detail the effects of the inclination angle on the veloc-
ity profiles and the tensile and compressive forces distribution of the gravity-driven wet
granular flowing down an inclined plane by using the three-dimensional discrete ele-
ment method. The numerical method with the inclusion of the capillary attraction law
enhanced by the cohesive and viscous forces that occurred between near-neighboring
particles with the presence of the capillary bonds. The sample model is first prepared by
using isotropic compaction in a box, the lateral walls of this sample are then replaced by
setting the periodic boundary conditions, whereas the bottom wall is replaced by using
a rough wall that is defined by gluing monodisperse granular particles. In all the steps
above, the gravitational acceleration is activated in the directions perpendicular to the
rough bottom wall. After reaching the equilibrium state, three different values of the in-
clination angle are applied to investigate the flowability of wet granular materials. The
results obtained in our paper represent the different effects of the inclination angle on the
velocity profiles and force distribution in the solid-like and fluid-like layers.

The rest of our paper is arranged as follows. We first introduce the discrete element
method, the model setting, and the key parameters in Section 2. The paper then analyzes
the flowability of gravity-driven wet granular free-surface flows down an inclined plane
by varying the rough inclination angle in Section 3. The conclusion is set in Section 4
with the salient results and further research directions.

2. NUMERICAL METHOD AND MODEL SETTING

2.1. Discrete element method

The discrete element method (DEM) is extensively used for the simulations of granu-
lar materials which are omnipresent in nature, industrial processes, multi-field engineer-
ing, and the daily life [21–23]. In DEM, all particles are assumed to be rigid, and each par-
ticle interacts with others via the frictional elastic force laws [24,25]. The solid interaction



120 Thanh-Trung Vo, Trung-Kien Nguyen, Cuong T. Nguyen

forces involve the normal contact forces and the tangential contact forces [21, 22, 24, 26].
These normal and tangential forces are proportional to the relatively normal and tan-
gential displacement obtained by using the stepping integration based on the Newton
second law [21,22,24,27,28]. The equations of motion of a particle i with its radius Ri are
obtained by adding all forces exert on the particle, as given following

mi
d2ri

dt2 = ∑
[(

f ij
n + f ij

c + f ij
v

)
nij + f ij

t tij
]
+ mig,

Ii
dωi

dt
= ∑ f ij

t cij × tij,
(1)

where mi, ri, Ii, and ωi are the mass, position, inertia matrix, and angular velocity of
particle i, respectively. j is a near-neighboring particle in contact with particle i. g denotes
the gravitational acceleration vector. nij and tij are the unit vectors between particle i and
j in the normal and tangential directions, respectively. Meanwhile, the normal unit vector
has the direction from particle j to particle i, the tangential unit vector has the direction
opposite to the relatively tangential displacement between these two particles, as shown
in Fig. 1(a). cij is an unit vector that pointing from the center of particle i to the contact
point with particle j.
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t
<latexit sha1_base64="iPBaBNUf8QJmnXTK+GD3FabLfqY=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQrMKuKbTSgI1lAuYCyRJmJ7PJmNnZZeasEJY8gY2FIra+im9g59s4uRSa+MPAx/+fw5xzgkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup3mrUeujYjVPY4T7kd0oEQoGEVr1bFXLLlldyayCt4CSjeflUoVAGq94le3H7M04gqZpMZ0PDdBP6MaBZN8UuimhieUjeiAdywqGnHjZ7NBJ+TMOn0Sxto+hWTm/u7IaGTMOApsZURxaJazqflf1kkxvPIzoZIUuWLzj8JUEozJdGvSF5ozlGMLlGlhZyVsSDVlaG9TsEfwlldeheZF2XPLXt0tVa9hrjycwCmcgweXUIU7qEEDGHB4ghd4dR6cZ+fNeZ+X5pxFzzH8kfPxAxuAjpg=</latexit><latexit sha1_base64="yTSf/jkfKmgI8juF3RQPO8jGqOE=">AAAB6HicbZC7SgNBFIZnvcZ4i1raDAbBKuxqoZUGbCwTMBdIljA7OZuMmZ1dZs4KYckT2FgoYuur+AZ2vo2TTQpN/GHg4//PYc45QSKFQdf9dlZW19Y3Ngtbxe2d3b390sFh08Sp5tDgsYx1O2AGpFDQQIES2okGFgUSWsHodpq3HkEbEat7HCfgR2ygRCg4Q2vVsVcquxU3F10Gbw7lm8+LXLVe6avbj3kagUIumTEdz03Qz5hGwSVMit3UQML4iA2gY1GxCIyf5YNO6Kl1+jSMtX0Kae7+7shYZMw4CmxlxHBoFrOp+V/WSTG88jOhkhRB8dlHYSopxnS6Ne0LDRzl2ALjWthZKR8yzTja2xTtEbzFlZeheV7x3IpXd8vVazJTgRyTE3JGPHJJquSO1EiDcALkibyQV+fBeXbenPdZ6Yoz7zkif+R8/ADWbo8k</latexit><latexit sha1_base64="yTSf/jkfKmgI8juF3RQPO8jGqOE=">AAAB6HicbZC7SgNBFIZnvcZ4i1raDAbBKuxqoZUGbCwTMBdIljA7OZuMmZ1dZs4KYckT2FgoYuur+AZ2vo2TTQpN/GHg4//PYc45QSKFQdf9dlZW19Y3Ngtbxe2d3b390sFh08Sp5tDgsYx1O2AGpFDQQIES2okGFgUSWsHodpq3HkEbEat7HCfgR2ygRCg4Q2vVsVcquxU3F10Gbw7lm8+LXLVe6avbj3kagUIumTEdz03Qz5hGwSVMit3UQML4iA2gY1GxCIyf5YNO6Kl1+jSMtX0Kae7+7shYZMw4CmxlxHBoFrOp+V/WSTG88jOhkhRB8dlHYSopxnS6Ne0LDRzl2ALjWthZKR8yzTja2xTtEbzFlZeheV7x3IpXd8vVazJTgRyTE3JGPHJJquSO1EiDcALkibyQV+fBeXbenPdZ6Yoz7zkif+R8/ADWbo8k</latexit><latexit sha1_base64="zCCZ2St3U7PIsBPnnrBdSkFJkq4=">AAAB6HicbVA9SwNBEJ2LXzF+RS1tDoNgFe5stJKAjWUC5gOSI+xt5pI1e3vH7pwQQn6BjYUitv4kO/+Nm+QKTXww8Hhvhpl5YSqFIc/7dgobm1vbO8Xd0t7+weFR+fikZZJMc2zyRCa6EzKDUihskiCJnVQji0OJ7XB8N/fbT6iNSNQDTVIMYjZUIhKckZUa1C9XvKq3gLtO/JxUIEe9X/7qDRKexaiIS2ZM1/dSCqZMk+ASZ6VeZjBlfMyG2LVUsRhNMF0cOnMvrDJwo0TbUuQu1N8TUxYbM4lD2xkzGplVby7+53Uzim6CqVBpRqj4clGUSZcSd/61OxAaOcmJJYxrYW91+YhpxslmU7Ih+Ksvr5PWVdX3qn7Dq9Ru8ziKcAbncAk+XEMN7qEOTeCA8Ayv8OY8Oi/Ou/OxbC04+cwp/IHz+QPdtYzw</latexit>

n
<latexit sha1_base64="w4JwqgDeXkNo0MZLe8PPZ6VHjTk=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQrMKuKbTSgI1lAuYCyRJmJ2eTMbOzy8ysEJY8gY2FIra+im9g59s4uRSa+MPAx/+fw5xzgkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt9O89YhK81jem3GCfkQHkoecUWOtuuwVS27ZnYmsgreA0s1npVIFgFqv+NXtxyyNUBomqNYdz02Mn1FlOBM4KXRTjQllIzrAjkVJI9R+Nht0Qs6s0ydhrOyThszc3x0ZjbQeR4GtjKgZ6uVsav6XdVITXvkZl0lqULL5R2EqiInJdGvS5wqZEWMLlCluZyVsSBVlxt6mYI/gLa+8Cs2LsueWvbpbql7DXHk4gVM4Bw8uoQp3UIMGMEB4ghd4dR6cZ+fNeZ+X5pxFzzH8kfPxAxJojpI=</latexit><latexit sha1_base64="xp5+gx0ofnnk9nCx1nQQt/7ImW4=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdjVQisN2FgmYC6QLGF2cjYZMzu7zMwKYckT2FgoYuur+AZ2vo2TTQpN/GHg4//PYc45QSK4Nq777aysrq1vbBa2its7u3v7pYPDpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt9O89YhK81jem3GCfkQHkoecUWOtuuyVym7FzUWWwZtD+ebzIletV/rq9mOWRigNE1Trjucmxs+oMpwJnBS7qcaEshEdYMeipBFqP8sHnZBT6/RJGCv7pCG5+7sjo5HW4yiwlRE1Q72YTc3/sk5qwis/4zJJDUo2+yhMBTExmW5N+lwhM2JsgTLF7ayEDamizNjbFO0RvMWVl6F5XvHcild3y9VrmKkAx3ACZ+DBJVThDmrQAAYIT/ACr86D8+y8Oe+z0hVn3nMEf+R8/ADNVo8e</latexit><latexit sha1_base64="xp5+gx0ofnnk9nCx1nQQt/7ImW4=">AAAB6HicbZC7SgNBFIbPeo3xFrW0GQyCVdjVQisN2FgmYC6QLGF2cjYZMzu7zMwKYckT2FgoYuur+AZ2vo2TTQpN/GHg4//PYc45QSK4Nq777aysrq1vbBa2its7u3v7pYPDpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt9O89YhK81jem3GCfkQHkoecUWOtuuyVym7FzUWWwZtD+ebzIletV/rq9mOWRigNE1Trjucmxs+oMpwJnBS7qcaEshEdYMeipBFqP8sHnZBT6/RJGCv7pCG5+7sjo5HW4yiwlRE1Q72YTc3/sk5qwis/4zJJDUo2+yhMBTExmW5N+lwhM2JsgTLF7ayEDamizNjbFO0RvMWVl6F5XvHcild3y9VrmKkAx3ACZ+DBJVThDmrQAAYIT/ACr86D8+y8Oe+z0hVn3nMEf+R8/ADNVo8e</latexit><latexit sha1_base64="3El4OPECbzvsYGN1n7FDZWIB1b8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m86EkKXjy2YNpCG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmhang2rjut1Pa2Nza3invVvb2Dw6PqscnbZ1kiqHPEpGobkg1Ci7RN9wI7KYKaRwK7ISTu7nfeUKleSIfzDTFIKYjySPOqLFSSw6qNbfuLkDWiVeQGhRoDqpf/WHCshilYYJq3fPc1AQ5VYYzgbNKP9OYUjahI+xZKmmMOsgXh87IhVWGJEqULWnIQv09kdNY62kc2s6YmrFe9ebif14vM9FNkHOZZgYlWy6KMkFMQuZfkyFXyIyYWkKZ4vZWwsZUUWZsNhUbgrf68jppX9U9t+613FrjtoijDGdwDpfgwTU04B6a4AMDhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/UnYzq</latexit>

(a)
<latexit sha1_base64="mEsJDF8lufbiFUWuOUaXqufzX/A=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAYhXsKuFz1JwIvHiOYByRJmJ73JkNnZZWZWCEs+wYsHJXjx4Bd582+cPA6aWNBQVHXT3RUkgmvjut9Obm19Y3Mrv13Y2d3bPygeHjV0nCqGdRaLWLUCqlFwiXXDjcBWopBGgcBmMLyd+s0nVJrH8tGMEvQj2pc85IwaKz2U6UW3WHIr7gxklXgLUqqeTiYfAFDrFr86vZilEUrDBNW67bmJ8TOqDGcCx4VOqjGhbEj72LZU0gi1n81OHZNzq/RIGCtb0pCZ+nsio5HWoyiwnRE1A73sTcX/vHZqwms/4zJJDUo2XxSmgpiYTP8mPa6QGTGyhDLF7a2EDaiizNh0CjYEb/nlVdK4rHhuxbu3adzAHHk4gTMogwdXUIU7qEEdGPThGV7hzRHOizNx3uetOWcxcwx/4Hz+AHoJj3I=</latexit><latexit sha1_base64="vFUXmRcYgtEwjJicGuL60Jvb+3U=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAYhXsKuFz1JwIvHiOYByRJmJ5NkyOzsMtMrhCWf4MWDEr36Rd78G2eTHDSxoKGo6qa7K4ilMOi6305ubX1jcyu/XdjZ3ds/KB4eNUyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go9vMbz5xbUSkHnEccz+kAyX6glG00kOZXnSLJbfizkBWibcgperpNMN7rVv86vQiloRcIZPUmLbnxuinVKNgkk8KncTwmLIRHfC2pYqG3Pjp7NQJObdKj/QjbUshmam/J1IaGjMOA9sZUhyaZS8T//PaCfav/VSoOEGu2HxRP5EEI5L9TXpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSuKx4bsW7t2ncwBx5OIEzKIMHV1CFO6hBHRgM4Ble4c2RzoszdT7mrTlnMXMMf+B8/gDXRpE3</latexit><latexit sha1_base64="75VI/rMSWBByNYO5AajfTunWHoI=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3BnEysJ2FhGNB+QHGFus5cs2ds7dveEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFySCa+O6305hY3Nre6e4W9rbPzg8Kh+ftHWcKspaNBax6gaomeCStQw3gnUTxTAKBOsEk9u533liSvNYPpppwvwIR5KHnKKx0kMVLwfliltzFyDrxMtJBXI0B+Wv/jCmacSkoQK17nluYvwMleFUsFmpn2qWIJ3giPUslRgx7WeLU2fkwipDEsbKljRkof6eyDDSehoFtjNCM9ar3lz8z+ulJrz2My6T1DBJl4vCVBATk/nfZMgVo0ZMLUGquL2V0DEqpMamU7IheKsvr5P2Vc1za969W2nc5HEU4QzOoQoe1KEBd9CEFlAYwTO8wpsjnBfn3flYthacfOYU/sD5/AGGN41C</latexit>

(b)
<latexit sha1_base64="Ey0JR7EuWvRS3pf/iX/dld3loBY=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAYhXsKuFz1JwIvHiOYByRJmJ73JkNnZZWZWCEs+wYsHJXjx4Bd582+cPA6aWNBQVHXT3RUkgmvjut9Obm19Y3Mrv13Y2d3bPygeHjV0nCqGdRaLWLUCqlFwiXXDjcBWopBGgcBmMLyd+s0nVJrH8tGMEvQj2pc85IwaKz2Ug4tuseRW3BnIKvEWpFQ9nUw+AKDWLX51ejFLI5SGCap123MT42dUGc4EjgudVGNC2ZD2sW2ppBFqP5udOibnVumRMFa2pCEz9fdERiOtR1FgOyNqBnrZm4r/ee3UhNd+xmWSGpRsvihMBTExmf5NelwhM2JkCWWK21sJG1BFmbHpFGwI3vLLq6RxWfHcindv07iBOfJwAmdQBg+uoAp3UIM6MOjDM7zCmyOcF2fivM9bc85i5hj+wPn8AXuOj3M=</latexit><latexit sha1_base64="Z1ITGkoQEJpu8AR7FHxtEngCTyk=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAYhXsKuFz1JwIvHiOYByRJmJ5NkyOzsMtMrhCWf4MWDEr36Rd78G2eTHDSxoKGo6qa7K4ilMOi6305ubX1jcyu/XdjZ3ds/KB4eNUyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go9vMbz5xbUSkHnEccz+kAyX6glG00kM5uOgWS27FnYGsEm9BStXTaYb3Wrf41elFLAm5QiapMW3PjdFPqUbBJJ8UOonhMWUjOuBtSxUNufHT2akTcm6VHulH2pZCMlN/T6Q0NGYcBrYzpDg0y14m/ue1E+xf+6lQcYJcsfmifiIJRiT7m/SE5gzl2BLKtLC3EjakmjK06RRsCN7yy6ukcVnx3Ip3b9O4gTnycAJnUAYPrqAKd1CDOjAYwDO8wpsjnRdn6nzMW3POYuYY/sD5/AHYy5E4</latexit><latexit sha1_base64="hNxphi0fO8626qHDfUHxtZeOFBg=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3BnEysJ2FhGNB+QHGFvs5cs2ds7dueEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFyRSGHTdb6ewsbm1vVPcLe3tHxwelY9P2iZONeMtFstYdwNquBSKt1Cg5N1EcxoFkneCye3c7zxxbUSsHnGacD+iIyVCwSha6aEaXA7KFbfmLkDWiZeTCuRoDspf/WHM0ogrZJIa0/PcBP2MahRM8lmpnxqeUDahI96zVNGIGz9bnDojF1YZkjDWthSShfp7IqORMdMosJ0RxbFZ9ebif14vxfDaz4RKUuSKLReFqSQYk/nfZCg0ZyinllCmhb2VsDHVlKFNp2RD8FZfXiftq5rn1rx7t9K4yeMowhmcQxU8qEMD7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QOHvI1D</latexit>

(c)
<latexit sha1_base64="Zyg146szKWSAsKlUJvfL0NeRt/I=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAYhXsKuFz1JwIvHiOYByRJmJ73JkNnZZWZWCEs+wYsHJXjx4Bd582+cPA6aWNBQVHXT3RUkgmvjut9Obm19Y3Mrv13Y2d3bPygeHjV0nCqGdRaLWLUCqlFwiXXDjcBWopBGgcBmMLyd+s0nVJrH8tGMEvQj2pc85IwaKz2U2UW3WHIr7gxklXgLUqqeTiYfAFDrFr86vZilEUrDBNW67bmJ8TOqDGcCx4VOqjGhbEj72LZU0gi1n81OHZNzq/RIGCtb0pCZ+nsio5HWoyiwnRE1A73sTcX/vHZqwms/4zJJDUo2XxSmgpiYTP8mPa6QGTGyhDLF7a2EDaiizNh0CjYEb/nlVdK4rHhuxbu3adzAHHk4gTMogwdXUIU7qEEdGPThGV7hzRHOizNx3uetOWcxcwx/4Hz+AH0Tj3Q=</latexit><latexit sha1_base64="qMvo01GwgR7WatU4VTvkvGabFPc=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAYhXsKuFz1JwIvHiOYByRJmJ5NkyOzsMtMrhCWf4MWDEr36Rd78G2eTHDSxoKGo6qa7K4ilMOi6305ubX1jcyu/XdjZ3ds/KB4eNUyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go9vMbz5xbUSkHnEccz+kAyX6glG00kOZXXSLJbfizkBWibcgperpNMN7rVv86vQiloRcIZPUmLbnxuinVKNgkk8KncTwmLIRHfC2pYqG3Pjp7NQJObdKj/QjbUshmam/J1IaGjMOA9sZUhyaZS8T//PaCfav/VSoOEGu2HxRP5EEI5L9TXpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSuKx4bsW7t2ncwBx5OIEzKIMHV1CFO6hBHRgM4Ble4c2RzoszdT7mrTlnMXMMf+B8/gDaUJE5</latexit><latexit sha1_base64="EKdNkcHfRAYDQrwFDyPveTeT1mk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3BnEysJ2FhGNB+QHGFvs5cs2ds7dueEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFyRSGHTdb6ewsbm1vVPcLe3tHxwelY9P2iZONeMtFstYdwNquBSKt1Cg5N1EcxoFkneCye3c7zxxbUSsHnGacD+iIyVCwSha6aHKLgfliltzFyDrxMtJBXI0B+Wv/jBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8tTp2RC6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYnjtZ0IlKXLFlovCVBKMyfxvMhSaM5RTSyjTwt5K2JhqytCmU7IheKsvr5P2Vc1za969W2nc5HEU4QzOoQoe1KEBd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AGJQY1E</latexit>

(a)
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<latexit sha1_base64="V2xgYzuZGMoOw3iPB9h80fLej/Q=">AAAB73icbVDLSgNBEOz1GeMrxqOXwSB4Crte9CQBLx4jmAckS5id7U2GzM6uM7NCWAJ+gCcvIop49Xe8+TdOHgdNLGgoqrrp7gpSwbVx3W9nZXVtfWOzsFXc3tnd2y8dlJs6yRTDBktEotoB1Si4xIbhRmA7VUjjQGArGF5N/NY9Ks0TeWtGKfox7UsecUaNldrdEIWhPdkrVdyqOwVZJt6cVGrll8cHAKj3Sl/dMGFZjNIwQbXueG5q/Jwqw5nAcbGbaUwpG9I+diyVNEbt59N7x+TEKiGJEmVLGjJVf0/kNNZ6FAe2M6ZmoBe9ifif18lMdOHnXKaZQclmi6JMEJOQyfMk5AqZESNLKFPc3krYgCrKjI2oaEPwFl9eJs2zqudWvRubxiXMUIAjOIZT8OAcanANdWgAAwFP8Apvzp3z7Lw7H7PWFWc+cwh/4Hz+ALvtkew=</latexit><latexit sha1_base64="TjkOxRhpGk4UEnXUuv31yG0OEvg=">AAAB73icbVBNS8NAEN3Ur9r6UevRS7AKPZXEi56k4MVjBfsBbSibzaRdutnE3YlQQv0FnryIKOLVv+PNf+P246CtDwYe780wM89PBNfoON9Wbm19Y3Mrv10o7uzu7ZcOyi0dp4pBk8UiVh2fahBcQhM5CugkCmjkC2j7o6up374HpXksb3GcgBfRgeQhZxSN1OkFIJD2Zb9UcWrODPYqcRekUi+/PD5UT4qNfumrF8QsjUAiE1Trrusk6GVUIWcCJoVeqiGhbEQH0DVU0gi0l83undinRgnsMFamJNoz9fdERiOtx5FvOiOKQ73sTcX/vG6K4YWXcZmkCJLNF4WpsDG2p8/bAVfAUIwNoUxxc6vNhlRRhiaiggnBXX55lbTOaq5Tc29MGpdkjjw5IsekSlxyTurkmjRIkzAiyBN5JW/WnfVsvVsf89actZg5JH9gff4ALaOSQQ==</latexit><latexit sha1_base64="TjkOxRhpGk4UEnXUuv31yG0OEvg=">AAAB73icbVBNS8NAEN3Ur9r6UevRS7AKPZXEi56k4MVjBfsBbSibzaRdutnE3YlQQv0FnryIKOLVv+PNf+P246CtDwYe780wM89PBNfoON9Wbm19Y3Mrv10o7uzu7ZcOyi0dp4pBk8UiVh2fahBcQhM5CugkCmjkC2j7o6up374HpXksb3GcgBfRgeQhZxSN1OkFIJD2Zb9UcWrODPYqcRekUi+/PD5UT4qNfumrF8QsjUAiE1Trrusk6GVUIWcCJoVeqiGhbEQH0DVU0gi0l83undinRgnsMFamJNoz9fdERiOtx5FvOiOKQ73sTcX/vG6K4YWXcZmkCJLNF4WpsDG2p8/bAVfAUIwNoUxxc6vNhlRRhiaiggnBXX55lbTOaq5Tc29MGpdkjjw5IsekSlxyTurkmjRIkzAiyBN5JW/WnfVsvVsf89actZg5JH9gff4ALaOSQQ==</latexit><latexit sha1_base64="Q7hypr1ZmptJY0ZDiVtZswCH0xw=">AAAB73icbVBNS8NAEJ34WetX1aOXYBE8lcSLnqTgxWMF+wFtKJvNpF262cTdiVBK/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXZlIY8rxvZ219Y3Nru7RT3t3bPzisHB23TJprjk2eylR3QmZQCoVNEiSxk2lkSSixHY5uZ377CbURqXqgcYZBwgZKxIIzslKnF6Ek1lf9StWreXO4q8QvSBUKNPqVr16U8jxBRVwyY7q+l1EwYZoElzgt93KDGeMjNsCupYolaILJ/N6pe26VyI1TbUuRO1d/T0xYYsw4CW1nwmholr2Z+J/XzSm+DiZCZTmh4otFcS5dSt3Z824kNHKSY0sY18Le6vIh04yTjahsQ/CXX14lrcua79X8e69avyniKMEpnMEF+HAFdbiDBjSBg4RneIU359F5cd6dj0XrmlPMnMAfOJ8/FPOP9Q==</latexit>

�t
<latexit sha1_base64="kh/ArqI4Of/tu7Ah9iR/cPR2X5E=">AAAB73icbVDLSgNBEOz1GeMrxqOXwSB4Crte9CQBLx4jmAckS5idnU2GzM6uM71CWAJ+gCcvIop49Xe8+TdOHgdNLGgoqrrp7gpSKQy67rezsrq2vrFZ2Cpu7+zu7ZcOyk2TZJrxBktkotsBNVwKxRsoUPJ2qjmNA8lbwfBq4rfuuTYiUbc4Srkf074SkWAUrdTuhlwi7WGvVHGr7hRkmXhzUqmVXx4fAKDeK311w4RlMVfIJDWm47kp+jnVKJjk42I3MzylbEj7vGOpojE3fj69d0xOrBKSKNG2FJKp+nsip7ExoziwnTHFgVn0JuJ/XifD6MLPhUoz5IrNFkWZJJiQyfMkFJozlCNLKNPC3krYgGrK0EZUtCF4iy8vk+ZZ1XOr3o1N4xJmKMARHMMpeHAONbiGOjSAgYQneIU35855dt6dj1nrijOfOYQ/cD5/AMUFkfI=</latexit><latexit sha1_base64="u+tQnnx63q+2l8p/DTDph3C/tsk=">AAAB73icbVDJSgNBEK2JW0xcYjx6aYxCTmHGi54k4MVjBLNAMoSenp6kSc9id40QhvgFnryIKOLV3/Hm39hZDpr4oODxXhVV9bxECo22/W3l1tY3Nrfy24Xizu7efumg3NJxqhhvsljGquNRzaWIeBMFSt5JFKehJ3nbG11N/fY9V1rE0S2OE+6GdBCJQDCKRur0fC6R9rFfqtg1ewaySpwFqdTLL48P1ZNio1/66vkxS0MeIZNU665jJ+hmVKFgkk8KvVTzhLIRHfCuoRENuXaz2b0TcmoUnwSxMhUhmam/JzIaaj0OPdMZUhzqZW8q/ud1Uwwu3ExESYo8YvNFQSoJxmT6PPGF4gzl2BDKlDC3EjakijI0ERVMCM7yy6ukdVZz7JpzY9K4hDnycATHUAUHzqEO19CAJjCQ8ASv8GbdWc/Wu/Uxb81Zi5lD+APr8wc2u5JH</latexit><latexit sha1_base64="u+tQnnx63q+2l8p/DTDph3C/tsk=">AAAB73icbVDJSgNBEK2JW0xcYjx6aYxCTmHGi54k4MVjBLNAMoSenp6kSc9id40QhvgFnryIKOLV3/Hm39hZDpr4oODxXhVV9bxECo22/W3l1tY3Nrfy24Xizu7efumg3NJxqhhvsljGquNRzaWIeBMFSt5JFKehJ3nbG11N/fY9V1rE0S2OE+6GdBCJQDCKRur0fC6R9rFfqtg1ewaySpwFqdTLL48P1ZNio1/66vkxS0MeIZNU665jJ+hmVKFgkk8KvVTzhLIRHfCuoRENuXaz2b0TcmoUnwSxMhUhmam/JzIaaj0OPdMZUhzqZW8q/ud1Uwwu3ExESYo8YvNFQSoJxmT6PPGF4gzl2BDKlDC3EjakijI0ERVMCM7yy6ukdVZz7JpzY9K4hDnycATHUAUHzqEO19CAJjCQ8ASv8GbdWc/Wu/Uxb81Zi5lD+APr8wc2u5JH</latexit><latexit sha1_base64="NpZRzVXi8PxV7nJoXMIo4ewpy0s=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0vepKAF48RzAOSJczO9iZDZh/O9Aoh5Ce8eFDEq7/jzb9xkuxBEwsaiqpuuruCTElDrvvtrK1vbG5tl3bKu3v7B4eVo+OWSXMtsClSlepOwA0qmWCTJCnsZBp5HChsB6Pbmd9+Qm1kmjzQOEM/5oNERlJwslKnF6Ii3qd+perW3DnYKvEKUoUCjX7lqxemIo8xIaG4MV3PzcifcE1SKJyWe7nBjIsRH2DX0oTHaPzJ/N4pO7dKyKJU20qIzdXfExMeGzOOA9sZcxqaZW8m/ud1c4qu/YlMspwwEYtFUa4YpWz2PAulRkFqbAkXWtpbmRhyzQXZiMo2BG/55VXSuqx5bs27d6v1myKOEpzCGVyAB1dQhztoQBMEKHiGV3hzHp0X5935WLSuOcXMCfyB8/kDHguP+w==</latexit>

ft
<latexit sha1_base64="8QrnCexxGbsf7ah09kmK17qwYLk=">AAAB6nicbVA9SwNBEJ2LXzF+RS0sbBaDYBXubLSSgI1lRPMByRH2NnvJkr29Y3dOCEd+go2FIrb+Ijv/RH6De0kKTXww8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3eZ+64lrI2L1iOOE+xEdKBEKRtFKD2EPe+WKW3VnIKvEW5BK7WQ6JQBQ75W/uv2YpRFXyCQ1puO5CfoZ1SiY5JNSNzU8oWxEB7xjqaIRN342O3VCzq3SJ2GsbSkkM/X3REYjY8ZRYDsjikOz7OXif14nxfDaz4RKUuSKzReFqSQYk/xv0heaM5RjSyjTwt5K2JBqytCmU7IheMsvr5LmZdVzq969TeMG5ijCKZzBBXhwBTW4gzo0gMEAnuEV3hzpvDjvzse8teAsZo7hD5zPH3cgkBw=</latexit><latexit sha1_base64="WblZ9IWao30KdcRmY/0krIJCi8E=">AAAB6nicbVC7SgNBFL0bXzE+ErWwsBkMglXYtdFCJGBjGdE8IAlhdjKbDJmdXWbuCmHJJ9hYKGLrH/gndn6Abb7ByaPQxAMXDufcy733+LEUBl33y8msrK6tb2Q3c1vbO7v5wt5+zUSJZrzKIhnphk8Nl0LxKgqUvBFrTkNf8ro/uJ749QeujYjUPQ5j3g5pT4lAMIpWugs62CkU3ZI7BVkm3pwUy4fjcf7y47vSKXy2uhFLQq6QSWpM03NjbKdUo2CSj3KtxPCYsgHt8aaliobctNPpqSNyYpUuCSJtSyGZqr8nUhoaMwx92xlS7JtFbyL+5zUTDC7aqVBxglyx2aIgkQQjMvmbdIXmDOXQEsq0sLcS1qeaMrTp5GwI3uLLy6R2VvLckndr07iCGbJwBMdwCh6cQxluoAJVYNCDR3iGF0c6T86r8zZrzTjzmQP4A+f9B9D1kd8=</latexit><latexit sha1_base64="WblZ9IWao30KdcRmY/0krIJCi8E=">AAAB6nicbVC7SgNBFL0bXzE+ErWwsBkMglXYtdFCJGBjGdE8IAlhdjKbDJmdXWbuCmHJJ9hYKGLrH/gndn6Abb7ByaPQxAMXDufcy733+LEUBl33y8msrK6tb2Q3c1vbO7v5wt5+zUSJZrzKIhnphk8Nl0LxKgqUvBFrTkNf8ro/uJ749QeujYjUPQ5j3g5pT4lAMIpWugs62CkU3ZI7BVkm3pwUy4fjcf7y47vSKXy2uhFLQq6QSWpM03NjbKdUo2CSj3KtxPCYsgHt8aaliobctNPpqSNyYpUuCSJtSyGZqr8nUhoaMwx92xlS7JtFbyL+5zUTDC7aqVBxglyx2aIgkQQjMvmbdIXmDOXQEsq0sLcS1qeaMrTp5GwI3uLLy6R2VvLckndr07iCGbJwBMdwCh6cQxluoAJVYNCDR3iGF0c6T86r8zZrzTjzmQP4A+f9B9D1kd8=</latexit><latexit sha1_base64="+s0O8rFWu3ZkD5ERIVZHgbXSobY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFfZstJKAjWVEEwPJEfY2e8mSvb1jd04IR36CjYUitv4iO/+Nm+QKTXww8Hhvhpl5YaqkRUq/vdLa+sbmVnm7srO7t39QPTxq2yQzXLR4ohLTCZkVSmrRQolKdFIjWBwq8RiOb2b+45MwVib6ASepCGI21DKSnKGT7qM+9qs1WqdzkFXiF6QGBZr96ldvkPAsFhq5YtZ2fZpikDODkisxrfQyK1LGx2wouo5qFgsb5PNTp+TMKQMSJcaVRjJXf0/kLLZ2EoeuM2Y4ssveTPzP62YYXQW51GmGQvPFoihTBBMy+5sMpBEc1cQRxo10txI+YoZxdOlUXAj+8surpH1R92ndv6O1xnURRxlO4BTOwYdLaMAtNKEFHIbwDK/w5invxXv3PhatJa+YOYY/8D5/AFNcjck=</latexit>

fn

ft
<latexit sha1_base64="8QrnCexxGbsf7ah09kmK17qwYLk=">AAAB6nicbVA9SwNBEJ2LXzF+RS0sbBaDYBXubLSSgI1lRPMByRH2NnvJkr29Y3dOCEd+go2FIrb+Ijv/RH6De0kKTXww8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3eZ+64lrI2L1iOOE+xEdKBEKRtFKD2EPe+WKW3VnIKvEW5BK7WQ6JQBQ75W/uv2YpRFXyCQ1puO5CfoZ1SiY5JNSNzU8oWxEB7xjqaIRN342O3VCzq3SJ2GsbSkkM/X3REYjY8ZRYDsjikOz7OXif14nxfDaz4RKUuSKzReFqSQYk/xv0heaM5RjSyjTwt5K2JBqytCmU7IheMsvr5LmZdVzq969TeMG5ijCKZzBBXhwBTW4gzo0gMEAnuEV3hzpvDjvzse8teAsZo7hD5zPH3cgkBw=</latexit><latexit sha1_base64="WblZ9IWao30KdcRmY/0krIJCi8E=">AAAB6nicbVC7SgNBFL0bXzE+ErWwsBkMglXYtdFCJGBjGdE8IAlhdjKbDJmdXWbuCmHJJ9hYKGLrH/gndn6Abb7ByaPQxAMXDufcy733+LEUBl33y8msrK6tb2Q3c1vbO7v5wt5+zUSJZrzKIhnphk8Nl0LxKgqUvBFrTkNf8ro/uJ749QeujYjUPQ5j3g5pT4lAMIpWugs62CkU3ZI7BVkm3pwUy4fjcf7y47vSKXy2uhFLQq6QSWpM03NjbKdUo2CSj3KtxPCYsgHt8aaliobctNPpqSNyYpUuCSJtSyGZqr8nUhoaMwx92xlS7JtFbyL+5zUTDC7aqVBxglyx2aIgkQQjMvmbdIXmDOXQEsq0sLcS1qeaMrTp5GwI3uLLy6R2VvLckndr07iCGbJwBMdwCh6cQxluoAJVYNCDR3iGF0c6T86r8zZrzTjzmQP4A+f9B9D1kd8=</latexit><latexit sha1_base64="WblZ9IWao30KdcRmY/0krIJCi8E=">AAAB6nicbVC7SgNBFL0bXzE+ErWwsBkMglXYtdFCJGBjGdE8IAlhdjKbDJmdXWbuCmHJJ9hYKGLrH/gndn6Abb7ByaPQxAMXDufcy733+LEUBl33y8msrK6tb2Q3c1vbO7v5wt5+zUSJZrzKIhnphk8Nl0LxKgqUvBFrTkNf8ro/uJ749QeujYjUPQ5j3g5pT4lAMIpWugs62CkU3ZI7BVkm3pwUy4fjcf7y47vSKXy2uhFLQq6QSWpM03NjbKdUo2CSj3KtxPCYsgHt8aaliobctNPpqSNyYpUuCSJtSyGZqr8nUhoaMwx92xlS7JtFbyL+5zUTDC7aqVBxglyx2aIgkQQjMvmbdIXmDOXQEsq0sLcS1qeaMrTp5GwI3uLLy6R2VvLckndr07iCGbJwBMdwCh6cQxluoAJVYNCDR3iGF0c6T86r8zZrzTjzmQP4A+f9B9D1kd8=</latexit><latexit sha1_base64="+s0O8rFWu3ZkD5ERIVZHgbXSobY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFfZstJKAjWVEEwPJEfY2e8mSvb1jd04IR36CjYUitv4iO/+Nm+QKTXww8Hhvhpl5YaqkRUq/vdLa+sbmVnm7srO7t39QPTxq2yQzXLR4ohLTCZkVSmrRQolKdFIjWBwq8RiOb2b+45MwVib6ASepCGI21DKSnKGT7qM+9qs1WqdzkFXiF6QGBZr96ldvkPAsFhq5YtZ2fZpikDODkisxrfQyK1LGx2wouo5qFgsb5PNTp+TMKQMSJcaVRjJXf0/kLLZ2EoeuM2Y4ssveTPzP62YYXQW51GmGQvPFoihTBBMy+5sMpBEc1cQRxo10txI+YoZxdOlUXAj+8surpH1R92ndv6O1xnURRxlO4BTOwYdLaMAtNKEFHIbwDK/w5invxXv3PhatJa+YOYY/8D5/AFNcjck=</latexit>

t
<latexit sha1_base64="iPBaBNUf8QJmnXTK+GD3FabLfqY=">AAAB6HicbZC7SgNBFI bPxluMt6ilzWAQrMKuKbTSgI1lAuYCyRJmJ7PJmNnZZeasEJY8gY2FIra+im9g59s4uRSa+MPAx/+fw5xzgkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08SpZrzBYhnrdkANl0LxBgqUvJ1oTqNA8lYwup3mrUeujYjVPY4T7kd0oEQoGEVr1bFXLLlldyayCt4CSjeflUoVAGq94le3H7M04gqZpMZ0PDdBP6MaBZN8UuimhieUjeiAdywqGnHjZ7NBJ+TMOn0Sxto+hWTm/u7IaGTMOApsZURxaJazqflf1kkxvPIzoZIUuWLzj8JUEozJdGvSF5ozlGMLlGlhZyVsSDVlaG9TsEfwlldeheZF2XPLXt0tVa9hrjycwCmcgweXUIU7qEEDGHB4ghd4dR6cZ+fNeZ+X5pxFzzH8kfPxAxuAjpg=</latexit><latexit sha1_base64="yTSf/jkfKmgI8juF3RQPO8jGqOE=">AAAB6HicbZC7SgNBFI ZnvcZ4i1raDAbBKuxqoZUGbCwTMBdIljA7OZuMmZ1dZs4KYckT2FgoYuur+AZ2vo2TTQpN/GHg4//PYc45QSKFQdf9dlZW19Y3Ngtbxe2d3b390sFh08Sp5tDgsYx1O2AGpFDQQIES2okGFgUSWsHodpq3HkEbEat7HCfgR2ygRCg4Q2vVsVcquxU3F10Gbw7lm8+LXLVe6avbj3kagUIumTEdz03Qz5hGwSVMit3UQML4iA2gY1GxCIyf5YNO6Kl1+jSMtX0Kae7+7shYZMw4CmxlxHBoFrOp+V/WSTG88jOhkhRB8dlHYSopxnS6Ne0LDRzl2ALjWthZKR8yzTja2xTtEbzFlZeheV7x3IpXd8vVazJTgRyTE3JGPHJJquSO1EiDcALkibyQV+fBeXbenPdZ6Yoz7zkif+R8/ADWbo8k</latexit><latexit sha1_base64="yTSf/jkfKmgI8juF3RQPO8jGqOE=">AAAB6HicbZC7SgNBFI ZnvcZ4i1raDAbBKuxqoZUGbCwTMBdIljA7OZuMmZ1dZs4KYckT2FgoYuur+AZ2vo2TTQpN/GHg4//PYc45QSKFQdf9dlZW19Y3Ngtbxe2d3b390sFh08Sp5tDgsYx1O2AGpFDQQIES2okGFgUSWsHodpq3HkEbEat7HCfgR2ygRCg4Q2vVsVcquxU3F10Gbw7lm8+LXLVe6avbj3kagUIumTEdz03Qz5hGwSVMit3UQML4iA2gY1GxCIyf5YNO6Kl1+jSMtX0Kae7+7shYZMw4CmxlxHBoFrOp+V/WSTG88jOhkhRB8dlHYSopxnS6Ne0LDRzl2ALjWthZKR8yzTja2xTtEbzFlZeheV7x3IpXd8vVazJTgRyTE3JGPHJJquSO1EiDcALkibyQV+fBeXbenPdZ6Yoz7zkif+R8/ADWbo8k</latexit><latexit sha1_base64="zCCZ2St3U7PIsBPnnrBdSkFJkq4=">AAAB6HicbVA9SwNBEJ 2LXzF+RS1tDoNgFe5stJKAjWUC5gOSI+xt5pI1e3vH7pwQQn6BjYUitv4kO/+Nm+QKTXww8Hhvhpl5YSqFIc/7dgobm1vbO8Xd0t7+weFR+fikZZJMc2zyRCa6EzKDUihskiCJnVQji0OJ7XB8N/fbT6iNSNQDTVIMYjZUIhKckZUa1C9XvKq3gLtO/JxUIEe9X/7qDRKexaiIS2ZM1/dSCqZMk+ASZ6VeZjBlfMyG2LVUsRhNMF0cOnMvrDJwo0TbUuQu1N8TUxYbM4lD2xkzGplVby7+53Uzim6CqVBpRqj4clGUSZcSd/61OxAaOcmJJYxrYW91+YhpxslmU7Ih+Ksvr5PWVdX3qn7Dq9Ru8ziKcAbncAk+XEMN7qEOTeCA8Ayv8OY8Oi/Ou/OxbC04+cwp/IHz+QPdtYzw</latexit>

n
<latexit sha1_base64="w4JwqgDeXkNo0MZLe8PPZ6VHjTk=">AAAB6HicbZC7SgNBFI bPxluMt6ilzWAQrMKuKbTSgI1lAuYCyRJmJ2eTMbOzy8ysEJY8gY2FIra+im9g59s4uRSa+MPAx/+fw5xzgkRwbVz328mtrW9sbuW3Czu7e/sHxcOjpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt9O89YhK81jem3GCfkQHkoecUWOtuuwVS27ZnYmsgreA0s1npVIFgFqv+NXtxyyNUBomqNYdz02Mn1FlOBM4KXRTjQllIzrAjkVJI9R+Nht0Qs6s0ydhrOyThszc3x0ZjbQeR4GtjKgZ6uVsav6XdVITXvkZl0lqULL5R2EqiInJdGvS5wqZEWMLlCluZyVsSBVlxt6mYI/gLa+8Cs2LsueWvbpbql7DXHk4gVM4Bw8uoQp3UIMGMEB4ghd4dR6cZ+fNeZ+X5pxFzzH8kfPxAxJojpI=</latexit><latexit sha1_base64="xp5+gx0ofnnk9nCx1nQQt/7ImW4=">AAAB6HicbZC7SgNBFI bPeo3xFrW0GQyCVdjVQisN2FgmYC6QLGF2cjYZMzu7zMwKYckT2FgoYuur+AZ2vo2TTQpN/GHg4//PYc45QSK4Nq777aysrq1vbBa2its7u3v7pYPDpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt9O89YhK81jem3GCfkQHkoecUWOtuuyVym7FzUWWwZtD+ebzIletV/rq9mOWRigNE1Trjucmxs+oMpwJnBS7qcaEshEdYMeipBFqP8sHnZBT6/RJGCv7pCG5+7sjo5HW4yiwlRE1Q72YTc3/sk5qwis/4zJJDUo2+yhMBTExmW5N+lwhM2JsgTLF7ayEDamizNjbFO0RvMWVl6F5XvHcild3y9VrmKkAx3ACZ+DBJVThDmrQAAYIT/ACr86D8+y8Oe+z0hVn3nMEf+R8/ADNVo8e</latexit><latexit sha1_base64="xp5+gx0ofnnk9nCx1nQQt/7ImW4=">AAAB6HicbZC7SgNBFI bPeo3xFrW0GQyCVdjVQisN2FgmYC6QLGF2cjYZMzu7zMwKYckT2FgoYuur+AZ2vo2TTQpN/GHg4//PYc45QSK4Nq777aysrq1vbBa2its7u3v7pYPDpo5TxbDBYhGrdkA1Ci6xYbgR2E4U0igQ2ApGt9O89YhK81jem3GCfkQHkoecUWOtuuyVym7FzUWWwZtD+ebzIletV/rq9mOWRigNE1Trjucmxs+oMpwJnBS7qcaEshEdYMeipBFqP8sHnZBT6/RJGCv7pCG5+7sjo5HW4yiwlRE1Q72YTc3/sk5qwis/4zJJDUo2+yhMBTExmW5N+lwhM2JsgTLF7ayEDamizNjbFO0RvMWVl6F5XvHcild3y9VrmKkAx3ACZ+DBJVThDmrQAAYIT/ACr86D8+y8Oe+z0hVn3nMEf+R8/ADNVo8e</latexit><latexit sha1_base64="3El4OPECbzvsYGN1n7FDZWIB1b8=">AAAB6HicbVBNS8NAEJ 3Ur1q/qh69LBbBU0m86EkKXjy2YNpCG8pmO2nXbjZhdyOU0F/gxYMiXv1J3vw3btsctPXBwOO9GWbmhang2rjut1Pa2Nza3invVvb2Dw6PqscnbZ1kiqHPEpGobkg1Ci7RN9wI7KYKaRwK7ISTu7nfeUKleSIfzDTFIKYjySPOqLFSSw6qNbfuLkDWiVeQGhRoDqpf/WHCshilYYJq3fPc1AQ5VYYzgbNKP9OYUjahI+xZKmmMOsgXh87IhVWGJEqULWnIQv09kdNY62kc2s6YmrFe9ebif14vM9FNkHOZZgYlWy6KMkFMQuZfkyFXyIyYWkKZ4vZWwsZUUWZsNhUbgrf68jppX9U9t+613FrjtoijDGdwDpfgwTU04B6a4AMDhGd4hTfn0Xlx3p2PZWvJKWZO4Q+czx/UnYzq</latexit>

(a)
<latexit sha1_base64="mEsJDF8lufbiFUWuOUaXqufzX/A=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAYhXsKuFz1JwIvHiOYByRJmJ73JkNnZZWZWCEs+wYsHJXjx4Bd582+cPA6aWNBQVHXT3RUkgmvjut9Obm19Y3Mrv13Y2d3bPygeHjV0nCqGdRaLWLUCqlFwiXXDjcBWopBGgcBmMLyd+s0nVJrH8tGMEvQj2pc85IwaKz2U6UW3WHIr7gxklXgLUqqeTiYfAFDrFr86vZilEUrDBNW67bmJ8TOqDGcCx4VOqjGhbEj72LZU0gi1n81OHZNzq/RIGCtb0pCZ+nsio5HWoyiwnRE1A73sTcX/vHZqwms/4zJJDUo2XxSmgpiYTP8mPa6QGTGyhDLF7a2EDaiizNh0CjYEb/nlVdK4rHhuxbu3adzAHHk4gTMogwdXUIU7qEEdGPThGV7hzRHOizNx3uetOWcxcwx/4Hz+AHoJj3I=</latexit><latexit sha1_base64="vFUXmRcYgtEwjJicGuL60Jvb+3U=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAYhXsKuFz1JwIvHiOYByRJmJ5NkyOzsMtMrhCWf4MWDEr36Rd78G2eTHDSxoKGo6qa7K4ilMOi6305ubX1jcyu/XdjZ3ds/KB4eNUyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go9vMbz5xbUSkHnEccz+kAyX6glG00kOZXnSLJbfizkBWibcgperpNMN7rVv86vQiloRcIZPUmLbnxuinVKNgkk8KncTwmLIRHfC2pYqG3Pjp7NQJObdKj/QjbUshmam/J1IaGjMOA9sZUhyaZS8T//PaCfav/VSoOEGu2HxRP5EEI5L9TXpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSuKx4bsW7t2ncwBx5OIEzKIMHV1CFO6hBHRgM4Ble4c2RzoszdT7mrTlnMXMMf+B8/gDXRpE3</latexit><latexit sha1_base64="75VI/rMSWBByNYO5AajfTunWHoI=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3BnEysJ2FhGNB+QHGFus5cs2ds7dveEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFySCa+O6305hY3Nre6e4W9rbPzg8Kh+ftHWcKspaNBax6gaomeCStQw3gnUTxTAKBOsEk9u533liSvNYPpppwvwIR5KHnKKx0kMVLwfliltzFyDrxMtJBXI0B+Wv/jCmacSkoQK17nluYvwMleFUsFmpn2qWIJ3giPUslRgx7WeLU2fkwipDEsbKljRkof6eyDDSehoFtjNCM9ar3lz8z+ulJrz2My6T1DBJl4vCVBATk/nfZMgVo0ZMLUGquL2V0DEqpMamU7IheKsvr5P2Vc1za969W2nc5HEU4QzOoQoe1KEBd9CEFlAYwTO8wpsjnBfn3flYthacfOYU/sD5/AGGN41C</latexit>

(b)
<latexit sha1_base64="Ey0JR7EuWvRS3pf/iX/dld3loBY=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAYhXsKuFz1JwIvHiOYByRJmJ73JkNnZZWZWCEs+wYsHJXjx4Bd582+cPA6aWNBQVHXT3RUkgmvjut9Obm19Y3Mrv13Y2d3bPygeHjV0nCqGdRaLWLUCqlFwiXXDjcBWopBGgcBmMLyd+s0nVJrH8tGMEvQj2pc85IwaKz2Ug4tuseRW3BnIKvEWpFQ9nUw+AKDWLX51ejFLI5SGCap123MT42dUGc4EjgudVGNC2ZD2sW2ppBFqP5udOibnVumRMFa2pCEz9fdERiOtR1FgOyNqBnrZm4r/ee3UhNd+xmWSGpRsvihMBTExmf5NelwhM2JkCWWK21sJG1BFmbHpFGwI3vLLq6RxWfHcindv07iBOfJwAmdQBg+uoAp3UIM6MOjDM7zCmyOcF2fivM9bc85i5hj+wPn8AXuOj3M=</latexit><latexit sha1_base64="Z1ITGkoQEJpu8AR7FHxtEngCTyk=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAYhXsKuFz1JwIvHiOYByRJmJ5NkyOzsMtMrhCWf4MWDEr36Rd78G2eTHDSxoKGo6qa7K4ilMOi6305ubX1jcyu/XdjZ3ds/KB4eNUyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go9vMbz5xbUSkHnEccz+kAyX6glG00kM5uOgWS27FnYGsEm9BStXTaYb3Wrf41elFLAm5QiapMW3PjdFPqUbBJJ8UOonhMWUjOuBtSxUNufHT2akTcm6VHulH2pZCMlN/T6Q0NGYcBrYzpDg0y14m/ue1E+xf+6lQcYJcsfmifiIJRiT7m/SE5gzl2BLKtLC3EjakmjK06RRsCN7yy6ukcVnx3Ip3b9O4gTnycAJnUAYPrqAKd1CDOjAYwDO8wpsjnRdn6nzMW3POYuYY/sD5/AHYy5E4</latexit><latexit sha1_base64="hNxphi0fO8626qHDfUHxtZeOFBg=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3BnEysJ2FhGNB+QHGFvs5cs2ds7dueEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFyRSGHTdb6ewsbm1vVPcLe3tHxwelY9P2iZONeMtFstYdwNquBSKt1Cg5N1EcxoFkneCye3c7zxxbUSsHnGacD+iIyVCwSha6aEaXA7KFbfmLkDWiZeTCuRoDspf/WHM0ogrZJIa0/PcBP2MahRM8lmpnxqeUDahI96zVNGIGz9bnDojF1YZkjDWthSShfp7IqORMdMosJ0RxbFZ9ebif14vxfDaz4RKUuSKLReFqSQYk/nfZCg0ZyinllCmhb2VsDHVlKFNp2RD8FZfXiftq5rn1rx7t9K4yeMowhmcQxU8qEMD7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QOHvI1D</latexit>

(c)
<latexit sha1_base64="Zyg146szKWSAsKlUJvfL0NeRt/I=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAYhXsKuFz1JwIvHiOYByRJmJ73JkNnZZWZWCEs+wYsHJXjx4Bd582+cPA6aWNBQVHXT3RUkgmvjut9Obm19Y3Mrv13Y2d3bPygeHjV0nCqGdRaLWLUCqlFwiXXDjcBWopBGgcBmMLyd+s0nVJrH8tGMEvQj2pc85IwaKz2U2UW3WHIr7gxklXgLUqqeTiYfAFDrFr86vZilEUrDBNW67bmJ8TOqDGcCx4VOqjGhbEj72LZU0gi1n81OHZNzq/RIGCtb0pCZ+nsio5HWoyiwnRE1A73sTcX/vHZqwms/4zJJDUo2XxSmgpiYTP8mPa6QGTGyhDLF7a2EDaiizNh0CjYEb/nlVdK4rHhuxbu3adzAHHk4gTMogwdXUIU7qEEdGPThGV7hzRHOizNx3uetOWcxcwx/4Hz+AH0Tj3Q=</latexit><latexit sha1_base64="qMvo01GwgR7WatU4VTvkvGabFPc=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAYhXsKuFz1JwIvHiOYByRJmJ5NkyOzsMtMrhCWf4MWDEr36Rd78G2eTHDSxoKGo6qa7K4ilMOi6305ubX1jcyu/XdjZ3ds/KB4eNUyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go9vMbz5xbUSkHnEccz+kAyX6glG00kOZXXSLJbfizkBWibcgperpNMN7rVv86vQiloRcIZPUmLbnxuinVKNgkk8KncTwmLIRHfC2pYqG3Pjp7NQJObdKj/QjbUshmam/J1IaGjMOA9sZUhyaZS8T//PaCfav/VSoOEGu2HxRP5EEI5L9TXpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSuKx4bsW7t2ncwBx5OIEzKIMHV1CFO6hBHRgM4Ble4c2RzoszdT7mrTlnMXMMf+B8/gDaUJE5</latexit><latexit sha1_base64="EKdNkcHfRAYDQrwFDyPveTeT1mk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3BnEysJ2FhGNB+QHGFvs5cs2ds7dueEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFyRSGHTdb6ewsbm1vVPcLe3tHxwelY9P2iZONeMtFstYdwNquBSKt1Cg5N1EcxoFkneCye3c7zxxbUSsHnGacD+iIyVCwSha6aHKLgfliltzFyDrxMtJBXI0B+Wv/jBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8tTp2RC6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYnjtZ0IlKXLFlovCVBKMyfxvMhSaM5RTSyjTwt5K2JhqytCmU7IheKsvr5P2Vc1za969W2nc5HEU4QzOoQoe1KEBd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AGJQY1E</latexit>

(b)

20

fn

µfn

�µfn

�n
<latexit sha1_base64="V2xgYzuZGMoOw3iPB9h80fLej/Q=">AAAB73icbVDLSgNBEOz1GeMrxqOXwSB4Crte9CQBLx4jmAckS5id7U2GzM6uM7NCWAJ+gCcvIop49Xe8+TdOHgdNLGgoqrrp7gpSwbVx3W9nZXVtfWOzsFXc3tnd2y8dlJs6yRTDBktEotoB1Si4xIbhRmA7VUjjQGArGF5N/NY9Ks0TeWtGKfox7UsecUaNldrdEIWhPdkrVdyqOwVZJt6cVGrll8cHAKj3Sl/dMGFZjNIwQbXueG5q/Jwqw5nAcbGbaUwpG9I+diyVNEbt59N7x+TEKiGJEmVLGjJVf0/kNNZ6FAe2M6ZmoBe9ifif18lMdOHnXKaZQclmi6JMEJOQyfMk5AqZESNLKFPc3krYgCrKjI2oaEPwFl9eJs2zqudWvRubxiXMUIAjOIZT8OAcanANdWgAAwFP8Apvzp3z7Lw7H7PWFWc+cwh/4Hz+ALvtkew=</latexit><latexit sha1_base64="TjkOxRhpGk4UEnXUuv31yG0OEvg=">AAAB73icbVBNS8NAEN3Ur9r6UevRS7AKPZXEi56k4MVjBfsBbSibzaRdutnE3YlQQv0FnryIKOLVv+PNf+P246CtDwYe780wM89PBNfoON9Wbm19Y3Mrv10o7uzu7ZcOyi0dp4pBk8UiVh2fahBcQhM5CugkCmjkC2j7o6up374HpXksb3GcgBfRgeQhZxSN1OkFIJD2Zb9UcWrODPYqcRekUi+/PD5UT4qNfumrF8QsjUAiE1Trrusk6GVUIWcCJoVeqiGhbEQH0DVU0gi0l83undinRgnsMFamJNoz9fdERiOtx5FvOiOKQ73sTcX/vG6K4YWXcZmkCJLNF4WpsDG2p8/bAVfAUIwNoUxxc6vNhlRRhiaiggnBXX55lbTOaq5Tc29MGpdkjjw5IsekSlxyTurkmjRIkzAiyBN5JW/WnfVsvVsf89actZg5JH9gff4ALaOSQQ==</latexit><latexit sha1_base64="TjkOxRhpGk4UEnXUuv31yG0OEvg=">AAAB73icbVBNS8NAEN3Ur9r6UevRS7AKPZXEi56k4MVjBfsBbSibzaRdutnE3YlQQv0FnryIKOLVv+PNf+P246CtDwYe780wM89PBNfoON9Wbm19Y3Mrv10o7uzu7ZcOyi0dp4pBk8UiVh2fahBcQhM5CugkCmjkC2j7o6up374HpXksb3GcgBfRgeQhZxSN1OkFIJD2Zb9UcWrODPYqcRekUi+/PD5UT4qNfumrF8QsjUAiE1Trrusk6GVUIWcCJoVeqiGhbEQH0DVU0gi0l83undinRgnsMFamJNoz9fdERiOtx5FvOiOKQ73sTcX/vG6K4YWXcZmkCJLNF4WpsDG2p8/bAVfAUIwNoUxxc6vNhlRRhiaiggnBXX55lbTOaq5Tc29MGpdkjjw5IsekSlxyTurkmjRIkzAiyBN5JW/WnfVsvVsf89actZg5JH9gff4ALaOSQQ==</latexit><latexit sha1_base64="Q7hypr1ZmptJY0ZDiVtZswCH0xw=">AAAB73icbVBNS8NAEJ34WetX1aOXYBE8lcSLnqTgxWMF+wFtKJvNpF262cTdiVBK/4QXD4p49e9489+4bXPQ1gcDj/dmmJkXZlIY8rxvZ219Y3Nru7RT3t3bPzisHB23TJprjk2eylR3QmZQCoVNEiSxk2lkSSixHY5uZ377CbURqXqgcYZBwgZKxIIzslKnF6Ek1lf9StWreXO4q8QvSBUKNPqVr16U8jxBRVwyY7q+l1EwYZoElzgt93KDGeMjNsCupYolaILJ/N6pe26VyI1TbUuRO1d/T0xYYsw4CW1nwmholr2Z+J/XzSm+DiZCZTmh4otFcS5dSt3Z824kNHKSY0sY18Le6vIh04yTjahsQ/CXX14lrcua79X8e69avyniKMEpnMEF+HAFdbiDBjSBg4RneIU359F5cd6dj0XrmlPMnMAfOJ8/FPOP9Q==</latexit>

�t
<latexit sha1_base64="kh/ArqI4Of/tu7Ah9iR/cPR2X5E=">AAAB73icbVDLSgNBEOz1GeMrxqOXwSB4Crte9CQBLx4jmAckS5idnU2GzM6uM71CWAJ+gCcvIop49Xe8+TdOHgdNLGgoqrrp7gpSKQy67rezsrq2vrFZ2Cpu7+zu7ZcOyk2TZJrxBktkotsBNVwKxRsoUPJ2qjmNA8lbwfBq4rfuuTYiUbc4Srkf074SkWAUrdTuhlwi7WGvVHGr7hRkmXhzUqmVXx4fAKDeK311w4RlMVfIJDWm47kp+jnVKJjk42I3MzylbEj7vGOpojE3fj69d0xOrBKSKNG2FJKp+nsip7ExoziwnTHFgVn0JuJ/XifD6MLPhUoz5IrNFkWZJJiQyfMkFJozlCNLKNPC3krYgGrK0EZUtCF4iy8vk+ZZ1XOr3o1N4xJmKMARHMMpeHAONbiGOjSAgYQneIU35855dt6dj1nrijOfOYQ/cD5/AMUFkfI=</latexit><latexit sha1_base64="u+tQnnx63q+2l8p/DTDph3C/tsk=">AAAB73icbVDJSgNBEK2JW0xcYjx6aYxCTmHGi54k4MVjBLNAMoSenp6kSc9id40QhvgFnryIKOLV3/Hm39hZDpr4oODxXhVV9bxECo22/W3l1tY3Nrfy24Xizu7efumg3NJxqhhvsljGquNRzaWIeBMFSt5JFKehJ3nbG11N/fY9V1rE0S2OE+6GdBCJQDCKRur0fC6R9rFfqtg1ewaySpwFqdTLL48P1ZNio1/66vkxS0MeIZNU665jJ+hmVKFgkk8KvVTzhLIRHfCuoRENuXaz2b0TcmoUnwSxMhUhmam/JzIaaj0OPdMZUhzqZW8q/ud1Uwwu3ExESYo8YvNFQSoJxmT6PPGF4gzl2BDKlDC3EjakijI0ERVMCM7yy6ukdVZz7JpzY9K4hDnycATHUAUHzqEO19CAJjCQ8ASv8GbdWc/Wu/Uxb81Zi5lD+APr8wc2u5JH</latexit><latexit sha1_base64="u+tQnnx63q+2l8p/DTDph3C/tsk=">AAAB73icbVDJSgNBEK2JW0xcYjx6aYxCTmHGi54k4MVjBLNAMoSenp6kSc9id40QhvgFnryIKOLV3/Hm39hZDpr4oODxXhVV9bxECo22/W3l1tY3Nrfy24Xizu7efumg3NJxqhhvsljGquNRzaWIeBMFSt5JFKehJ3nbG11N/fY9V1rE0S2OE+6GdBCJQDCKRur0fC6R9rFfqtg1ewaySpwFqdTLL48P1ZNio1/66vkxS0MeIZNU665jJ+hmVKFgkk8KvVTzhLIRHfCuoRENuXaz2b0TcmoUnwSxMhUhmam/JzIaaj0OPdMZUhzqZW8q/ud1Uwwu3ExESYo8YvNFQSoJxmT6PPGF4gzl2BDKlDC3EjakijI0ERVMCM7yy6ukdVZz7JpzY9K4hDnycATHUAUHzqEO19CAJjCQ8ASv8GbdWc/Wu/Uxb81Zi5lD+APr8wc2u5JH</latexit><latexit sha1_base64="NpZRzVXi8PxV7nJoXMIo4ewpy0s=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV0vepKAF48RzAOSJczO9iZDZh/O9Aoh5Ce8eFDEq7/jzb9xkuxBEwsaiqpuuruCTElDrvvtrK1vbG5tl3bKu3v7B4eVo+OWSXMtsClSlepOwA0qmWCTJCnsZBp5HChsB6Pbmd9+Qm1kmjzQOEM/5oNERlJwslKnF6Ii3qd+perW3DnYKvEKUoUCjX7lqxemIo8xIaG4MV3PzcifcE1SKJyWe7nBjIsRH2DX0oTHaPzJ/N4pO7dKyKJU20qIzdXfExMeGzOOA9sZcxqaZW8m/ud1c4qu/YlMspwwEYtFUa4YpWz2PAulRkFqbAkXWtpbmRhyzQXZiMo2BG/55VXSuqx5bs27d6v1myKOEpzCGVyAB1dQhztoQBMEKHiGV3hzHp0X5935WLSuOcXMCfyB8/kDHguP+w==</latexit>

ft
<latexit sha1_base64="8QrnCexxGbsf7ah09kmK17qwYLk=">AAAB6nicbVA9SwNBEJ2LXzF+RS0sbBaDYBXubLSSgI1lRPMByRH2NnvJkr29Y3dOCEd+go2FIrb+Ijv/RH6De0kKTXww8Hhvhpl5QSKFQdf9dgpr6xubW8Xt0s7u3v5B+fCoaeJUM95gsYx1O6CGS6F4AwVK3k40p1EgeSsY3eZ+64lrI2L1iOOE+xEdKBEKRtFKD2EPe+WKW3VnIKvEW5BK7WQ6JQBQ75W/uv2YpRFXyCQ1puO5CfoZ1SiY5JNSNzU8oWxEB7xjqaIRN342O3VCzq3SJ2GsbSkkM/X3REYjY8ZRYDsjikOz7OXif14nxfDaz4RKUuSKzReFqSQYk/xv0heaM5RjSyjTwt5K2JBqytCmU7IheMsvr5LmZdVzq969TeMG5ijCKZzBBXhwBTW4gzo0gMEAnuEV3hzpvDjvzse8teAsZo7hD5zPH3cgkBw=</latexit><latexit sha1_base64="WblZ9IWao30KdcRmY/0krIJCi8E=">AAAB6nicbVC7SgNBFL0bXzE+ErWwsBkMglXYtdFCJGBjGdE8IAlhdjKbDJmdXWbuCmHJJ9hYKGLrH/gndn6Abb7ByaPQxAMXDufcy733+LEUBl33y8msrK6tb2Q3c1vbO7v5wt5+zUSJZrzKIhnphk8Nl0LxKgqUvBFrTkNf8ro/uJ749QeujYjUPQ5j3g5pT4lAMIpWugs62CkU3ZI7BVkm3pwUy4fjcf7y47vSKXy2uhFLQq6QSWpM03NjbKdUo2CSj3KtxPCYsgHt8aaliobctNPpqSNyYpUuCSJtSyGZqr8nUhoaMwx92xlS7JtFbyL+5zUTDC7aqVBxglyx2aIgkQQjMvmbdIXmDOXQEsq0sLcS1qeaMrTp5GwI3uLLy6R2VvLckndr07iCGbJwBMdwCh6cQxluoAJVYNCDR3iGF0c6T86r8zZrzTjzmQP4A+f9B9D1kd8=</latexit><latexit sha1_base64="WblZ9IWao30KdcRmY/0krIJCi8E=">AAAB6nicbVC7SgNBFL0bXzE+ErWwsBkMglXYtdFCJGBjGdE8IAlhdjKbDJmdXWbuCmHJJ9hYKGLrH/gndn6Abb7ByaPQxAMXDufcy733+LEUBl33y8msrK6tb2Q3c1vbO7v5wt5+zUSJZrzKIhnphk8Nl0LxKgqUvBFrTkNf8ro/uJ749QeujYjUPQ5j3g5pT4lAMIpWugs62CkU3ZI7BVkm3pwUy4fjcf7y47vSKXy2uhFLQq6QSWpM03NjbKdUo2CSj3KtxPCYsgHt8aaliobctNPpqSNyYpUuCSJtSyGZqr8nUhoaMwx92xlS7JtFbyL+5zUTDC7aqVBxglyx2aIgkQQjMvmbdIXmDOXQEsq0sLcS1qeaMrTp5GwI3uLLy6R2VvLckndr07iCGbJwBMdwCh6cQxluoAJVYNCDR3iGF0c6T86r8zZrzTjzmQP4A+f9B9D1kd8=</latexit><latexit sha1_base64="+s0O8rFWu3ZkD5ERIVZHgbXSobY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFfZstJKAjWVEEwPJEfY2e8mSvb1jd04IR36CjYUitv4iO/+Nm+QKTXww8Hhvhpl5YaqkRUq/vdLa+sbmVnm7srO7t39QPTxq2yQzXLR4ohLTCZkVSmrRQolKdFIjWBwq8RiOb2b+45MwVib6ASepCGI21DKSnKGT7qM+9qs1WqdzkFXiF6QGBZr96ldvkPAsFhq5YtZ2fZpikDODkisxrfQyK1LGx2wouo5qFgsb5PNTp+TMKQMSJcaVRjJXf0/kLLZ2EoeuM2Y4ssveTPzP62YYXQW51GmGQvPFoihTBBMy+5sMpBEc1cQRxo10txI+YoZxdOlUXAj+8surpH1R92ndv6O1xnURRxlO4BTOwYdLaMAtNKEFHIbwDK/w5invxXv3PhatJa+YOYY/8D5/AFNcjck=</latexit>

fn

ft
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(c)

Fig. 1. (a) Local geometry between two particles in solid contact, (b) the normal contact force fn
as a function of the deflection δn, and (c) the tangential contact force ft as a function of the relative
tangential displacement δt with the Coulomb friction threshold µ fn, where µ is the coefficient of

friction

In Eq. (1), the normal contact force fn and tangential contact force ft are calculated
by using the Signorini model and the Coulomb friction law, respectively. Concerning a
normal contact force, it only appears when occurring the overlaps between particles in
contacts (Fig. 1(b)), and this force involves two different components: the normal elastic
force f e

n = knδn and normal damping force f d
n = γnδ̇n, where kn and γn are the normal
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stiffness and normal damping parameter of particle i, δn and δ̇n denote the deflection and
relatively normal velocity between particle i and particle j [21, 22, 29, 30].

The tangential contact force ft is determined according to the Coulomb friction law,
this force is a minimum of two components: the sum of the tangential elastic component
ktδt and tangential viscous damping force γtδ̇t and the threshold of the frictional contact
force µ fn, as shown in Fig. 1(c).

ft = −min
{
(ktδt + γtδ̇t), µ fn

}
, (2)

where kt and γt denote the tangential elastic stiffness and tangential viscous damping
parameter. δt and δ̇t are the relative tangential displacement and the relative tangential
velocity, respectively, between particle i and particle j, µ denotes the coefficient of friction
between particles in contact [31–33].

In cohesive granular materials, besides the normal and tangential contact forces that
appear in the solid interactions between particles, the interactions between grains are also
enhanced by the capillary cohesion forces fc and viscous forces fv due to the presence of
the capillary bonds of the liquid [33–35], as shown in Fig. 2. In these simulations, the
capillary bridges are assumed to be reformed during the flows of granular materials.

The normal capillary attraction force fc is proportional to the liquid volume Vb of the
capillary bonds, the liquid-vapor surface tension γs, and the solid-liquid-contact angle
θ. In this current work, the angle θ is set to zero due to the fully covering of the liquid
on the particle surface. As an approximate solution of the Laplace–Young equation, the
cohesion force fc is determined as following [36]

fc =


−κ R, for δn < 0,
−κ R e−δn/λ, for 0 ≤ δn ≤ drupt,
0, for δn > drupt,

(3)

where κ = 2πγs cos θ is the pre-factor of the capillary attraction forces. R = (RiRj)
1/2 is

the mean radius of particle i and particle j. drupt is the rupture distance between particle
i and j depending on the volume of the capillary bridge [37], as given by

drupt =

(
1 +

θ

2

)
V1/3

b . (4)

As shown in Eq. (3), the capillary attraction force fc decreases exponentially as a
function of the separation distance δn between particle i and j in contact. This decrease
is characterized by the characteristic length λ, expressed as a function of Vb and R′ =
2RiRj/(Ri + Rj) [38]

λ = c h(r)
(

Vb

R′

)1/2

, (5)



122 Thanh-Trung Vo, Trung-Kien Nguyen, Cuong T. Nguyen

where r = max{Ri/Rj; Rj/Ri} defined as a ratio between two the diameter of particle i
and particle j, h(r) = r−1/2, and c ≃ 0.9 [39].

The viscous force fv depends on the particle size R, the liquid viscosity η of the
capillary bridges, and the relative normal velocity vn between particles i and j [33,40], as
given following

fv =


3
2

πR2η
vn

δ0
, for δn ≤ 0,

3
2

πR2η
vn

δn + δ0
, for 0 < δn ≤ drupt,

0, for δn > drupt,

(6)

where δ0 is the characteristic length of the particle roughness.

2.2. Model setting and parameters

In order to create the sample of granular materials flowing down an inclined plane,
the sample is first prepared by using isotropic compaction of nearly 20,000 spherical par-
ticles inside a box under the action of confining stress. This step tends to change the pack-
ing of granular particles from a loose configuration to dense one. After that, all the lateral
walls of the box are removed and replaced by the periodic boundary conditions, the bot-
tom wall is also removed and replaced by the rough wall that is glued by monodisperse
particles, and the gravity of all particles is also activated in the direction that is perpen-
dicular to the rough bottom wall in this current step. This sample is then subjected to the
gravity-driven wet granular free-surface flowing down an inclined plane by activating
three different values of the inclination angle of the gravitational acceleration vector, as
shown in Fig. 2.
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Fig. 2. Schematic drawing representation the gravity-driven wet granular materials free-surface
flows down an inclined plane with the inclination angle α and the model of the capillary bridge
between two particles i and j in a collection of particles. Red arrows represent the common veloc-

ity profile for dense granular flows on an inclined plane
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In this simulation model, the particle diameter is varied in a range [dmin, dmax], where
dmax = 2 × dmin. The particle size is assumed to be distributed uniformly by particle vol-
ume fraction, this tends to avoid the crystallization of granular materials and the ordered
dense granular flows. In this current work, the coefficient of friction of particles is set to
0.4, the time step is set to 1.2 × 10−7 sec., this time step is small enough in order to cor-
rectly integrate the particle interactions. The inclination angle α is chosen following the
experimental work reported by Pouliquen [1], which is large enough in order to generate
the flow. All other parameters are reused from our previous work in simple shear flows
of unsaturated granular materials [30]. These key parameters are given in Table 1.

Table 1. Main parameters and their values of all simulations

Parameter Symbol Value Unit

Largest particle diameter dmax 1600 µm
Density of particles ρ 2600 kg.m−3

Number of grains Ng 19,628 -
Friction coefficient µ 0.4 -
Normal stiffness kn 106 N/m
Tangential stiffness kt 8 × 105 N/m
Normal damping γn 0.5 Ns/m
Tangential damping γt 0.5 Ns/m
Contact angle θ 0.0 deg.
Liquid viscosity η 200.0 mPa.s
Cohesion stress σc 117.52 Pa
Inclination angle α {23, 25, 27} deg.
Time step ∆t 1.2 × 10−7 sec.

3. GRAVITY-DRIVEN WET GRANULAR FREE-SURFACE FLOWS

3.1. Flowability of wet granular materials

To investigate the flowability of wet granular materials flowing down an inclined
plane, the evolution of the kinetic energy during the flows and the velocity profiles of
granular materials in the steady-flowing state are considered. Figs. 3(a) and (b) show the
evolution of the normalized mean kinetic energy ⟨E⟩ = ⟨mv2/2⟩ and the free-fall kinetic
energy of particles ⟨m⟩⟨d⟩/2g during the flows and the evolution of the normalized ki-
netic energy as a function of the inclination angle α of the plane, respectively, where ⟨m⟩
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and v are the mean mass and velocity of granular materials, ⟨d⟩ is the mean particle di-
ameter, and g denotes the gravitational acceleration. As shown in Fig. 3(a), this energy
first increases very slightly at the beginning of the flows when activating the inclination
angle of the gravitational acceleration, leading to the occurrence of the solid-like flow in
the whole system. The kinetic energy then increases exponentially over time (as a tran-
sient state) before reaching the steady-flowing state. In the transient state, the fluid-like
layer occurs and develops, leading to decrease of the depth of the solid-like layer. In this
current work, the sample model is divided into 20 layers, i.e. with all layers having the
same height. The boundary line marks the end of the solid-like region if the velocity in
this region is larger than 5% as compared to a layer just below this line. Both the solid-
like and fluid-like regions are stable in the steady-flowing state of gravity-driven wet
granular free-surface flows. It is also interesting to see that the kinetic energy increases
exponentially with increasing the inclination angle α, as shown in Fig. 3(b). As clearly
known that the flowability of the gravity-driven granular flow on an inclined plane is
mainly governed by the balance between the frictional force exerted at the plane surface
and the gravity force induced by the inclination angle [1]. Thus, although the inclina-
tion angle α increases slightly from 23 to 27 deg., the flowability characterized by the
kinetic energy increases significantly as a consequence of keeping a constant roughness
of the plane surface. This observation is consistent with the previous experimental re-
sults reported by Pouliquen when considering the kinetic energy of the flow induced by
granular collapse on an inclined plane in the steady-state [1].
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Fig. 3. (a) Evolution of normalized mean kinetic energy of granular flows by the free-fall energy
of the particle having the mean diameter for the case of the inclination angle α = 25 deg. from
the static regime to the inertial regime, (b) variation of this normalized mean kinetic energy as a

function of the inclination angle α in the steady-flowing state
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<latexit sha1_base64="a5TgmIUtL9ZtuA3pQpIrRBj4sgM=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCozutCVFty4rGAv0A7lTJppYzPJkGSEUvoOblwo4tYH8Q3c+Taml4W2/hD4+P9zyDknSgU31ve/vdzK6tr6Rn6zsLW9s7tX3D+oG5VpympUCaWbERomuGQ1y61gzVQzTCLBGtHgZpI3Hpk2XMl7O0xZmGBP8phTtM6qt1GkfewUS37Zn4osQzCH0vXn+XkFAKqd4le7q2iWMGmpQGNagZ/acITacirYuNDODEuRDrDHWg4lJsyEo+m0Y3LinC6JlXZPWjJ1f3eMMDFmmESuMkHbN4vZxPwva2U2vgxHXKaZZZLOPoozQawik9VJl2tGrRg6QKq5m5XQPmqk1h2o4I4QLK68DPWzcuCXgzu/VLmCmfJwBMdwCgFcQAVuoQo1oPAAT/ACr57ynr03731WmvPmPYfwR97HD8bJkLg=</latexit><latexit sha1_base64="6r+WJpC6EoyzIX59d7MN9Z0df/A=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWIQrMKuFlppwMYygrlAsoSzk9lkzOzMMjMrhCXvYGOhiK0P4hvY+TZONik08YeBj/8/hznnhAln2njet1NYWV1b3yhulra2d3b3yvsHTS1TRWiDSC5VO0RNORO0YZjhtJ0oinHIaSsc3Uzz1iNVmklxb8YJDWIcCBYxgsZazS7yZIi9csWrerncZfDnULn+PM9V75W/un1J0pgKQzhq3fG9xAQZKsMIp5NSN9U0QTLCAe1YFBhTHWT5tBP3xDp9N5LKPmHc3P3dkWGs9TgObWWMZqgXs6n5X9ZJTXQZZEwkqaGCzD6KUu4a6U5Xd/tMUWL42AISxeysLhmiQmLsgUr2CP7iysvQPKv6XtW/8yq1K5ipCEdwDKfgwwXU4Bbq0AACD/AEL/DqSOfZeXPeZ6UFZ95zCH/kfPwAgcaRRA==</latexit><latexit sha1_base64="6r+WJpC6EoyzIX59d7MN9Z0df/A=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWIQrMKuFlppwMYygrlAsoSzk9lkzOzMMjMrhCXvYGOhiK0P4hvY+TZONik08YeBj/8/hznnhAln2njet1NYWV1b3yhulra2d3b3yvsHTS1TRWiDSC5VO0RNORO0YZjhtJ0oinHIaSsc3Uzz1iNVmklxb8YJDWIcCBYxgsZazS7yZIi9csWrerncZfDnULn+PM9V75W/un1J0pgKQzhq3fG9xAQZKsMIp5NSN9U0QTLCAe1YFBhTHWT5tBP3xDp9N5LKPmHc3P3dkWGs9TgObWWMZqgXs6n5X9ZJTXQZZEwkqaGCzD6KUu4a6U5Xd/tMUWL42AISxeysLhmiQmLsgUr2CP7iysvQPKv6XtW/8yq1K5ipCEdwDKfgwwXU4Bbq0AACD/AEL/DqSOfZeXPeZ6UFZ95zCH/kfPwAgcaRRA==</latexit><latexit sha1_base64="zQ2PWmF3nwIFBFZXqfhSkNebr9g=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NVhKwsYxgPiA5wtxmL1mzt3vs7gnhyH+wsVDE1v9j579xk1yhiQ8GHu/NMDMvSgU31ve/vbX1jc2t7dJOeXdv/+CwcnTcMirTlDWpEkp3IjRMcMmallvBOqlmmESCtaPx7cxvPzFtuJIPdpKyMMGh5DGnaJ3U6qFIR9ivVP2aPwdZJUFBqlCg0a989QaKZgmTlgo0phv4qQ1z1JZTwablXmZYinSMQ9Z1VGLCTJjPr52Sc6cMSKy0K2nJXP09kWNizCSJXGeCdmSWvZn4n9fNbHwd5lymmWWSLhbFmSBWkdnrZMA1o1ZMHEGqubuV0BFqpNYFVHYhBMsvr5LWZS3wa8G9X63fFHGU4BTO4AICuII63EEDmkDhEZ7hFd485b14797HonXNK2ZO4A+8zx+JDY8Q</latexit>

v/(ghdi)1/2
<latexit sha1_base64="gKqaV7+z7qxbtpRzg/QzQKBB2BA=">AAACBnicbZC7SgNBFIbPxluMt6ilKINBiE2ym0YrCdhYRjAXSNYwOztJhszOLjOzgbCksvEV0tnaWChi6zPY+TZOLoUm/jDw8Z9zOHN+L+JMadv+tlIrq2vrG+nNzNb2zu5edv+gpsJYElolIQ9lw8OKciZoVTPNaSOSFAcep3Wvfz2p1wdUKhaKOz2MqBvgrmAdRrA2Vjt7PCjmu6jFsehyinzUklM6v0+cYmnUzubsgj0VWgZnDrnyyXj8BACVdvar5YckDqjQhGOlmo4daTfBUjPC6SjTihWNMOnjLm0aFDigyk2mZ4zQmXF81AmleUKjqft7IsGBUsPAM50B1j21WJuY/9Wase5cugkTUaypILNFnZgjHaJJJshnkhLNhwYwkcz8FZEelphok1zGhOAsnrwMtVLBsQvOrUnjCmZKwxGcQh4cuIAy3EAFqkDgAZ7hFd6sR+vFerc+Zq0paz5zCH9kff4A2Q6Zog==</latexit><latexit sha1_base64="PklE0ODyj1VtTZn7cBd8wquZbrQ=">AAACBnicbZDLSsNAFIYnXmu9RV2KMliEummTbnQlBTcuK9gLNLFMJpN26GQSZiaFErpy4yvoG7hxoYhbn8Gdb+Mk7UJbfxj4+M85nDm/FzMqlWV9G0vLK6tr64WN4ubW9s6uubffklEiMGniiEWi4yFJGOWkqahipBMLgkKPkbY3vMrq7RERkkb8Vo1j4oaoz2lAMVLa6plHo2q5Dx2GeJ8R6ENH5HR2l9rV2qRnlqyKlQsugj2DUv34MdNTo2d+OX6Ek5BwhRmSsmtbsXJTJBTFjEyKTiJJjPAQ9UlXI0chkW6anzGBp9rxYRAJ/biCuft7IkWhlOPQ050hUgM5X8vM/2rdRAUXbkp5nCjC8XRRkDCoIphlAn0qCFZsrAFhQfVfIR4ggbDSyRV1CPb8yYvQqlVsq2Lf6DQuwVQFcAhOQBnY4BzUwTVogCbA4B48g1fwZjwYL8a78TFtXTJmMwfgj4zPHzZam2c=</latexit><latexit sha1_base64="zatRMBHfOMARZR4ur7klLI6Yt2A=">AAACBnicbZDLSsNAFIYn9VbrLepShMEi1E2bdKMrKbhxWcFeoIllMpmkQyeTMDMplNCVG1/FjQtF3PoM7nwbp2kW2vrDwMd/zuHM+b2EUaks69sora1vbG6Vtys7u3v7B+bhUVfGqcCkg2MWi76HJGGUk46iipF+IgiKPEZ63vhmXu9NiJA05vdqmhA3QiGnAcVIaWtonk4atRA6DPGQEehDR+R08ZDZjeZsaFatupULroJdQBUUag/NL8ePcRoRrjBDUg5sK1FuhoSimJFZxUklSRAeo5AMNHIUEelm+RkzeK4dHwax0I8rmLu/JzIUSTmNPN0ZITWSy7W5+V9tkKrgys0oT1JFOF4sClIGVQznmUCfCoIVm2pAWFD9V4hHSCCsdHIVHYK9fPIqdJt126rbd1a1dV3EUQYn4AzUgA0uQQvcgjboAAwewTN4BW/Gk/FivBsfi9aSUcwcgz8yPn8A5TyXcg==</latexit>

<latexit sha1_base64="wxanRCyuCEM3wGZ6u1MjxiyAXq4=">AAACBHicbZC7SgNBFIbPxluMt1XLgAwGISLEXRutJGBjGcFcIIlhdjK7GTI7u8zMCmFJYeM7pLOzsVDE1oew822cXApN/GHg4z/ncOb8XsyZ0o7zbWWWlldW17LruY3Nre0de3evpqJEElolEY9kw8OKciZoVTPNaSOWFIcep3WvfzWu1++pVCwSt3oQ03aIA8F8RrA2VsfO+x1xd3JabHEsAk5RiFpySsFxxy44JWcitAjuDArlg9HoCQAqHfur1Y1IElKhCcdKNV0n1u0US80Ip8NcK1E0xqSPA9o0KHBIVTudHDFER8bpIj+S5gmNJu7viRSHSg1Cz3SGWPfUfG1s/ldrJtq/aKdMxImmgkwX+QlHOkLjRFCXSUo0HxjARDLzV0R6WGKiTW45E4I7f/Ii1M5KrlNyb0walzBVFvJwCEVw4RzKcA0VqAKBB3iGV3izHq0X6936mLZmrNnMPvyR9fkDltCY9Q==</latexit><latexit sha1_base64="62W1wvr0xxA5D2g1TExbgoql0pw=">AAACBHicbZDLSsNAFIYnXmu9RV0WZLAIFaEmbnQlBTcuK9gLNDFMppN06GQSZiZCCV248R30Bdy4UMStD+HOt3HSdKGtPwx8/OcczpzfTxiVyrK+jYXFpeWV1dJaeX1jc2vb3NltyzgVmLRwzGLR9ZEkjHLSUlQx0k0EQZHPSMcfXub1zh0Rksb8Ro0S4kYo5DSgGClteWYl8Pjt8UnNYYiHjMAIOqKg8Mgzq1bdmgjOgz2FamP/MddT0zO/nH6M04hwhRmSsmdbiXIzJBTFjIzLTipJgvAQhaSnkaOISDebHDGGh9rpwyAW+nEFJ+7viQxFUo4iX3dGSA3kbC03/6v1UhWcuxnlSaoIx8WiIGVQxTBPBPapIFixkQaEBdV/hXiABMJK51bWIdizJ89D+7RuW3X7WqdxAQqVQAUcgBqwwRlogCvQBC2AwT14Bq/gzXgwXox346NoXTCmM3vgj4zPH/QNmro=</latexit><latexit sha1_base64="62W1wvr0xxA5D2g1TExbgoql0pw=">AAACBHicbZDLSsNAFIYnXmu9RV0WZLAIFaEmbnQlBTcuK9gLNDFMppN06GQSZiZCCV248R30Bdy4UMStD+HOt3HSdKGtPwx8/OcczpzfTxiVyrK+jYXFpeWV1dJaeX1jc2vb3NltyzgVmLRwzGLR9ZEkjHLSUlQx0k0EQZHPSMcfXub1zh0Rksb8Ro0S4kYo5DSgGClteWYl8Pjt8UnNYYiHjMAIOqKg8Mgzq1bdmgjOgz2FamP/MddT0zO/nH6M04hwhRmSsmdbiXIzJBTFjIzLTipJgvAQhaSnkaOISDebHDGGh9rpwyAW+nEFJ+7viQxFUo4iX3dGSA3kbC03/6v1UhWcuxnlSaoIx8WiIGVQxTBPBPapIFixkQaEBdV/hXiABMJK51bWIdizJ89D+7RuW3X7WqdxAQqVQAUcgBqwwRlogCvQBC2AwT14Bq/gzXgwXox346NoXTCmM3vgj4zPH/QNmro=</latexit><latexit sha1_base64="dfZw4mGDxovyV4BS4/3bEBQ8GPg=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiVISauNGVFNy4rGAv0MQwmU7SoTOTMDMRSujCja/ixoUibn0Id76N0zYLbf1h4OM/53Dm/GHKqNKO822VVlbX1jfKm5Wt7Z3dPXv/oKOSTGLSxglLZC9EijAqSFtTzUgvlQTxkJFuOLqe1rsPRCqaiDs9TonPUSxoRDHSxgrsahSI+9OzuseQiBmBHHpyTvFJYNechjMTXAa3gBoo1ArsL2+Q4IwToTFDSvVdJ9V+jqSmmJFJxcsUSREeoZj0DQrEifLz2RETeGycAYwSaZ7QcOb+nsgRV2rMQ9PJkR6qxdrU/K/Wz3R06edUpJkmAs8XRRmDOoHTROCASoI1GxtAWFLzV4iHSCKsTW4VE4K7ePIydM4brtNwb51a86qIowyq4AjUgQsuQBPcgBZoAwwewTN4BW/Wk/VivVsf89aSVcwcgj+yPn8Aov6WxQ==</latexit>

<latexit sha1_base64="gi7RjWNgwmKb7V9GKwP2loR3X5s=">AAACBHicbZC7SgNBFIbPxluMt1XLgAwGIRbGXRutJGBjGcFcIIlhdjK7GTI7u8zMCmFJYeM7pLOzsVDE1oew822cXApN/GHg4z/ncOb8XsyZ0o7zbWWWlldW17LruY3Nre0de3evpqJEElolEY9kw8OKciZoVTPNaSOWFIcep3WvfzWu1++pVCwSt3oQ03aIA8F8RrA2VsfO+x1xd3JabHEsAk5RiFpySsFxxy44JWcitAjuDArlg9HoCQAqHfur1Y1IElKhCcdKNV0n1u0US80Ip8NcK1E0xqSPA9o0KHBIVTudHDFER8bpIj+S5gmNJu7viRSHSg1Cz3SGWPfUfG1s/ldrJtq/aKdMxImmgkwX+QlHOkLjRFCXSUo0HxjARDLzV0R6WGKiTW45E4I7f/Ii1M5KrlNyb0walzBVFvJwCEVw4RzKcA0VqAKBB3iGV3izHq0X6936mLZmrNnMPvyR9fkDmgSY9w==</latexit><latexit sha1_base64="lmhBpOAykmk+qpWyxFdQqFXBIHI=">AAACBHicbZDLSsNAFIYnXmu9RV0WZLAIdWFN3OhKCm5cVrAXaGKYTCfp0MkkzEyEErpw4zvoC7hxoYhbH8Kdb+Ok6UJbfxj4+M85nDm/nzAqlWV9GwuLS8srq6W18vrG5ta2ubPblnEqMGnhmMWi6yNJGOWkpahipJsIgiKfkY4/vMzrnTsiJI35jRolxI1QyGlAMVLa8sxK4PHb45OawxAPGYERdERB4ZFnVq26NRGcB3sK1cb+Y66npmd+Of0YpxHhCjMkZc+2EuVmSCiKGRmXnVSSBOEhCklPI0cRkW42OWIMD7XTh0Es9OMKTtzfExmKpBxFvu6MkBrI2Vpu/lfrpSo4dzPKk1QRjotFQcqgimGeCOxTQbBiIw0IC6r/CvEACYSVzq2sQ7BnT56H9mndtur2tU7jAhQqgQo4ADVggzPQAFegCVoAg3vwDF7Bm/FgvBjvxkfRumBMZ/bAHxmfP/dBmrw=</latexit><latexit sha1_base64="lmhBpOAykmk+qpWyxFdQqFXBIHI=">AAACBHicbZDLSsNAFIYnXmu9RV0WZLAIdWFN3OhKCm5cVrAXaGKYTCfp0MkkzEyEErpw4zvoC7hxoYhbH8Kdb+Ok6UJbfxj4+M85nDm/nzAqlWV9GwuLS8srq6W18vrG5ta2ubPblnEqMGnhmMWi6yNJGOWkpahipJsIgiKfkY4/vMzrnTsiJI35jRolxI1QyGlAMVLa8sxK4PHb45OawxAPGYERdERB4ZFnVq26NRGcB3sK1cb+Y66npmd+Of0YpxHhCjMkZc+2EuVmSCiKGRmXnVSSBOEhCklPI0cRkW42OWIMD7XTh0Es9OMKTtzfExmKpBxFvu6MkBrI2Vpu/lfrpSo4dzPKk1QRjotFQcqgimGeCOxTQbBiIw0IC6r/CvEACYSVzq2sQ7BnT56H9mndtur2tU7jAhQqgQo4ADVggzPQAFegCVoAg3vwDF7Bm/FgvBjvxkfRumBMZ/bAHxmfP/dBmrw=</latexit><latexit sha1_base64="LOyQgqAwpQkBTaMpI/kQYgwGqLs=">AAACBHicbZC7TsMwFIadcivlFmDsYlEhlYGSsMCEKrEwFolepCZEjuukVm0nsh2kKurAwquwMIAQKw/Bxtvgthmg5ZcsffrPOTo+f5gyqrTjfFulldW19Y3yZmVre2d3z94/6Kgkk5i0ccIS2QuRIowK0tZUM9JLJUE8ZKQbjq6n9e4DkYom4k6PU+JzFAsaUYy0sQK7GgXi/vSs7jEkYkYgh56cU3wS2DWn4cwEl8EtoAYKtQL7yxskOONEaMyQUn3XSbWfI6kpZmRS8TJFUoRHKCZ9gwJxovx8dsQEHhtnAKNEmic0nLm/J3LElRrz0HRypIdqsTY1/6v1Mx1d+jkVaaaJwPNFUcagTuA0ETigkmDNxgYQltT8FeIhkghrk1vFhOAunrwMnfOG6zTcW6fWvCriKIMqOAJ14IIL0AQ3oAXaAINH8AxewZv1ZL1Y79bHvLVkFTOH4I+szx+mMpbH</latexit>

solid-like

fluid-like

<latexit sha1_base64="mEsJDF8lufbiFUWuOUaXqufzX/A=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAYhXsKuFz1JwIvHiOYByRJmJ73JkNnZZWZWCEs+wYsHJXjx4Bd582+cPA6aWNBQVHXT3RUkgmvjut9Obm19Y3Mrv13Y2d3bPygeHjV0nCqGdRaLWLUCqlFwiXXDjcBWopBGgcBmMLyd+s0nVJrH8tGMEvQj2pc85IwaKz2U6UW3WHIr7gxklXgLUqqeTiYfAFDrFr86vZilEUrDBNW67bmJ8TOqDGcCx4VOqjGhbEj72LZU0gi1n81OHZNzq/RIGCtb0pCZ+nsio5HWoyiwnRE1A73sTcX/vHZqwms/4zJJDUo2XxSmgpiYTP8mPa6QGTGyhDLF7a2EDaiizNh0CjYEb/nlVdK4rHhuxbu3adzAHHk4gTMogwdXUIU7qEEdGPThGV7hzRHOizNx3uetOWcxcwx/4Hz+AHoJj3I=</latexit><latexit sha1_base64="vFUXmRcYgtEwjJicGuL60Jvb+3U=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAYhXsKuFz1JwIvHiOYByRJmJ5NkyOzsMtMrhCWf4MWDEr36Rd78G2eTHDSxoKGo6qa7K4ilMOi6305ubX1jcyu/XdjZ3ds/KB4eNUyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go9vMbz5xbUSkHnEccz+kAyX6glG00kOZXnSLJbfizkBWibcgperpNMN7rVv86vQiloRcIZPUmLbnxuinVKNgkk8KncTwmLIRHfC2pYqG3Pjp7NQJObdKj/QjbUshmam/J1IaGjMOA9sZUhyaZS8T//PaCfav/VSoOEGu2HxRP5EEI5L9TXpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSuKx4bsW7t2ncwBx5OIEzKIMHV1CFO6hBHRgM4Ble4c2RzoszdT7mrTlnMXMMf+B8/gDXRpE3</latexit><latexit sha1_base64="75VI/rMSWBByNYO5AajfTunWHoI=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3BnEysJ2FhGNB+QHGFus5cs2ds7dveEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFySCa+O6305hY3Nre6e4W9rbPzg8Kh+ftHWcKspaNBax6gaomeCStQw3gnUTxTAKBOsEk9u533liSvNYPpppwvwIR5KHnKKx0kMVLwfliltzFyDrxMtJBXI0B+Wv/jCmacSkoQK17nluYvwMleFUsFmpn2qWIJ3giPUslRgx7WeLU2fkwipDEsbKljRkof6eyDDSehoFtjNCM9ar3lz8z+ulJrz2My6T1DBJl4vCVBATk/nfZMgVo0ZMLUGquL2V0DEqpMamU7IheKsvr5P2Vc1za969W2nc5HEU4QzOoQoe1KEBd9CEFlAYwTO8wpsjnBfn3flYthacfOYU/sD5/AGGN41C</latexit>

<latexit sha1_base64="Zyg146szKWSAsKlUJvfL0NeRt/I=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAYhXsKuFz1JwIvHiOYByRJmJ73JkNnZZWZWCEs+wYsHJXjx4Bd582+cPA6aWNBQVHXT3RUkgmvjut9Obm19Y3Mrv13Y2d3bPygeHjV0nCqGdRaLWLUCqlFwiXXDjcBWopBGgcBmMLyd+s0nVJrH8tGMEvQj2pc85IwaKz2U2UW3WHIr7gxklXgLUqqeTiYfAFDrFr86vZilEUrDBNW67bmJ8TOqDGcCx4VOqjGhbEj72LZU0gi1n81OHZNzq/RIGCtb0pCZ+nsio5HWoyiwnRE1A73sTcX/vHZqwms/4zJJDUo2XxSmgpiYTP8mPa6QGTGyhDLF7a2EDaiizNh0CjYEb/nlVdK4rHhuxbu3adzAHHk4gTMogwdXUIU7qEEdGPThGV7hzRHOizNx3uetOWcxcwx/4Hz+AH0Tj3Q=</latexit><latexit sha1_base64="qMvo01GwgR7WatU4VTvkvGabFPc=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAYhXsKuFz1JwIvHiOYByRJmJ5NkyOzsMtMrhCWf4MWDEr36Rd78G2eTHDSxoKGo6qa7K4ilMOi6305ubX1jcyu/XdjZ3ds/KB4eNUyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go9vMbz5xbUSkHnEccz+kAyX6glG00kOZXXSLJbfizkBWibcgperpNMN7rVv86vQiloRcIZPUmLbnxuinVKNgkk8KncTwmLIRHfC2pYqG3Pjp7NQJObdKj/QjbUshmam/J1IaGjMOA9sZUhyaZS8T//PaCfav/VSoOEGu2HxRP5EEI5L9TXpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSuKx4bsW7t2ncwBx5OIEzKIMHV1CFO6hBHRgM4Ble4c2RzoszdT7mrTlnMXMMf+B8/gDaUJE5</latexit><latexit sha1_base64="EKdNkcHfRAYDQrwFDyPveTeT1mk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3BnEysJ2FhGNB+QHGFvs5cs2ds7dueEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFyRSGHTdb6ewsbm1vVPcLe3tHxwelY9P2iZONeMtFstYdwNquBSKt1Cg5N1EcxoFkneCye3c7zxxbUSsHnGacD+iIyVCwSha6aHKLgfliltzFyDrxMtJBXI0B+Wv/jBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8tTp2RC6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYnjtZ0IlKXLFlovCVBKMyfxvMhSaM5RTSyjTwt5K2JhqytCmU7IheKsvr5P2Vc1za969W2nc5HEU4QzOoQoe1KEBd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AGJQY1E</latexit><latexit sha1_base64="Ey0JR7EuWvRS3pf/iX/dld3loBY=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAYhXsKuFz1JwIvHiOYByRJmJ73JkNnZZWZWCEs+wYsHJXjx4Bd582+cPA6aWNBQVHXT3RUkgmvjut9Obm19Y3Mrv13Y2d3bPygeHjV0nCqGdRaLWLUCqlFwiXXDjcBWopBGgcBmMLyd+s0nVJrH8tGMEvQj2pc85IwaKz2Ug4tuseRW3BnIKvEWpFQ9nUw+AKDWLX51ejFLI5SGCap123MT42dUGc4EjgudVGNC2ZD2sW2ppBFqP5udOibnVumRMFa2pCEz9fdERiOtR1FgOyNqBnrZm4r/ee3UhNd+xmWSGpRsvihMBTExmf5NelwhM2JkCWWK21sJG1BFmbHpFGwI3vLLq6RxWfHcindv07iBOfJwAmdQBg+uoAp3UIM6MOjDM7zCmyOcF2fivM9bc85i5hj+wPn8AXuOj3M=</latexit><latexit sha1_base64="Z1ITGkoQEJpu8AR7FHxtEngCTyk=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAYhXsKuFz1JwIvHiOYByRJmJ5NkyOzsMtMrhCWf4MWDEr36Rd78G2eTHDSxoKGo6qa7K4ilMOi6305ubX1jcyu/XdjZ3ds/KB4eNUyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go9vMbz5xbUSkHnEccz+kAyX6glG00kM5uOgWS27FnYGsEm9BStXTaYb3Wrf41elFLAm5QiapMW3PjdFPqUbBJJ8UOonhMWUjOuBtSxUNufHT2akTcm6VHulH2pZCMlN/T6Q0NGYcBrYzpDg0y14m/ue1E+xf+6lQcYJcsfmifiIJRiT7m/SE5gzl2BLKtLC3EjakmjK06RRsCN7yy6ukcVnx3Ip3b9O4gTnycAJnUAYPrqAKd1CDOjAYwDO8wpsjnRdn6nzMW3POYuYY/sD5/AHYy5E4</latexit><latexit sha1_base64="hNxphi0fO8626qHDfUHxtZeOFBg=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3BnEysJ2FhGNB+QHGFvs5cs2ds7dueEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFyRSGHTdb6ewsbm1vVPcLe3tHxwelY9P2iZONeMtFstYdwNquBSKt1Cg5N1EcxoFkneCye3c7zxxbUSsHnGacD+iIyVCwSha6aEaXA7KFbfmLkDWiZeTCuRoDspf/WHM0ogrZJIa0/PcBP2MahRM8lmpnxqeUDahI96zVNGIGz9bnDojF1YZkjDWthSShfp7IqORMdMosJ0RxbFZ9ebif14vxfDaz4RKUuSKLReFqSQYk/nfZCg0ZyinllCmhb2VsDHVlKFNp2RD8FZfXiftq5rn1rx7t9K4yeMowhmcQxU8qEMD7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QOHvI1D</latexit>

(a)

0 125 250 375 500

<latexit sha1_base64="a5TgmIUtL9ZtuA3pQpIrRBj4sgM=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCozutCVFty4rGAv0A7lTJppYzPJkGSEUvoOblwo4tYH8Q3c+Taml4W2/hD4+P9zyDknSgU31ve/vdzK6tr6Rn6zsLW9s7tX3D+oG5VpympUCaWbERomuGQ1y61gzVQzTCLBGtHgZpI3Hpk2XMl7O0xZmGBP8phTtM6qt1GkfewUS37Zn4osQzCH0vXn+XkFAKqd4le7q2iWMGmpQGNagZ/acITacirYuNDODEuRDrDHWg4lJsyEo+m0Y3LinC6JlXZPWjJ1f3eMMDFmmESuMkHbN4vZxPwva2U2vgxHXKaZZZLOPoozQawik9VJl2tGrRg6QKq5m5XQPmqk1h2o4I4QLK68DPWzcuCXgzu/VLmCmfJwBMdwCgFcQAVuoQo1oPAAT/ACr57ynr03731WmvPmPYfwR97HD8bJkLg=</latexit><latexit sha1_base64="6r+WJpC6EoyzIX59d7MN9Z0df/A=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWIQrMKuFlppwMYygrlAsoSzk9lkzOzMMjMrhCXvYGOhiK0P4hvY+TZONik08YeBj/8/hznnhAln2njet1NYWV1b3yhulra2d3b3yvsHTS1TRWiDSC5VO0RNORO0YZjhtJ0oinHIaSsc3Uzz1iNVmklxb8YJDWIcCBYxgsZazS7yZIi9csWrerncZfDnULn+PM9V75W/un1J0pgKQzhq3fG9xAQZKsMIp5NSN9U0QTLCAe1YFBhTHWT5tBP3xDp9N5LKPmHc3P3dkWGs9TgObWWMZqgXs6n5X9ZJTXQZZEwkqaGCzD6KUu4a6U5Xd/tMUWL42AISxeysLhmiQmLsgUr2CP7iysvQPKv6XtW/8yq1K5ipCEdwDKfgwwXU4Bbq0AACD/AEL/DqSOfZeXPeZ6UFZ95zCH/kfPwAgcaRRA==</latexit><latexit sha1_base64="6r+WJpC6EoyzIX59d7MN9Z0df/A=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWIQrMKuFlppwMYygrlAsoSzk9lkzOzMMjMrhCXvYGOhiK0P4hvY+TZONik08YeBj/8/hznnhAln2njet1NYWV1b3yhulra2d3b3yvsHTS1TRWiDSC5VO0RNORO0YZjhtJ0oinHIaSsc3Uzz1iNVmklxb8YJDWIcCBYxgsZazS7yZIi9csWrerncZfDnULn+PM9V75W/un1J0pgKQzhq3fG9xAQZKsMIp5NSN9U0QTLCAe1YFBhTHWT5tBP3xDp9N5LKPmHc3P3dkWGs9TgObWWMZqgXs6n5X9ZJTXQZZEwkqaGCzD6KUu4a6U5Xd/tMUWL42AISxeysLhmiQmLsgUr2CP7iysvQPKv6XtW/8yq1K5ipCEdwDKfgwwXU4Bbq0AACD/AEL/DqSOfZeXPeZ6UFZ95zCH/kfPwAgcaRRA==</latexit><latexit sha1_base64="zQ2PWmF3nwIFBFZXqfhSkNebr9g=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NVhKwsYxgPiA5wtxmL1mzt3vs7gnhyH+wsVDE1v9j579xk1yhiQ8GHu/NMDMvSgU31ve/vbX1jc2t7dJOeXdv/+CwcnTcMirTlDWpEkp3IjRMcMmallvBOqlmmESCtaPx7cxvPzFtuJIPdpKyMMGh5DGnaJ3U6qFIR9ivVP2aPwdZJUFBqlCg0a989QaKZgmTlgo0phv4qQ1z1JZTwablXmZYinSMQ9Z1VGLCTJjPr52Sc6cMSKy0K2nJXP09kWNizCSJXGeCdmSWvZn4n9fNbHwd5lymmWWSLhbFmSBWkdnrZMA1o1ZMHEGqubuV0BFqpNYFVHYhBMsvr5LWZS3wa8G9X63fFHGU4BTO4AICuII63EEDmkDhEZ7hFd485b14797HonXNK2ZO4A+8zx+JDY8Q</latexit> ↵
<latexit sha1_base64="a5TgmIUtL9ZtuA3pQpIrRBj4sgM=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCozutCVFty4rGAv0A7lTJppYzPJkGSEUvoOblwo4tYH8Q3c+Taml4W2/hD4+P9zyDknSgU31ve/vdzK6tr6Rn6zsLW9s7tX3D+oG5VpympUCaWbERomuGQ1y61gzVQzTCLBGtHgZpI3Hpk2XMl7O0xZmGBP8phTtM6qt1GkfewUS37Zn4osQzCH0vXn+XkFAKqd4le7q2iWMGmpQGNagZ/acITacirYuNDODEuRDrDHWg4lJsyEo+m0Y3LinC6JlXZPWjJ1f3eMMDFmmESuMkHbN4vZxPwva2U2vgxHXKaZZZLOPoozQawik9VJl2tGrRg6QKq5m5XQPmqk1h2o4I4QLK68DPWzcuCXgzu/VLmCmfJwBMdwCgFcQAVuoQo1oPAAT/ACr57ynr03731WmvPmPYfwR97HD8bJkLg=</latexit><latexit sha1_base64="6r+WJpC6EoyzIX59d7MN9Z0df/A=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWIQrMKuFlppwMYygrlAsoSzk9lkzOzMMjMrhCXvYGOhiK0P4hvY+TZONik08YeBj/8/hznnhAln2njet1NYWV1b3yhulra2d3b3yvsHTS1TRWiDSC5VO0RNORO0YZjhtJ0oinHIaSsc3Uzz1iNVmklxb8YJDWIcCBYxgsZazS7yZIi9csWrerncZfDnULn+PM9V75W/un1J0pgKQzhq3fG9xAQZKsMIp5NSN9U0QTLCAe1YFBhTHWT5tBP3xDp9N5LKPmHc3P3dkWGs9TgObWWMZqgXs6n5X9ZJTXQZZEwkqaGCzD6KUu4a6U5Xd/tMUWL42AISxeysLhmiQmLsgUr2CP7iysvQPKv6XtW/8yq1K5ipCEdwDKfgwwXU4Bbq0AACD/AEL/DqSOfZeXPeZ6UFZ95zCH/kfPwAgcaRRA==</latexit><latexit sha1_base64="6r+WJpC6EoyzIX59d7MN9Z0df/A=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWIQrMKuFlppwMYygrlAsoSzk9lkzOzMMjMrhCXvYGOhiK0P4hvY+TZONik08YeBj/8/hznnhAln2njet1NYWV1b3yhulra2d3b3yvsHTS1TRWiDSC5VO0RNORO0YZjhtJ0oinHIaSsc3Uzz1iNVmklxb8YJDWIcCBYxgsZazS7yZIi9csWrerncZfDnULn+PM9V75W/un1J0pgKQzhq3fG9xAQZKsMIp5NSN9U0QTLCAe1YFBhTHWT5tBP3xDp9N5LKPmHc3P3dkWGs9TgObWWMZqgXs6n5X9ZJTXQZZEwkqaGCzD6KUu4a6U5Xd/tMUWL42AISxeysLhmiQmLsgUr2CP7iysvQPKv6XtW/8yq1K5ipCEdwDKfgwwXU4Bbq0AACD/AEL/DqSOfZeXPeZ6UFZ95zCH/kfPwAgcaRRA==</latexit><latexit sha1_base64="zQ2PWmF3nwIFBFZXqfhSkNebr9g=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NVhKwsYxgPiA5wtxmL1mzt3vs7gnhyH+wsVDE1v9j579xk1yhiQ8GHu/NMDMvSgU31ve/vbX1jc2t7dJOeXdv/+CwcnTcMirTlDWpEkp3IjRMcMmallvBOqlmmESCtaPx7cxvPzFtuJIPdpKyMMGh5DGnaJ3U6qFIR9ivVP2aPwdZJUFBqlCg0a989QaKZgmTlgo0phv4qQ1z1JZTwablXmZYinSMQ9Z1VGLCTJjPr52Sc6cMSKy0K2nJXP09kWNizCSJXGeCdmSWvZn4n9fNbHwd5lymmWWSLhbFmSBWkdnrZMA1o1ZMHEGqubuV0BFqpNYFVHYhBMsvr5LWZS3wa8G9X63fFHGU4BTO4AICuII63EEDmkDhEZ7hFd485b14797HonXNK2ZO4A+8zx+JDY8Q</latexit>

<latexit sha1_base64="a5TgmIUtL9ZtuA3pQpIrRBj4sgM=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCozutCVFty4rGAv0A7lTJppYzPJkGSEUvoOblwo4tYH8Q3c+Taml4W2/hD4+P9zyDknSgU31ve/vdzK6tr6Rn6zsLW9s7tX3D+oG5VpympUCaWbERomuGQ1y61gzVQzTCLBGtHgZpI3Hpk2XMl7O0xZmGBP8phTtM6qt1GkfewUS37Zn4osQzCH0vXn+XkFAKqd4le7q2iWMGmpQGNagZ/acITacirYuNDODEuRDrDHWg4lJsyEo+m0Y3LinC6JlXZPWjJ1f3eMMDFmmESuMkHbN4vZxPwva2U2vgxHXKaZZZLOPoozQawik9VJl2tGrRg6QKq5m5XQPmqk1h2o4I4QLK68DPWzcuCXgzu/VLmCmfJwBMdwCgFcQAVuoQo1oPAAT/ACr57ynr03731WmvPmPYfwR97HD8bJkLg=</latexit><latexit sha1_base64="6r+WJpC6EoyzIX59d7MN9Z0df/A=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWIQrMKuFlppwMYygrlAsoSzk9lkzOzMMjMrhCXvYGOhiK0P4hvY+TZONik08YeBj/8/hznnhAln2njet1NYWV1b3yhulra2d3b3yvsHTS1TRWiDSC5VO0RNORO0YZjhtJ0oinHIaSsc3Uzz1iNVmklxb8YJDWIcCBYxgsZazS7yZIi9csWrerncZfDnULn+PM9V75W/un1J0pgKQzhq3fG9xAQZKsMIp5NSN9U0QTLCAe1YFBhTHWT5tBP3xDp9N5LKPmHc3P3dkWGs9TgObWWMZqgXs6n5X9ZJTXQZZEwkqaGCzD6KUu4a6U5Xd/tMUWL42AISxeysLhmiQmLsgUr2CP7iysvQPKv6XtW/8yq1K5ipCEdwDKfgwwXU4Bbq0AACD/AEL/DqSOfZeXPeZ6UFZ95zCH/kfPwAgcaRRA==</latexit><latexit sha1_base64="6r+WJpC6EoyzIX59d7MN9Z0df/A=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWIQrMKuFlppwMYygrlAsoSzk9lkzOzMMjMrhCXvYGOhiK0P4hvY+TZONik08YeBj/8/hznnhAln2njet1NYWV1b3yhulra2d3b3yvsHTS1TRWiDSC5VO0RNORO0YZjhtJ0oinHIaSsc3Uzz1iNVmklxb8YJDWIcCBYxgsZazS7yZIi9csWrerncZfDnULn+PM9V75W/un1J0pgKQzhq3fG9xAQZKsMIp5NSN9U0QTLCAe1YFBhTHWT5tBP3xDp9N5LKPmHc3P3dkWGs9TgObWWMZqgXs6n5X9ZJTXQZZEwkqaGCzD6KUu4a6U5Xd/tMUWL42AISxeysLhmiQmLsgUr2CP7iysvQPKv6XtW/8yq1K5ipCEdwDKfgwwXU4Bbq0AACD/AEL/DqSOfZeXPeZ6UFZ95zCH/kfPwAgcaRRA==</latexit><latexit sha1_base64="zQ2PWmF3nwIFBFZXqfhSkNebr9g=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NVhKwsYxgPiA5wtxmL1mzt3vs7gnhyH+wsVDE1v9j579xk1yhiQ8GHu/NMDMvSgU31ve/vbX1jc2t7dJOeXdv/+CwcnTcMirTlDWpEkp3IjRMcMmallvBOqlmmESCtaPx7cxvPzFtuJIPdpKyMMGh5DGnaJ3U6qFIR9ivVP2aPwdZJUFBqlCg0a989QaKZgmTlgo0phv4qQ1z1JZTwablXmZYinSMQ9Z1VGLCTJjPr52Sc6cMSKy0K2nJXP09kWNizCSJXGeCdmSWvZn4n9fNbHwd5lymmWWSLhbFmSBWkdnrZMA1o1ZMHEGqubuV0BFqpNYFVHYhBMsvr5LWZS3wa8G9X63fFHGU4BTO4AICuII63EEDmkDhEZ7hFd485b14797HonXNK2ZO4A+8zx+JDY8Q</latexit>

<latexit sha1_base64="gKqaV7+z7qxbtpRzg/QzQKBB2BA=">AAACBnicbZC7SgNBFIbPxluMt6ilKINBiE2ym0YrCdhYRjAXSNYwOztJhszOLjOzgbCksvEV0tnaWChi6zPY+TZOLoUm/jDw8Z9zOHN+L+JMadv+tlIrq2vrG+nNzNb2zu5edv+gpsJYElolIQ9lw8OKciZoVTPNaSOSFAcep3Wvfz2p1wdUKhaKOz2MqBvgrmAdRrA2Vjt7PCjmu6jFsehyinzUklM6v0+cYmnUzubsgj0VWgZnDrnyyXj8BACVdvar5YckDqjQhGOlmo4daTfBUjPC6SjTihWNMOnjLm0aFDigyk2mZ4zQmXF81AmleUKjqft7IsGBUsPAM50B1j21WJuY/9Wase5cugkTUaypILNFnZgjHaJJJshnkhLNhwYwkcz8FZEelphok1zGhOAsnrwMtVLBsQvOrUnjCmZKwxGcQh4cuIAy3EAFqkDgAZ7hFd6sR+vFerc+Zq0paz5zCH9kff4A2Q6Zog==</latexit><latexit sha1_base64="PklE0ODyj1VtTZn7cBd8wquZbrQ=">AAACBnicbZDLSsNAFIYnXmu9RV2KMliEummTbnQlBTcuK9gLNLFMJpN26GQSZiaFErpy4yvoG7hxoYhbn8Gdb+Mk7UJbfxj4+M85nDm/FzMqlWV9G0vLK6tr64WN4ubW9s6uubffklEiMGniiEWi4yFJGOWkqahipBMLgkKPkbY3vMrq7RERkkb8Vo1j4oaoz2lAMVLa6plHo2q5Dx2GeJ8R6ENH5HR2l9rV2qRnlqyKlQsugj2DUv34MdNTo2d+OX6Ek5BwhRmSsmtbsXJTJBTFjEyKTiJJjPAQ9UlXI0chkW6anzGBp9rxYRAJ/biCuft7IkWhlOPQ050hUgM5X8vM/2rdRAUXbkp5nCjC8XRRkDCoIphlAn0qCFZsrAFhQfVfIR4ggbDSyRV1CPb8yYvQqlVsq2Lf6DQuwVQFcAhOQBnY4BzUwTVogCbA4B48g1fwZjwYL8a78TFtXTJmMwfgj4zPHzZam2c=</latexit><latexit sha1_base64="zatRMBHfOMARZR4ur7klLI6Yt2A=">AAACBnicbZDLSsNAFIYn9VbrLepShMEi1E2bdKMrKbhxWcFeoIllMpmkQyeTMDMplNCVG1/FjQtF3PoM7nwbp2kW2vrDwMd/zuHM+b2EUaks69sora1vbG6Vtys7u3v7B+bhUVfGqcCkg2MWi76HJGGUk46iipF+IgiKPEZ63vhmXu9NiJA05vdqmhA3QiGnAcVIaWtonk4atRA6DPGQEehDR+R08ZDZjeZsaFatupULroJdQBUUag/NL8ePcRoRrjBDUg5sK1FuhoSimJFZxUklSRAeo5AMNHIUEelm+RkzeK4dHwax0I8rmLu/JzIUSTmNPN0ZITWSy7W5+V9tkKrgys0oT1JFOF4sClIGVQznmUCfCoIVm2pAWFD9V4hHSCCsdHIVHYK9fPIqdJt126rbd1a1dV3EUQYn4AzUgA0uQQvcgjboAAwewTN4BW/Gk/FivBsfi9aSUcwcgz8yPn8A5TyXcg==</latexit>

f+
n /(hmig)

<latexit sha1_base64="wxanRCyuCEM3wGZ6u1MjxiyAXq4=">AAACBHicbZC7SgNBFIbPxluMt1XLgAwGISLEXRutJGBjGcFcIIlhdjK7GTI7u8zMCmFJYeM7pLOzsVDE1oew822cXApN/GHg4z/ncOb8XsyZ0o7zbWWWlldW17LruY3Nre0de3evpqJEElolEY9kw8OKciZoVTPNaSOWFIcep3WvfzWu1++pVCwSt3oQ03aIA8F8RrA2VsfO+x1xd3JabHEsAk5RiFpySsFxxy44JWcitAjuDArlg9HoCQAqHfur1Y1IElKhCcdKNV0n1u0US80Ip8NcK1E0xqSPA9o0KHBIVTudHDFER8bpIj+S5gmNJu7viRSHSg1Cz3SGWPfUfG1s/ldrJtq/aKdMxImmgkwX+QlHOkLjRFCXSUo0HxjARDLzV0R6WGKiTW45E4I7f/Ii1M5KrlNyb0walzBVFvJwCEVw4RzKcA0VqAKBB3iGV3izHq0X6936mLZmrNnMPvyR9fkDltCY9Q==</latexit><latexit sha1_base64="62W1wvr0xxA5D2g1TExbgoql0pw=">AAACBHicbZDLSsNAFIYnXmu9RV0WZLAIFaEmbnQlBTcuK9gLNDFMppN06GQSZiZCCV248R30Bdy4UMStD+HOt3HSdKGtPwx8/OcczpzfTxiVyrK+jYXFpeWV1dJaeX1jc2vb3NltyzgVmLRwzGLR9ZEkjHLSUlQx0k0EQZHPSMcfXub1zh0Rksb8Ro0S4kYo5DSgGClteWYl8Pjt8UnNYYiHjMAIOqKg8Mgzq1bdmgjOgz2FamP/MddT0zO/nH6M04hwhRmSsmdbiXIzJBTFjIzLTipJgvAQhaSnkaOISDebHDGGh9rpwyAW+nEFJ+7viQxFUo4iX3dGSA3kbC03/6v1UhWcuxnlSaoIx8WiIGVQxTBPBPapIFixkQaEBdV/hXiABMJK51bWIdizJ89D+7RuW3X7WqdxAQqVQAUcgBqwwRlogCvQBC2AwT14Bq/gzXgwXox346NoXTCmM3vgj4zPH/QNmro=</latexit><latexit sha1_base64="62W1wvr0xxA5D2g1TExbgoql0pw=">AAACBHicbZDLSsNAFIYnXmu9RV0WZLAIFaEmbnQlBTcuK9gLNDFMppN06GQSZiZCCV248R30Bdy4UMStD+HOt3HSdKGtPwx8/OcczpzfTxiVyrK+jYXFpeWV1dJaeX1jc2vb3NltyzgVmLRwzGLR9ZEkjHLSUlQx0k0EQZHPSMcfXub1zh0Rksb8Ro0S4kYo5DSgGClteWYl8Pjt8UnNYYiHjMAIOqKg8Mgzq1bdmgjOgz2FamP/MddT0zO/nH6M04hwhRmSsmdbiXIzJBTFjIzLTipJgvAQhaSnkaOISDebHDGGh9rpwyAW+nEFJ+7viQxFUo4iX3dGSA3kbC03/6v1UhWcuxnlSaoIx8WiIGVQxTBPBPapIFixkQaEBdV/hXiABMJK51bWIdizJ89D+7RuW3X7WqdxAQqVQAUcgBqwwRlogCvQBC2AwT14Bq/gzXgwXox346NoXTCmM3vgj4zPH/QNmro=</latexit><latexit sha1_base64="dfZw4mGDxovyV4BS4/3bEBQ8GPg=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiVISauNGVFNy4rGAv0MQwmU7SoTOTMDMRSujCja/ixoUibn0Id76N0zYLbf1h4OM/53Dm/GHKqNKO822VVlbX1jfKm5Wt7Z3dPXv/oKOSTGLSxglLZC9EijAqSFtTzUgvlQTxkJFuOLqe1rsPRCqaiDs9TonPUSxoRDHSxgrsahSI+9OzuseQiBmBHHpyTvFJYNechjMTXAa3gBoo1ArsL2+Q4IwToTFDSvVdJ9V+jqSmmJFJxcsUSREeoZj0DQrEifLz2RETeGycAYwSaZ7QcOb+nsgRV2rMQ9PJkR6qxdrU/K/Wz3R06edUpJkmAs8XRRmDOoHTROCASoI1GxtAWFLzV4iHSCKsTW4VE4K7ePIydM4brtNwb51a86qIowyq4AjUgQsuQBPcgBZoAwwewTN4BW/Wk/VivVsf89aSVcwcgj+yPn8Aov6WxQ==</latexit>

<latexit sha1_base64="gi7RjWNgwmKb7V9GKwP2loR3X5s=">AAACBHicbZC7SgNBFIbPxluMt1XLgAwGIRbGXRutJGBjGcFcIIlhdjK7GTI7u8zMCmFJYeM7pLOzsVDE1oew822cXApN/GHg4z/ncOb8XsyZ0o7zbWWWlldW17LruY3Nre0de3evpqJEElolEY9kw8OKciZoVTPNaSOWFIcep3WvfzWu1++pVCwSt3oQ03aIA8F8RrA2VsfO+x1xd3JabHEsAk5RiFpySsFxxy44JWcitAjuDArlg9HoCQAqHfur1Y1IElKhCcdKNV0n1u0US80Ip8NcK1E0xqSPA9o0KHBIVTudHDFER8bpIj+S5gmNJu7viRSHSg1Cz3SGWPfUfG1s/ldrJtq/aKdMxImmgkwX+QlHOkLjRFCXSUo0HxjARDLzV0R6WGKiTW45E4I7f/Ii1M5KrlNyb0walzBVFvJwCEVw4RzKcA0VqAKBB3iGV3izHq0X6936mLZmrNnMPvyR9fkDmgSY9w==</latexit><latexit sha1_base64="lmhBpOAykmk+qpWyxFdQqFXBIHI=">AAACBHicbZDLSsNAFIYnXmu9RV0WZLAIdWFN3OhKCm5cVrAXaGKYTCfp0MkkzEyEErpw4zvoC7hxoYhbH8Kdb+Ok6UJbfxj4+M85nDm/nzAqlWV9GwuLS8srq6W18vrG5ta2ubPblnEqMGnhmMWi6yNJGOWkpahipJsIgiKfkY4/vMzrnTsiJI35jRolxI1QyGlAMVLa8sxK4PHb45OawxAPGYERdERB4ZFnVq26NRGcB3sK1cb+Y66npmd+Of0YpxHhCjMkZc+2EuVmSCiKGRmXnVSSBOEhCklPI0cRkW42OWIMD7XTh0Es9OMKTtzfExmKpBxFvu6MkBrI2Vpu/lfrpSo4dzPKk1QRjotFQcqgimGeCOxTQbBiIw0IC6r/CvEACYSVzq2sQ7BnT56H9mndtur2tU7jAhQqgQo4ADVggzPQAFegCVoAg3vwDF7Bm/FgvBjvxkfRumBMZ/bAHxmfP/dBmrw=</latexit><latexit sha1_base64="lmhBpOAykmk+qpWyxFdQqFXBIHI=">AAACBHicbZDLSsNAFIYnXmu9RV0WZLAIdWFN3OhKCm5cVrAXaGKYTCfp0MkkzEyEErpw4zvoC7hxoYhbH8Kdb+Ok6UJbfxj4+M85nDm/nzAqlWV9GwuLS8srq6W18vrG5ta2ubPblnEqMGnhmMWi6yNJGOWkpahipJsIgiKfkY4/vMzrnTsiJI35jRolxI1QyGlAMVLa8sxK4PHb45OawxAPGYERdERB4ZFnVq26NRGcB3sK1cb+Y66npmd+Of0YpxHhCjMkZc+2EuVmSCiKGRmXnVSSBOEhCklPI0cRkW42OWIMD7XTh0Es9OMKTtzfExmKpBxFvu6MkBrI2Vpu/lfrpSo4dzPKk1QRjotFQcqgimGeCOxTQbBiIw0IC6r/CvEACYSVzq2sQ7BnT56H9mndtur2tU7jAhQqgQo4ADVggzPQAFegCVoAg3vwDF7Bm/FgvBjvxkfRumBMZ/bAHxmfP/dBmrw=</latexit><latexit sha1_base64="LOyQgqAwpQkBTaMpI/kQYgwGqLs=">AAACBHicbZC7TsMwFIadcivlFmDsYlEhlYGSsMCEKrEwFolepCZEjuukVm0nsh2kKurAwquwMIAQKw/Bxtvgthmg5ZcsffrPOTo+f5gyqrTjfFulldW19Y3yZmVre2d3z94/6Kgkk5i0ccIS2QuRIowK0tZUM9JLJUE8ZKQbjq6n9e4DkYom4k6PU+JzFAsaUYy0sQK7GgXi/vSs7jEkYkYgh56cU3wS2DWn4cwEl8EtoAYKtQL7yxskOONEaMyQUn3XSbWfI6kpZmRS8TJFUoRHKCZ9gwJxovx8dsQEHhtnAKNEmic0nLm/J3LElRrz0HRypIdqsTY1/6v1Mx1d+jkVaaaJwPNFUcagTuA0ETigkmDNxgYQltT8FeIhkghrk1vFhOAunrwMnfOG6zTcW6fWvCriKIMqOAJ14IIL0AQ3oAXaAINH8AxewZv1ZL1Y79bHvLVkFTOH4I+szx+mMpbH</latexit><latexit sha1_base64="mEsJDF8lufbiFUWuOUaXqufzX/A=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAYhXsKuFz1JwIvHiOYByRJmJ73JkNnZZWZWCEs+wYsHJXjx4Bd582+cPA6aWNBQVHXT3RUkgmvjut9Obm19Y3Mrv13Y2d3bPygeHjV0nCqGdRaLWLUCqlFwiXXDjcBWopBGgcBmMLyd+s0nVJrH8tGMEvQj2pc85IwaKz2U6UW3WHIr7gxklXgLUqqeTiYfAFDrFr86vZilEUrDBNW67bmJ8TOqDGcCx4VOqjGhbEj72LZU0gi1n81OHZNzq/RIGCtb0pCZ+nsio5HWoyiwnRE1A73sTcX/vHZqwms/4zJJDUo2XxSmgpiYTP8mPa6QGTGyhDLF7a2EDaiizNh0CjYEb/nlVdK4rHhuxbu3adzAHHk4gTMogwdXUIU7qEEdGPThGV7hzRHOizNx3uetOWcxcwx/4Hz+AHoJj3I=</latexit><latexit sha1_base64="vFUXmRcYgtEwjJicGuL60Jvb+3U=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAYhXsKuFz1JwIvHiOYByRJmJ5NkyOzsMtMrhCWf4MWDEr36Rd78G2eTHDSxoKGo6qa7K4ilMOi6305ubX1jcyu/XdjZ3ds/KB4eNUyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go9vMbz5xbUSkHnEccz+kAyX6glG00kOZXnSLJbfizkBWibcgperpNMN7rVv86vQiloRcIZPUmLbnxuinVKNgkk8KncTwmLIRHfC2pYqG3Pjp7NQJObdKj/QjbUshmam/J1IaGjMOA9sZUhyaZS8T//PaCfav/VSoOEGu2HxRP5EEI5L9TXpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSuKx4bsW7t2ncwBx5OIEzKIMHV1CFO6hBHRgM4Ble4c2RzoszdT7mrTlnMXMMf+B8/gDXRpE3</latexit><latexit sha1_base64="75VI/rMSWBByNYO5AajfTunWHoI=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3BnEysJ2FhGNB+QHGFus5cs2ds7dveEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFySCa+O6305hY3Nre6e4W9rbPzg8Kh+ftHWcKspaNBax6gaomeCStQw3gnUTxTAKBOsEk9u533liSvNYPpppwvwIR5KHnKKx0kMVLwfliltzFyDrxMtJBXI0B+Wv/jCmacSkoQK17nluYvwMleFUsFmpn2qWIJ3giPUslRgx7WeLU2fkwipDEsbKljRkof6eyDDSehoFtjNCM9ar3lz8z+ulJrz2My6T1DBJl4vCVBATk/nfZMgVo0ZMLUGquL2V0DEqpMamU7IheKsvr5P2Vc1za969W2nc5HEU4QzOoQoe1KEBd9CEFlAYwTO8wpsjnBfn3flYthacfOYU/sD5/AGGN41C</latexit>

<latexit sha1_base64="Zyg146szKWSAsKlUJvfL0NeRt/I=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAYhXsKuFz1JwIvHiOYByRJmJ73JkNnZZWZWCEs+wYsHJXjx4Bd582+cPA6aWNBQVHXT3RUkgmvjut9Obm19Y3Mrv13Y2d3bPygeHjV0nCqGdRaLWLUCqlFwiXXDjcBWopBGgcBmMLyd+s0nVJrH8tGMEvQj2pc85IwaKz2U2UW3WHIr7gxklXgLUqqeTiYfAFDrFr86vZilEUrDBNW67bmJ8TOqDGcCx4VOqjGhbEj72LZU0gi1n81OHZNzq/RIGCtb0pCZ+nsio5HWoyiwnRE1A73sTcX/vHZqwms/4zJJDUo2XxSmgpiYTP8mPa6QGTGyhDLF7a2EDaiizNh0CjYEb/nlVdK4rHhuxbu3adzAHHk4gTMogwdXUIU7qEEdGPThGV7hzRHOizNx3uetOWcxcwx/4Hz+AH0Tj3Q=</latexit><latexit sha1_base64="qMvo01GwgR7WatU4VTvkvGabFPc=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAYhXsKuFz1JwIvHiOYByRJmJ5NkyOzsMtMrhCWf4MWDEr36Rd78G2eTHDSxoKGo6qa7K4ilMOi6305ubX1jcyu/XdjZ3ds/KB4eNUyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go9vMbz5xbUSkHnEccz+kAyX6glG00kOZXXSLJbfizkBWibcgperpNMN7rVv86vQiloRcIZPUmLbnxuinVKNgkk8KncTwmLIRHfC2pYqG3Pjp7NQJObdKj/QjbUshmam/J1IaGjMOA9sZUhyaZS8T//PaCfav/VSoOEGu2HxRP5EEI5L9TXpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSuKx4bsW7t2ncwBx5OIEzKIMHV1CFO6hBHRgM4Ble4c2RzoszdT7mrTlnMXMMf+B8/gDaUJE5</latexit><latexit sha1_base64="EKdNkcHfRAYDQrwFDyPveTeT1mk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3BnEysJ2FhGNB+QHGFvs5cs2ds7dueEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFyRSGHTdb6ewsbm1vVPcLe3tHxwelY9P2iZONeMtFstYdwNquBSKt1Cg5N1EcxoFkneCye3c7zxxbUSsHnGacD+iIyVCwSha6aHKLgfliltzFyDrxMtJBXI0B+Wv/jBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8tTp2RC6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYnjtZ0IlKXLFlovCVBKMyfxvMhSaM5RTSyjTwt5K2JhqytCmU7IheKsvr5P2Vc1za969W2nc5HEU4QzOoQoe1KEBd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AGJQY1E</latexit><latexit sha1_base64="Ey0JR7EuWvRS3pf/iX/dld3loBY=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAYhXsKuFz1JwIvHiOYByRJmJ73JkNnZZWZWCEs+wYsHJXjx4Bd582+cPA6aWNBQVHXT3RUkgmvjut9Obm19Y3Mrv13Y2d3bPygeHjV0nCqGdRaLWLUCqlFwiXXDjcBWopBGgcBmMLyd+s0nVJrH8tGMEvQj2pc85IwaKz2Ug4tuseRW3BnIKvEWpFQ9nUw+AKDWLX51ejFLI5SGCap123MT42dUGc4EjgudVGNC2ZD2sW2ppBFqP5udOibnVumRMFa2pCEz9fdERiOtR1FgOyNqBnrZm4r/ee3UhNd+xmWSGpRsvihMBTExmf5NelwhM2JkCWWK21sJG1BFmbHpFGwI3vLLq6RxWfHcindv07iBOfJwAmdQBg+uoAp3UIM6MOjDM7zCmyOcF2fivM9bc85i5hj+wPn8AXuOj3M=</latexit><latexit sha1_base64="Z1ITGkoQEJpu8AR7FHxtEngCTyk=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAYhXsKuFz1JwIvHiOYByRJmJ5NkyOzsMtMrhCWf4MWDEr36Rd78G2eTHDSxoKGo6qa7K4ilMOi6305ubX1jcyu/XdjZ3ds/KB4eNUyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go9vMbz5xbUSkHnEccz+kAyX6glG00kM5uOgWS27FnYGsEm9BStXTaYb3Wrf41elFLAm5QiapMW3PjdFPqUbBJJ8UOonhMWUjOuBtSxUNufHT2akTcm6VHulH2pZCMlN/T6Q0NGYcBrYzpDg0y14m/ue1E+xf+6lQcYJcsfmifiIJRiT7m/SE5gzl2BLKtLC3EjakmjK06RRsCN7yy6ukcVnx3Ip3b9O4gTnycAJnUAYPrqAKd1CDOjAYwDO8wpsjnRdn6nzMW3POYuYY/sD5/AHYy5E4</latexit><latexit sha1_base64="hNxphi0fO8626qHDfUHxtZeOFBg=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3BnEysJ2FhGNB+QHGFvs5cs2ds7dueEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFyRSGHTdb6ewsbm1vVPcLe3tHxwelY9P2iZONeMtFstYdwNquBSKt1Cg5N1EcxoFkneCye3c7zxxbUSsHnGacD+iIyVCwSha6aEaXA7KFbfmLkDWiZeTCuRoDspf/WHM0ogrZJIa0/PcBP2MahRM8lmpnxqeUDahI96zVNGIGz9bnDojF1YZkjDWthSShfp7IqORMdMosJ0RxbFZ9ebif14vxfDaz4RKUuSKLReFqSQYk/nfZCg0ZyinllCmhb2VsDHVlKFNp2RD8FZfXiftq5rn1rx7t9K4yeMowhmcQxU8qEMD7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QOHvI1D</latexit>

(b)

0 25 50 75 100

<latexit sha1_base64="a5TgmIUtL9ZtuA3pQpIrRBj4sgM=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCozutCVFty4rGAv0A7lTJppYzPJkGSEUvoOblwo4tYH8Q3c+Taml4W2/hD4+P9zyDknSgU31ve/vdzK6tr6Rn6zsLW9s7tX3D+oG5VpympUCaWbERomuGQ1y61gzVQzTCLBGtHgZpI3Hpk2XMl7O0xZmGBP8phTtM6qt1GkfewUS37Zn4osQzCH0vXn+XkFAKqd4le7q2iWMGmpQGNagZ/acITacirYuNDODEuRDrDHWg4lJsyEo+m0Y3LinC6JlXZPWjJ1f3eMMDFmmESuMkHbN4vZxPwva2U2vgxHXKaZZZLOPoozQawik9VJl2tGrRg6QKq5m5XQPmqk1h2o4I4QLK68DPWzcuCXgzu/VLmCmfJwBMdwCgFcQAVuoQo1oPAAT/ACr57ynr03731WmvPmPYfwR97HD8bJkLg=</latexit><latexit sha1_base64="6r+WJpC6EoyzIX59d7MN9Z0df/A=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWIQrMKuFlppwMYygrlAsoSzk9lkzOzMMjMrhCXvYGOhiK0P4hvY+TZONik08YeBj/8/hznnhAln2njet1NYWV1b3yhulra2d3b3yvsHTS1TRWiDSC5VO0RNORO0YZjhtJ0oinHIaSsc3Uzz1iNVmklxb8YJDWIcCBYxgsZazS7yZIi9csWrerncZfDnULn+PM9V75W/un1J0pgKQzhq3fG9xAQZKsMIp5NSN9U0QTLCAe1YFBhTHWT5tBP3xDp9N5LKPmHc3P3dkWGs9TgObWWMZqgXs6n5X9ZJTXQZZEwkqaGCzD6KUu4a6U5Xd/tMUWL42AISxeysLhmiQmLsgUr2CP7iysvQPKv6XtW/8yq1K5ipCEdwDKfgwwXU4Bbq0AACD/AEL/DqSOfZeXPeZ6UFZ95zCH/kfPwAgcaRRA==</latexit><latexit sha1_base64="6r+WJpC6EoyzIX59d7MN9Z0df/A=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWIQrMKuFlppwMYygrlAsoSzk9lkzOzMMjMrhCXvYGOhiK0P4hvY+TZONik08YeBj/8/hznnhAln2njet1NYWV1b3yhulra2d3b3yvsHTS1TRWiDSC5VO0RNORO0YZjhtJ0oinHIaSsc3Uzz1iNVmklxb8YJDWIcCBYxgsZazS7yZIi9csWrerncZfDnULn+PM9V75W/un1J0pgKQzhq3fG9xAQZKsMIp5NSN9U0QTLCAe1YFBhTHWT5tBP3xDp9N5LKPmHc3P3dkWGs9TgObWWMZqgXs6n5X9ZJTXQZZEwkqaGCzD6KUu4a6U5Xd/tMUWL42AISxeysLhmiQmLsgUr2CP7iysvQPKv6XtW/8yq1K5ipCEdwDKfgwwXU4Bbq0AACD/AEL/DqSOfZeXPeZ6UFZ95zCH/kfPwAgcaRRA==</latexit><latexit sha1_base64="zQ2PWmF3nwIFBFZXqfhSkNebr9g=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NVhKwsYxgPiA5wtxmL1mzt3vs7gnhyH+wsVDE1v9j579xk1yhiQ8GHu/NMDMvSgU31ve/vbX1jc2t7dJOeXdv/+CwcnTcMirTlDWpEkp3IjRMcMmallvBOqlmmESCtaPx7cxvPzFtuJIPdpKyMMGh5DGnaJ3U6qFIR9ivVP2aPwdZJUFBqlCg0a989QaKZgmTlgo0phv4qQ1z1JZTwablXmZYinSMQ9Z1VGLCTJjPr52Sc6cMSKy0K2nJXP09kWNizCSJXGeCdmSWvZn4n9fNbHwd5lymmWWSLhbFmSBWkdnrZMA1o1ZMHEGqubuV0BFqpNYFVHYhBMsvr5LWZS3wa8G9X63fFHGU4BTO4AICuII63EEDmkDhEZ7hFd485b14797HonXNK2ZO4A+8zx+JDY8Q</latexit>

<latexit sha1_base64="a5TgmIUtL9ZtuA3pQpIrRBj4sgM=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCozutCVFty4rGAv0A7lTJppYzPJkGSEUvoOblwo4tYH8Q3c+Taml4W2/hD4+P9zyDknSgU31ve/vdzK6tr6Rn6zsLW9s7tX3D+oG5VpympUCaWbERomuGQ1y61gzVQzTCLBGtHgZpI3Hpk2XMl7O0xZmGBP8phTtM6qt1GkfewUS37Zn4osQzCH0vXn+XkFAKqd4le7q2iWMGmpQGNagZ/acITacirYuNDODEuRDrDHWg4lJsyEo+m0Y3LinC6JlXZPWjJ1f3eMMDFmmESuMkHbN4vZxPwva2U2vgxHXKaZZZLOPoozQawik9VJl2tGrRg6QKq5m5XQPmqk1h2o4I4QLK68DPWzcuCXgzu/VLmCmfJwBMdwCgFcQAVuoQo1oPAAT/ACr57ynr03731WmvPmPYfwR97HD8bJkLg=</latexit><latexit sha1_base64="6r+WJpC6EoyzIX59d7MN9Z0df/A=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWIQrMKuFlppwMYygrlAsoSzk9lkzOzMMjMrhCXvYGOhiK0P4hvY+TZONik08YeBj/8/hznnhAln2njet1NYWV1b3yhulra2d3b3yvsHTS1TRWiDSC5VO0RNORO0YZjhtJ0oinHIaSsc3Uzz1iNVmklxb8YJDWIcCBYxgsZazS7yZIi9csWrerncZfDnULn+PM9V75W/un1J0pgKQzhq3fG9xAQZKsMIp5NSN9U0QTLCAe1YFBhTHWT5tBP3xDp9N5LKPmHc3P3dkWGs9TgObWWMZqgXs6n5X9ZJTXQZZEwkqaGCzD6KUu4a6U5Xd/tMUWL42AISxeysLhmiQmLsgUr2CP7iysvQPKv6XtW/8yq1K5ipCEdwDKfgwwXU4Bbq0AACD/AEL/DqSOfZeXPeZ6UFZ95zCH/kfPwAgcaRRA==</latexit><latexit sha1_base64="6r+WJpC6EoyzIX59d7MN9Z0df/A=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWIQrMKuFlppwMYygrlAsoSzk9lkzOzMMjMrhCXvYGOhiK0P4hvY+TZONik08YeBj/8/hznnhAln2njet1NYWV1b3yhulra2d3b3yvsHTS1TRWiDSC5VO0RNORO0YZjhtJ0oinHIaSsc3Uzz1iNVmklxb8YJDWIcCBYxgsZazS7yZIi9csWrerncZfDnULn+PM9V75W/un1J0pgKQzhq3fG9xAQZKsMIp5NSN9U0QTLCAe1YFBhTHWT5tBP3xDp9N5LKPmHc3P3dkWGs9TgObWWMZqgXs6n5X9ZJTXQZZEwkqaGCzD6KUu4a6U5Xd/tMUWL42AISxeysLhmiQmLsgUr2CP7iysvQPKv6XtW/8yq1K5ipCEdwDKfgwwXU4Bbq0AACD/AEL/DqSOfZeXPeZ6UFZ95zCH/kfPwAgcaRRA==</latexit><latexit sha1_base64="zQ2PWmF3nwIFBFZXqfhSkNebr9g=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NVhKwsYxgPiA5wtxmL1mzt3vs7gnhyH+wsVDE1v9j579xk1yhiQ8GHu/NMDMvSgU31ve/vbX1jc2t7dJOeXdv/+CwcnTcMirTlDWpEkp3IjRMcMmallvBOqlmmESCtaPx7cxvPzFtuJIPdpKyMMGh5DGnaJ3U6qFIR9ivVP2aPwdZJUFBqlCg0a989QaKZgmTlgo0phv4qQ1z1JZTwablXmZYinSMQ9Z1VGLCTJjPr52Sc6cMSKy0K2nJXP09kWNizCSJXGeCdmSWvZn4n9fNbHwd5lymmWWSLhbFmSBWkdnrZMA1o1ZMHEGqubuV0BFqpNYFVHYhBMsvr5LWZS3wa8G9X63fFHGU4BTO4AICuII63EEDmkDhEZ7hFd485b14797HonXNK2ZO4A+8zx+JDY8Q</latexit> ↵
<latexit sha1_base64="a5TgmIUtL9ZtuA3pQpIrRBj4sgM=">AAAB7XicbZDLSgMxFIbP1Futt6pLN8EiuCozutCVFty4rGAv0A7lTJppYzPJkGSEUvoOblwo4tYH8Q3c+Taml4W2/hD4+P9zyDknSgU31ve/vdzK6tr6Rn6zsLW9s7tX3D+oG5VpympUCaWbERomuGQ1y61gzVQzTCLBGtHgZpI3Hpk2XMl7O0xZmGBP8phTtM6qt1GkfewUS37Zn4osQzCH0vXn+XkFAKqd4le7q2iWMGmpQGNagZ/acITacirYuNDODEuRDrDHWg4lJsyEo+m0Y3LinC6JlXZPWjJ1f3eMMDFmmESuMkHbN4vZxPwva2U2vgxHXKaZZZLOPoozQawik9VJl2tGrRg6QKq5m5XQPmqk1h2o4I4QLK68DPWzcuCXgzu/VLmCmfJwBMdwCgFcQAVuoQo1oPAAT/ACr57ynr03731WmvPmPYfwR97HD8bJkLg=</latexit><latexit sha1_base64="6r+WJpC6EoyzIX59d7MN9Z0df/A=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWIQrMKuFlppwMYygrlAsoSzk9lkzOzMMjMrhCXvYGOhiK0P4hvY+TZONik08YeBj/8/hznnhAln2njet1NYWV1b3yhulra2d3b3yvsHTS1TRWiDSC5VO0RNORO0YZjhtJ0oinHIaSsc3Uzz1iNVmklxb8YJDWIcCBYxgsZazS7yZIi9csWrerncZfDnULn+PM9V75W/un1J0pgKQzhq3fG9xAQZKsMIp5NSN9U0QTLCAe1YFBhTHWT5tBP3xDp9N5LKPmHc3P3dkWGs9TgObWWMZqgXs6n5X9ZJTXQZZEwkqaGCzD6KUu4a6U5Xd/tMUWL42AISxeysLhmiQmLsgUr2CP7iysvQPKv6XtW/8yq1K5ipCEdwDKfgwwXU4Bbq0AACD/AEL/DqSOfZeXPeZ6UFZ95zCH/kfPwAgcaRRA==</latexit><latexit sha1_base64="6r+WJpC6EoyzIX59d7MN9Z0df/A=">AAAB7XicbZC7SgNBFIbPxluMt6ilzWIQrMKuFlppwMYygrlAsoSzk9lkzOzMMjMrhCXvYGOhiK0P4hvY+TZONik08YeBj/8/hznnhAln2njet1NYWV1b3yhulra2d3b3yvsHTS1TRWiDSC5VO0RNORO0YZjhtJ0oinHIaSsc3Uzz1iNVmklxb8YJDWIcCBYxgsZazS7yZIi9csWrerncZfDnULn+PM9V75W/un1J0pgKQzhq3fG9xAQZKsMIp5NSN9U0QTLCAe1YFBhTHWT5tBP3xDp9N5LKPmHc3P3dkWGs9TgObWWMZqgXs6n5X9ZJTXQZZEwkqaGCzD6KUu4a6U5Xd/tMUWL42AISxeysLhmiQmLsgUr2CP7iysvQPKv6XtW/8yq1K5ipCEdwDKfgwwXU4Bbq0AACD/AEL/DqSOfZeXPeZ6UFZ95zCH/kfPwAgcaRRA==</latexit><latexit sha1_base64="zQ2PWmF3nwIFBFZXqfhSkNebr9g=">AAAB7XicbVA9SwNBEJ3zM8avqKXNYhCswp2NVhKwsYxgPiA5wtxmL1mzt3vs7gnhyH+wsVDE1v9j579xk1yhiQ8GHu/NMDMvSgU31ve/vbX1jc2t7dJOeXdv/+CwcnTcMirTlDWpEkp3IjRMcMmallvBOqlmmESCtaPx7cxvPzFtuJIPdpKyMMGh5DGnaJ3U6qFIR9ivVP2aPwdZJUFBqlCg0a989QaKZgmTlgo0phv4qQ1z1JZTwablXmZYinSMQ9Z1VGLCTJjPr52Sc6cMSKy0K2nJXP09kWNizCSJXGeCdmSWvZn4n9fNbHwd5lymmWWSLhbFmSBWkdnrZMA1o1ZMHEGqubuV0BFqpNYFVHYhBMsvr5LWZS3wa8G9X63fFHGU4BTO4AICuII63EEDmkDhEZ7hFd485b14797HonXNK2ZO4A+8zx+JDY8Q</latexit>

<latexit sha1_base64="gKqaV7+z7qxbtpRzg/QzQKBB2BA=">AAACBnicbZC7SgNBFIbPxluMt6ilKINBiE2ym0YrCdhYRjAXSNYwOztJhszOLjOzgbCksvEV0tnaWChi6zPY+TZOLoUm/jDw8Z9zOHN+L+JMadv+tlIrq2vrG+nNzNb2zu5edv+gpsJYElolIQ9lw8OKciZoVTPNaSOSFAcep3Wvfz2p1wdUKhaKOz2MqBvgrmAdRrA2Vjt7PCjmu6jFsehyinzUklM6v0+cYmnUzubsgj0VWgZnDrnyyXj8BACVdvar5YckDqjQhGOlmo4daTfBUjPC6SjTihWNMOnjLm0aFDigyk2mZ4zQmXF81AmleUKjqft7IsGBUsPAM50B1j21WJuY/9Wase5cugkTUaypILNFnZgjHaJJJshnkhLNhwYwkcz8FZEelphok1zGhOAsnrwMtVLBsQvOrUnjCmZKwxGcQh4cuIAy3EAFqkDgAZ7hFd6sR+vFerc+Zq0paz5zCH9kff4A2Q6Zog==</latexit><latexit sha1_base64="PklE0ODyj1VtTZn7cBd8wquZbrQ=">AAACBnicbZDLSsNAFIYnXmu9RV2KMliEummTbnQlBTcuK9gLNLFMJpN26GQSZiaFErpy4yvoG7hxoYhbn8Gdb+Mk7UJbfxj4+M85nDm/FzMqlWV9G0vLK6tr64WN4ubW9s6uubffklEiMGniiEWi4yFJGOWkqahipBMLgkKPkbY3vMrq7RERkkb8Vo1j4oaoz2lAMVLa6plHo2q5Dx2GeJ8R6ENH5HR2l9rV2qRnlqyKlQsugj2DUv34MdNTo2d+OX6Ek5BwhRmSsmtbsXJTJBTFjEyKTiJJjPAQ9UlXI0chkW6anzGBp9rxYRAJ/biCuft7IkWhlOPQ050hUgM5X8vM/2rdRAUXbkp5nCjC8XRRkDCoIphlAn0qCFZsrAFhQfVfIR4ggbDSyRV1CPb8yYvQqlVsq2Lf6DQuwVQFcAhOQBnY4BzUwTVogCbA4B48g1fwZjwYL8a78TFtXTJmMwfgj4zPHzZam2c=</latexit><latexit sha1_base64="zatRMBHfOMARZR4ur7klLI6Yt2A=">AAACBnicbZDLSsNAFIYn9VbrLepShMEi1E2bdKMrKbhxWcFeoIllMpmkQyeTMDMplNCVG1/FjQtF3PoM7nwbp2kW2vrDwMd/zuHM+b2EUaks69sora1vbG6Vtys7u3v7B+bhUVfGqcCkg2MWi76HJGGUk46iipF+IgiKPEZ63vhmXu9NiJA05vdqmhA3QiGnAcVIaWtonk4atRA6DPGQEehDR+R08ZDZjeZsaFatupULroJdQBUUag/NL8ePcRoRrjBDUg5sK1FuhoSimJFZxUklSRAeo5AMNHIUEelm+RkzeK4dHwax0I8rmLu/JzIUSTmNPN0ZITWSy7W5+V9tkKrgys0oT1JFOF4sClIGVQznmUCfCoIVm2pAWFD9V4hHSCCsdHIVHYK9fPIqdJt126rbd1a1dV3EUQYn4AzUgA0uQQvcgjboAAwewTN4BW/Gk/FivBsfi9aSUcwcgz8yPn8A5TyXcg==</latexit>

<latexit sha1_base64="wxanRCyuCEM3wGZ6u1MjxiyAXq4=">AAACBHicbZC7SgNBFIbPxluMt1XLgAwGISLEXRutJGBjGcFcIIlhdjK7GTI7u8zMCmFJYeM7pLOzsVDE1oew822cXApN/GHg4z/ncOb8XsyZ0o7zbWWWlldW17LruY3Nre0de3evpqJEElolEY9kw8OKciZoVTPNaSOWFIcep3WvfzWu1++pVCwSt3oQ03aIA8F8RrA2VsfO+x1xd3JabHEsAk5RiFpySsFxxy44JWcitAjuDArlg9HoCQAqHfur1Y1IElKhCcdKNV0n1u0US80Ip8NcK1E0xqSPA9o0KHBIVTudHDFER8bpIj+S5gmNJu7viRSHSg1Cz3SGWPfUfG1s/ldrJtq/aKdMxImmgkwX+QlHOkLjRFCXSUo0HxjARDLzV0R6WGKiTW45E4I7f/Ii1M5KrlNyb0walzBVFvJwCEVw4RzKcA0VqAKBB3iGV3izHq0X6936mLZmrNnMPvyR9fkDltCY9Q==</latexit><latexit sha1_base64="62W1wvr0xxA5D2g1TExbgoql0pw=">AAACBHicbZDLSsNAFIYnXmu9RV0WZLAIFaEmbnQlBTcuK9gLNDFMppN06GQSZiZCCV248R30Bdy4UMStD+HOt3HSdKGtPwx8/OcczpzfTxiVyrK+jYXFpeWV1dJaeX1jc2vb3NltyzgVmLRwzGLR9ZEkjHLSUlQx0k0EQZHPSMcfXub1zh0Rksb8Ro0S4kYo5DSgGClteWYl8Pjt8UnNYYiHjMAIOqKg8Mgzq1bdmgjOgz2FamP/MddT0zO/nH6M04hwhRmSsmdbiXIzJBTFjIzLTipJgvAQhaSnkaOISDebHDGGh9rpwyAW+nEFJ+7viQxFUo4iX3dGSA3kbC03/6v1UhWcuxnlSaoIx8WiIGVQxTBPBPapIFixkQaEBdV/hXiABMJK51bWIdizJ89D+7RuW3X7WqdxAQqVQAUcgBqwwRlogCvQBC2AwT14Bq/gzXgwXox346NoXTCmM3vgj4zPH/QNmro=</latexit><latexit sha1_base64="62W1wvr0xxA5D2g1TExbgoql0pw=">AAACBHicbZDLSsNAFIYnXmu9RV0WZLAIFaEmbnQlBTcuK9gLNDFMppN06GQSZiZCCV248R30Bdy4UMStD+HOt3HSdKGtPwx8/OcczpzfTxiVyrK+jYXFpeWV1dJaeX1jc2vb3NltyzgVmLRwzGLR9ZEkjHLSUlQx0k0EQZHPSMcfXub1zh0Rksb8Ro0S4kYo5DSgGClteWYl8Pjt8UnNYYiHjMAIOqKg8Mgzq1bdmgjOgz2FamP/MddT0zO/nH6M04hwhRmSsmdbiXIzJBTFjIzLTipJgvAQhaSnkaOISDebHDGGh9rpwyAW+nEFJ+7viQxFUo4iX3dGSA3kbC03/6v1UhWcuxnlSaoIx8WiIGVQxTBPBPapIFixkQaEBdV/hXiABMJK51bWIdizJ89D+7RuW3X7WqdxAQqVQAUcgBqwwRlogCvQBC2AwT14Bq/gzXgwXox346NoXTCmM3vgj4zPH/QNmro=</latexit><latexit sha1_base64="dfZw4mGDxovyV4BS4/3bEBQ8GPg=">AAACBHicbZDLSsNAFIYn9VbrLeqym8EiVISauNGVFNy4rGAv0MQwmU7SoTOTMDMRSujCja/ixoUibn0Id76N0zYLbf1h4OM/53Dm/GHKqNKO822VVlbX1jfKm5Wt7Z3dPXv/oKOSTGLSxglLZC9EijAqSFtTzUgvlQTxkJFuOLqe1rsPRCqaiDs9TonPUSxoRDHSxgrsahSI+9OzuseQiBmBHHpyTvFJYNechjMTXAa3gBoo1ArsL2+Q4IwToTFDSvVdJ9V+jqSmmJFJxcsUSREeoZj0DQrEifLz2RETeGycAYwSaZ7QcOb+nsgRV2rMQ9PJkR6qxdrU/K/Wz3R06edUpJkmAs8XRRmDOoHTROCASoI1GxtAWFLzV4iHSCKsTW4VE4K7ePIydM4brtNwb51a86qIowyq4AjUgQsuQBPcgBZoAwwewTN4BW/Wk/VivVsf89aSVcwcgj+yPn8Aov6WxQ==</latexit>

f�
n /(hmig)

<latexit sha1_base64="gi7RjWNgwmKb7V9GKwP2loR3X5s=">AAACBHicbZC7SgNBFIbPxluMt1XLgAwGIRbGXRutJGBjGcFcIIlhdjK7GTI7u8zMCmFJYeM7pLOzsVDE1oew822cXApN/GHg4z/ncOb8XsyZ0o7zbWWWlldW17LruY3Nre0de3evpqJEElolEY9kw8OKciZoVTPNaSOWFIcep3WvfzWu1++pVCwSt3oQ03aIA8F8RrA2VsfO+x1xd3JabHEsAk5RiFpySsFxxy44JWcitAjuDArlg9HoCQAqHfur1Y1IElKhCcdKNV0n1u0US80Ip8NcK1E0xqSPA9o0KHBIVTudHDFER8bpIj+S5gmNJu7viRSHSg1Cz3SGWPfUfG1s/ldrJtq/aKdMxImmgkwX+QlHOkLjRFCXSUo0HxjARDLzV0R6WGKiTW45E4I7f/Ii1M5KrlNyb0walzBVFvJwCEVw4RzKcA0VqAKBB3iGV3izHq0X6936mLZmrNnMPvyR9fkDmgSY9w==</latexit><latexit sha1_base64="lmhBpOAykmk+qpWyxFdQqFXBIHI=">AAACBHicbZDLSsNAFIYnXmu9RV0WZLAIdWFN3OhKCm5cVrAXaGKYTCfp0MkkzEyEErpw4zvoC7hxoYhbH8Kdb+Ok6UJbfxj4+M85nDm/nzAqlWV9GwuLS8srq6W18vrG5ta2ubPblnEqMGnhmMWi6yNJGOWkpahipJsIgiKfkY4/vMzrnTsiJI35jRolxI1QyGlAMVLa8sxK4PHb45OawxAPGYERdERB4ZFnVq26NRGcB3sK1cb+Y66npmd+Of0YpxHhCjMkZc+2EuVmSCiKGRmXnVSSBOEhCklPI0cRkW42OWIMD7XTh0Es9OMKTtzfExmKpBxFvu6MkBrI2Vpu/lfrpSo4dzPKk1QRjotFQcqgimGeCOxTQbBiIw0IC6r/CvEACYSVzq2sQ7BnT56H9mndtur2tU7jAhQqgQo4ADVggzPQAFegCVoAg3vwDF7Bm/FgvBjvxkfRumBMZ/bAHxmfP/dBmrw=</latexit><latexit sha1_base64="lmhBpOAykmk+qpWyxFdQqFXBIHI=">AAACBHicbZDLSsNAFIYnXmu9RV0WZLAIdWFN3OhKCm5cVrAXaGKYTCfp0MkkzEyEErpw4zvoC7hxoYhbH8Kdb+Ok6UJbfxj4+M85nDm/nzAqlWV9GwuLS8srq6W18vrG5ta2ubPblnEqMGnhmMWi6yNJGOWkpahipJsIgiKfkY4/vMzrnTsiJI35jRolxI1QyGlAMVLa8sxK4PHb45OawxAPGYERdERB4ZFnVq26NRGcB3sK1cb+Y66npmd+Of0YpxHhCjMkZc+2EuVmSCiKGRmXnVSSBOEhCklPI0cRkW42OWIMD7XTh0Es9OMKTtzfExmKpBxFvu6MkBrI2Vpu/lfrpSo4dzPKk1QRjotFQcqgimGeCOxTQbBiIw0IC6r/CvEACYSVzq2sQ7BnT56H9mndtur2tU7jAhQqgQo4ADVggzPQAFegCVoAg3vwDF7Bm/FgvBjvxkfRumBMZ/bAHxmfP/dBmrw=</latexit><latexit sha1_base64="LOyQgqAwpQkBTaMpI/kQYgwGqLs=">AAACBHicbZC7TsMwFIadcivlFmDsYlEhlYGSsMCEKrEwFolepCZEjuukVm0nsh2kKurAwquwMIAQKw/Bxtvgthmg5ZcsffrPOTo+f5gyqrTjfFulldW19Y3yZmVre2d3z94/6Kgkk5i0ccIS2QuRIowK0tZUM9JLJUE8ZKQbjq6n9e4DkYom4k6PU+JzFAsaUYy0sQK7GgXi/vSs7jEkYkYgh56cU3wS2DWn4cwEl8EtoAYKtQL7yxskOONEaMyQUn3XSbWfI6kpZmRS8TJFUoRHKCZ9gwJxovx8dsQEHhtnAKNEmic0nLm/J3LElRrz0HRypIdqsTY1/6v1Mx1d+jkVaaaJwPNFUcagTuA0ETigkmDNxgYQltT8FeIhkghrk1vFhOAunrwMnfOG6zTcW6fWvCriKIMqOAJ14IIL0AQ3oAXaAINH8AxewZv1ZL1Y79bHvLVkFTOH4I+szx+mMpbH</latexit>

<latexit sha1_base64="mEsJDF8lufbiFUWuOUaXqufzX/A=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAYhXsKuFz1JwIvHiOYByRJmJ73JkNnZZWZWCEs+wYsHJXjx4Bd582+cPA6aWNBQVHXT3RUkgmvjut9Obm19Y3Mrv13Y2d3bPygeHjV0nCqGdRaLWLUCqlFwiXXDjcBWopBGgcBmMLyd+s0nVJrH8tGMEvQj2pc85IwaKz2U6UW3WHIr7gxklXgLUqqeTiYfAFDrFr86vZilEUrDBNW67bmJ8TOqDGcCx4VOqjGhbEj72LZU0gi1n81OHZNzq/RIGCtb0pCZ+nsio5HWoyiwnRE1A73sTcX/vHZqwms/4zJJDUo2XxSmgpiYTP8mPa6QGTGyhDLF7a2EDaiizNh0CjYEb/nlVdK4rHhuxbu3adzAHHk4gTMogwdXUIU7qEEdGPThGV7hzRHOizNx3uetOWcxcwx/4Hz+AHoJj3I=</latexit><latexit sha1_base64="vFUXmRcYgtEwjJicGuL60Jvb+3U=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAYhXsKuFz1JwIvHiOYByRJmJ5NkyOzsMtMrhCWf4MWDEr36Rd78G2eTHDSxoKGo6qa7K4ilMOi6305ubX1jcyu/XdjZ3ds/KB4eNUyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go9vMbz5xbUSkHnEccz+kAyX6glG00kOZXnSLJbfizkBWibcgperpNMN7rVv86vQiloRcIZPUmLbnxuinVKNgkk8KncTwmLIRHfC2pYqG3Pjp7NQJObdKj/QjbUshmam/J1IaGjMOA9sZUhyaZS8T//PaCfav/VSoOEGu2HxRP5EEI5L9TXpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSuKx4bsW7t2ncwBx5OIEzKIMHV1CFO6hBHRgM4Ble4c2RzoszdT7mrTlnMXMMf+B8/gDXRpE3</latexit><latexit sha1_base64="75VI/rMSWBByNYO5AajfTunWHoI=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3BnEysJ2FhGNB+QHGFus5cs2ds7dveEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFySCa+O6305hY3Nre6e4W9rbPzg8Kh+ftHWcKspaNBax6gaomeCStQw3gnUTxTAKBOsEk9u533liSvNYPpppwvwIR5KHnKKx0kMVLwfliltzFyDrxMtJBXI0B+Wv/jCmacSkoQK17nluYvwMleFUsFmpn2qWIJ3giPUslRgx7WeLU2fkwipDEsbKljRkof6eyDDSehoFtjNCM9ar3lz8z+ulJrz2My6T1DBJl4vCVBATk/nfZMgVo0ZMLUGquL2V0DEqpMamU7IheKsvr5P2Vc1za969W2nc5HEU4QzOoQoe1KEBd9CEFlAYwTO8wpsjnBfn3flYthacfOYU/sD5/AGGN41C</latexit>

<latexit sha1_base64="Zyg146szKWSAsKlUJvfL0NeRt/I=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAYhXsKuFz1JwIvHiOYByRJmJ73JkNnZZWZWCEs+wYsHJXjx4Bd582+cPA6aWNBQVHXT3RUkgmvjut9Obm19Y3Mrv13Y2d3bPygeHjV0nCqGdRaLWLUCqlFwiXXDjcBWopBGgcBmMLyd+s0nVJrH8tGMEvQj2pc85IwaKz2U2UW3WHIr7gxklXgLUqqeTiYfAFDrFr86vZilEUrDBNW67bmJ8TOqDGcCx4VOqjGhbEj72LZU0gi1n81OHZNzq/RIGCtb0pCZ+nsio5HWoyiwnRE1A73sTcX/vHZqwms/4zJJDUo2XxSmgpiYTP8mPa6QGTGyhDLF7a2EDaiizNh0CjYEb/nlVdK4rHhuxbu3adzAHHk4gTMogwdXUIU7qEEdGPThGV7hzRHOizNx3uetOWcxcwx/4Hz+AH0Tj3Q=</latexit><latexit sha1_base64="qMvo01GwgR7WatU4VTvkvGabFPc=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAYhXsKuFz1JwIvHiOYByRJmJ5NkyOzsMtMrhCWf4MWDEr36Rd78G2eTHDSxoKGo6qa7K4ilMOi6305ubX1jcyu/XdjZ3ds/KB4eNUyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go9vMbz5xbUSkHnEccz+kAyX6glG00kOZXXSLJbfizkBWibcgperpNMN7rVv86vQiloRcIZPUmLbnxuinVKNgkk8KncTwmLIRHfC2pYqG3Pjp7NQJObdKj/QjbUshmam/J1IaGjMOA9sZUhyaZS8T//PaCfav/VSoOEGu2HxRP5EEI5L9TXpCc4ZybAllWthbCRtSTRnadAo2BG/55VXSuKx4bsW7t2ncwBx5OIEzKIMHV1CFO6hBHRgM4Ble4c2RzoszdT7mrTlnMXMMf+B8/gDaUJE5</latexit><latexit sha1_base64="EKdNkcHfRAYDQrwFDyPveTeT1mk=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3BnEysJ2FhGNB+QHGFvs5cs2ds7dueEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFyRSGHTdb6ewsbm1vVPcLe3tHxwelY9P2iZONeMtFstYdwNquBSKt1Cg5N1EcxoFkneCye3c7zxxbUSsHnGacD+iIyVCwSha6aHKLgfliltzFyDrxMtJBXI0B+Wv/jBmacQVMkmN6Xlugn5GNQom+azUTw1PKJvQEe9ZqmjEjZ8tTp2RC6sMSRhrWwrJQv09kdHImGkU2M6I4tisenPxP6+XYnjtZ0IlKXLFlovCVBKMyfxvMhSaM5RTSyjTwt5K2JhqytCmU7IheKsvr5P2Vc1za969W2nc5HEU4QzOoQoe1KEBd9CEFjAYwTO8wpsjnRfn3flYthacfOYU/sD5/AGJQY1E</latexit><latexit sha1_base64="Ey0JR7EuWvRS3pf/iX/dld3loBY=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAYhXsKuFz1JwIvHiOYByRJmJ73JkNnZZWZWCEs+wYsHJXjx4Bd582+cPA6aWNBQVHXT3RUkgmvjut9Obm19Y3Mrv13Y2d3bPygeHjV0nCqGdRaLWLUCqlFwiXXDjcBWopBGgcBmMLyd+s0nVJrH8tGMEvQj2pc85IwaKz2Ug4tuseRW3BnIKvEWpFQ9nUw+AKDWLX51ejFLI5SGCap123MT42dUGc4EjgudVGNC2ZD2sW2ppBFqP5udOibnVumRMFa2pCEz9fdERiOtR1FgOyNqBnrZm4r/ee3UhNd+xmWSGpRsvihMBTExmf5NelwhM2JkCWWK21sJG1BFmbHpFGwI3vLLq6RxWfHcindv07iBOfJwAmdQBg+uoAp3UIM6MOjDM7zCmyOcF2fivM9bc85i5hj+wPn8AXuOj3M=</latexit><latexit sha1_base64="Z1ITGkoQEJpu8AR7FHxtEngCTyk=">AAAB6nicbVDLSgNBEOyNrxhfUY+CDAYhXsKuFz1JwIvHiOYByRJmJ5NkyOzsMtMrhCWf4MWDEr36Rd78G2eTHDSxoKGo6qa7K4ilMOi6305ubX1jcyu/XdjZ3ds/KB4eNUyUaMbrLJKRbgXUcCkUr6NAyVux5jQMJG8Go9vMbz5xbUSkHnEccz+kAyX6glG00kM5uOgWS27FnYGsEm9BStXTaYb3Wrf41elFLAm5QiapMW3PjdFPqUbBJJ8UOonhMWUjOuBtSxUNufHT2akTcm6VHulH2pZCMlN/T6Q0NGYcBrYzpDg0y14m/ue1E+xf+6lQcYJcsfmifiIJRiT7m/SE5gzl2BLKtLC3EjakmjK06RRsCN7yy6ukcVnx3Ip3b9O4gTnycAJnUAYPrqAKd1CDOjAYwDO8wpsjnRdn6nzMW3POYuYY/sD5/AHYy5E4</latexit><latexit sha1_base64="hNxphi0fO8626qHDfUHxtZeOFBg=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoMQm3BnEysJ2FhGNB+QHGFvs5cs2ds7dueEcOQn2FgoYusvsvPfuEmu0MQHA4/3ZpiZFyRSGHTdb6ewsbm1vVPcLe3tHxwelY9P2iZONeMtFstYdwNquBSKt1Cg5N1EcxoFkneCye3c7zxxbUSsHnGacD+iIyVCwSha6aEaXA7KFbfmLkDWiZeTCuRoDspf/WHM0ogrZJIa0/PcBP2MahRM8lmpnxqeUDahI96zVNGIGz9bnDojF1YZkjDWthSShfp7IqORMdMosJ0RxbFZ9ebif14vxfDaz4RKUuSKLReFqSQYk/nfZCg0ZyinllCmhb2VsDHVlKFNp2RD8FZfXiftq5rn1rx7t9K4yeMowhmcQxU8qEMD7qAJLWAwgmd4hTdHOi/Ou/OxbC04+cwp/IHz+QOHvI1D</latexit>

(c)

Fig. 4. (a) Particles’ velocity of granular materials flow down on an inclined plane in the solid-like
and fluid-like regions, the normal compressive (b) and tensile (c) forces distribution for the case
of the inclination angle α = 23 deg. in the steady-flowing state. The color maps represent the
particles velocity magnitude and size of compressive and tensile forces, respectively. The forces
are shown as lines joining the centers of two particles in capillary contacts, and the lines’ thickness

reveals the magnitude of the forces

To clarify the flowability of wet granular flow on an inclined plane in its steady-
flowing state, the velocity profiles are studied. Fig. 4(a) displays the snapshot of the
separation of the solid-like and fluid-like regions during the flows. All particles’ veloc-
ities are almost the same in the solid-like layer, whereas the particle velocity decreases
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proportionally to the depth of the sample in the fluid-like layer. This stability and varia-
tion of the particle velocity in both layers are analyzed in detail via the velocity profiles
and the solid fraction. Figs. 5(a) and (b) show the velocity profiles and packing fraction
along with the height of the sample for three different values of the inclination angle with
a given value of the cohesion stress and the liquid viscosity in the steady-state, respec-
tively. It is interesting to see that the solid-like and fluid-like layers appear for all cases
of the inclination angle but in different thicknesses and velocities. For the case of α = 23
deg., the normalized velocity at the free surface is about 1.9, this ratio increases rapidly
to about 4.1 for α = 25 deg. and approximate 6.4 for α = 27 deg., as shown in Fig. 5(a).
Thus, the increase of the inclination angle α strongly enhances the mobility of the wet
granular flows, this was also shown in Fig. 3(a).

Due to the enhancement of the mobility of granular flows, the thickness of the solid-
like layers decreases with an increase of the inclination angle α. In particular, this thick-
ness is about two-thirds of the sample height for α = 23 deg., but decreases to approx-
imately one-third for α = 25 deg. and about one-fifth for α = 27 deg., respectively. In
other words, the increase of α leads to the strong development of fluid-like flows. In
contrast to the separation of two different layers along with the height of the flows, the
packing fractions Φ are nearly the same except for the layers closed to the free surface
and inclined rough wall.
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Fig. 5. (a) Velocity profile v and (b) the solid fraction Φ of wet granular materials
in its steady-flowing state for different values of the inclination angle α
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3.2. Force distribution

The flowability of the solid-like and fluid-like flows of wet granular materials on an
inclined plane is associated with the force network established from the interactions be-
tween near-neighboring particles. This force network can be characterized by the normal
forces and the tangential contact forces. Due to the contraction and extension properties
of the capillary bridges between particles, the normal forces involve two different com-
ponents (i.e. compressive and tensile forces) [41]. Meanwhile, the compressive forces
tend to bind the particles together, the tensile forces tend to separate them. Figs. 4(b)
and (c) display the snapshots of the normalized compressive forces f+n network and the
tensile forces f−n by the mean particle weight, respectively, for the case of α = 23 deg.
in the steady-flowing state of wet granular flow. It is remarkable to note that the force
distribution of compressive and tensile components represents the significant differences
between the solid-like layers and the fluid-like flows. In particular, the intensity of both
f+n and f−n for the solid-like layer is nearly constant due to the inherent properties of
the capillary bonds formed between near-neighboring particles, whereas the values of
f+n and f−n in the fluid-like flows vary in a broad range depending on the collision and
relative velocity between these grains.
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Fig. 6. Probability density function (pdf) of the normal compressive f+n and tensile f−n forces for
the solid-like flows (a) and fluid-like flows (b) of wet granular materials on an inclined plane with

three different values of the inclination angle α

In order to get a better understanding of the force distribution in the solid-like and
fluid-like flows, the probability density function (pdf) of the normal and tangential forces
are considered. Figs. 6(a) and (b) display the pdfs of the normal tensile forces and normal
compressive forces normalized by the mean particle weight for three different values of
the inclination angle α for the solid-like layers and fluid-like flows, respectively. These
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pdfs are divided into the positive and negative range at fn/(⟨m⟩g) = 0. For the negative
range, meanwhile, the intensity of the tensile forces for the fluid-like flows is nearly 10
times as compared to the solid-like layers, the density of the tensile forces for the solid-
like is slightly higher than that of the fluid-like regions. Furthermore, in contrast to the
same effects of the inclination angle on the tensile forces in both solid-like and fluid-like
layers, the increase of α leads to the slight decrease in the intensity of the compressive
forces in solid-like flows, but this positive range significantly increases with increasing of
α, this can be explained due to the strong collision between particles in the system with
strong mobility.
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Fig. 7. Probability density function (pdf) of the normalized tangential forces ft by the mean par-
ticle weight (⟨m⟩g) for the solid-like region (a) and fluid-like region (b) of wet granular flows on

an inclined plane with three different values of the inclination angle α

Although the observations above highlighted the flowability of the gravity-driven
wet granular flows which are partly characterized by the different effects of the inclina-
tion angle of the plane on the distribution of the normal compressive forces and normal
tensile forces, it is essential to check the probability density function of the tangential
forces. Figs. 7(a) and (b) show the pdfs of the tangential force ft normalized by the mean
particle weight for three different values of the inclination angle of both solid-like layers
and fluid-like flows of wet granular materials. Similar to the compressive forces of the
fluid-like regions of granular flows, the intensity of the tangential forces significantly in-
creases with increasing of the inclination angle α, as shown in Fig. 7(b). In particular, the
normalized strongest tangential force is approximate 200 for the case with α = 23 deg.,
this increases up to 480 for α = 25 deg. and approximately 1000 for α = 27 deg., respec-
tively. These increases may be explained due to the high mobility of granular materials
and the large relative tangential displacements between grains in the fluid-like flows.
These explanations are clearly evidenced by the same distribution of the frictional forces
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as a consequence of nearly no local shear strain rate between particles in the solid-like
layers for three different values of α.

4. CONCLUTIONS

In this paper, we used an extensive three-dimensional discrete element method to
analyze the effects of the inclination angle on the flowability of gravity-driven wet gran-
ular free-surface flows. The classical-numerical method with the approximate analytical
expressions of the capillary cohesion forces and viscous forces induced by the capillary
bonds between grains. In our simulations, the capillary bridges and the particle size are
assumed to be distributed homogeneously, and each capillary bond can be reformed af-
ter breaking, this physical assumption is approximate to the reformation of the liquid
bridges in nature. During the flowing of wet granular materials down an inclined plane,
the granular flows separate into the solid-like region and the fluid-like layer. The depth
of these regions strongly depends on the inclination angle of the plane.

As reported in the paper, the flowability of the gravity-driven wet granular free-
surface flows can be characterized by the velocity profiles and the probability density
functions of the normal forces (including the tensile and compressive components) and
the tangential forces in both solid-like and fluid-like regions. We showed that the in-
clination angle of the plane strongly governs the mobility of wet granular flows as a
consequence of keeping the roughness of the plane surface, leading to the increase of the
velocity on the free surface of the sample as well as increasing the depth of the fluid-like
flows. More interestingly, the increase of the inclination angle leads to the increase of
both density and width of the compressive and tensile components of the normal forces
and the tangential forces of the fluid-like regions, whereas there is a small effect on the
normal tensile and compressive forces in the solid-like layers. These results highlight
the behavior of the solid-like and fluid-like flows that occurred in the gravity-driven wet
granular free-surface flows.
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[4] D. Ertaş and T. C. Halsey. Granular gravitational collapse and chute flow. Eu-
rophysics Letters (EPL), 60, (2002), pp. 931–937. https://doi.org/10.1209/epl/i2002-
00307-8.

[5] C. Goujon, N. Thomas, and B. Dalloz-Dubrujeaud. Monodisperse dry granular
flows on inclined planes: Role of roughness. The European Physical Journal E, 11,
(2003), pp. 147–157. https://doi.org/10.1140/epje/i2003-10012-0.

[6] M. Y. Louge. Model for dense granular flows down bumpy inclines. Physical Review
E, 67, (2003). https://doi.org/10.1103/physreve.67.061303.

[7] C. Cassar, M. Nicolas, and O. Pouliquen. Submarine granular flows down inclined
planes. Physics of Fluids, 17, (10), (2005). https://doi.org/10.1063/1.2069864.
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