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Abstract. This paper deals with the reflection and transmission of P-waves at a very rough
interface between two isotropic elastic solids. The interface is assumed to oscillate be-
tween two straight lines. By mean of homogenization, this problem is reduced to the re-
flection and transmission of P-waves through an inhomogeneous orthotropic elastic layer.
It is shown that a P incident wave always creates two reflected waves (one P wave and
one SV wave), however, there may exist two, one or no transmitted waves. Expressions
in closed-form of the reflection and transmission coefficient have been derived using the
transfer matrix of an orthotropic elastic layer. Some numerical examples are carried out
to examine the reflection and transmission of P-waves at a very rough interface of tooth-
comb type, tooth-saw type and sin type. It is found numerically that the reflection and
transmission coefficients depend strongly on the incident angle, the incident wave fre-
quency, the roughness and the type of interfaces.
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1. INTRODUCTION

The reflection and transmission of waves at rough boundaries and interfaces have
given much attention to researchers due to their important applications in Seismology
and Geophysics, because the Earth’s surface and the interfaces between different lay-
ers of the Earth crust are really rough, not flat. Most of the studies considered slightly
rough boundaries and interfaces, see for examples, works [1,2], and the perturbation
method [3] was employed to analyze the problems. However, due to the mathemati-
cal complexity caused by strong roughness of boundaries and interfaces, there are few
studies concerning the reflection and transmission of waves at very rough boundaries
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and interfaces [4,5]. The traditional formulation of this problem leads to boundary in-
tegral equations whose numerical solution is unstable due to rapid oscillation of rough
boundaries and interfaces. To overcome this obstacle, the composite material layer con-
taining very rough interface is replaced by a homogenized material layer by mean of
homogenization [6]. Then, the problem is reduced to the reflection and transmission
of waves through the homogenized material layer. To solve this problem we need ho-
mogenized equations governing motion of the homogenized material layer. The explicit
homogenized equations for one-component waves such as SH (shear horizontal) waves,
TE (transverse electric) waves and TM (transverse magnetic) waves were first found [7,8].
However, those for more than one-component waves were found only recently [9,10].

In this paper, we consider the reflection and transmission of P-waves, two-
component wave, at a very rough interface between two isotropic elastic solids that os-
cillates between two straight lines. By mean of homogenization, this problem is reduced
to the reflection and transmission of P-waves through an inhomogeneous orthotropic
elastic layer whose motion is governed by the homogenized equations of the elasticity
theory [9,11]. It is shown that there always exist two reflected waves (one P wave and
one SV wave) for a given P incident wave, however, there may exist two, one or no trans-
mitted waves. Formulas in closed-form of the reflection and transmission coefficient have
been obtained using the transfer matrix method. These formulas can be used as conve-
nient tool to determine the internal characteristics of the Earth crust from the signals of
reflected and transmitted waves. They may be helpful in exploration of the valuable ma-
terials such as minerals, crystals and metals etc. Some numerical examples are carried
out to examine the reflection and transmission of P-waves at very rough interfaces of
tooth-comb type, tooth-saw type and sin type. It is found numerically that the reflection
and transmission coefficients depend strongly on the incident angle, the incident wave
frequency, the roughness and the type of interfaces.

2. STATEMENT OF THE PROBLEM

Consider a unbounded linear isotropic elastic body occupied two-dimensional do-
mains Q" and O~ of the plane x;x; whose interface is the curve L expressed by equation:
xp = h(x1/€)=h(y), where h(y) is a periodic function of period 1 whose minimum and

7

Z L: x,=h(xy/€)

X

Q+

Fig. 1. Two-dimensional domains Q" and Q)™ have a very rough interface L expressed by equa-
tion x, = h(x1/€)=h(y), where h(y) is a periodic function with period 1. The curve L highly
oscillates between the parallel straight lines x; = 0 and x, = H
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maximum values being 0 and H, respectively (see Fig. 1), € assumed to be much more
small than H (i. e. the curve L is a very rough interface). The interface L lies in the strip
0 < x2 < H. We also assume that, in the domain 0 < x; < ¢,i.e. 0 < y < 1, any straight
line x; = x9 = const (0 < xJ < H) has exactly two intersections with the curve L. That
means, in the interval 0 < y < 1 the equation h(y) = x, for y has exactly two roots
denoted by y1(x2) and y1(x2) (0 < y1(x2) < y2(x2) < 1). Suppose the elastic half-spaces
Q" and Q™ are characterized respectively by the Lame constants u*, A" and ~, A, the
mass densities p™ and p~. That means, the Lame constants and the mass density of the

elastic body are defined as

+ AT ot £
A0 = y,'A,'P, or x, < h(xy/€) 1)
u,A7,p~ for xa > h(xq1/¢€)
where u*,u~,AT,A7,p",p are constant. We are interested in the propagation of P-
waves whose displacements are of the form

up = ug(x1,x2,t) (k=1,2), uz =0. (2)
In the absence of the body forces, the equations governing the motion of P-waves are

0111 + 0120 = piiy, O12,1 + 0200 = piiy, 3)

where 0 are stress components, commas signify differentiation with respect to xx, a dot
indicates differentiation with respect to the time t. For isotropic elastic materials, the
strain-stress relation is of the form

o1 = (A+2u)ur1 + Augp, 0 = (A +2p)upo + A1, 1o = p(ur1p+uz1).  (4)

Suppose Q" and QO are welded with each other along the interface L. Then, the dis-
placement and stresses are required to be continuous through the curve L. In particular,
we have

[urlr =0, [Uklﬂl + Ukznz} L= 0(k=1,2), (5)

where [¢]; signifies the jump of ¢ through the interface L, n = (n1,1,,0) is the unit
normal to L (see Fig. 1).

Let an incident P-wave with the unit displacement amplitude, the incident angle 6,
the wave number k( and the phase velocity v, to propagate in the half-space Q. Then,
its displacements u1j, uy; are given by [12]

0

uld = singoeikg(xlsin90+xzcoseo—vgt) 0 iko (x15in6y—+xpc05600—0vot)

, Uy = cosbtpe , (6)

where vy = \/ (At +2ut)/p*. Note that kgvy = w where w is the circular wave fre-
quency.

We are interested in the reflection and transmission of the P-wave given by (6) at the very
rough interface L.
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3. REFLECTION AND TRANSMISSION OF P-WAVES BY MEANS OF
HOMOGENIZATION

By means of homogenization, the reflection and transmission of the incident P-wave
given by (6) at the very rough interface L is reduced to its reflection and transmission
through an elastic layer occupying the domain 0 < x, < H that is sandwiched between
two isotropic elastic half-spaces Q" (x, < 0) and Q™ (x, > H) (see Fig. 2). The layer’s
motion is governed by the explicit homogenized equations derived by Vinh and Tung
[9,11]. In particular, the equations of motion are

0111 + 0120 = Ptly, T121 + 0222 = Plla, (7)
X3
sV
0,4 P
0, o
H
X1
0 +
o\ “
0, |92
P
P SV

Fig. 2. The reflection and transmission of a P-wave at a very rough interface
by means of homogenization

and the stress-strain relation takes the form
011 = Crifii,1 + Ciaflap, 020 = Cipll1 + Caoflon, 012 = Ce(f12 + 1), (8)
where
— I —1\—1 B . |
cin = ((A+2pu)7) e =((A+2u) ) (MA+2u) "), Ce6 = (1)

o = (<<A+zy>> {20 A+ 20— <A2<A+2u>1>),

el
Il

=

~

Here we use the notation
(f) = [y2(x2) =y (x2)] f~ + [1 = ya(x2) +y1(x2)] f7, (10)

with f* and f~ are (constant) values of f corresponding to the half-space Q" and Q7
respectively. According to (8) and (9), (10), the elastic layer 0 < x, < H is orthotropic and
inhomogeneous, in general, and its elastic constants ¢;; depend on x,. However, when
the interface L is of the tooth-comb type, as shown in Fig. 3, the elastic layer becomes
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homogeneous and its elastic constants ¢;; are computed by (9) in which the average value
of quantities is calculated by

(f):= a—lkb(af++bf) (11)

The motion of isotropic elastic half-spaces Q™ (x < 0) and Q™ (x, > H) is governed by
Egs. (3) and (4). In addition, is required the continuity of displacements and stresses at
the interfaces x; = 0 and x, = H.

X

3.1. Tooth-comb-type interfaces ’
In this section, we consider the reflection - o
and transmission of P-wave at a very rough
interface that is of tooth-comb type (Fig. 3).
The material layer 0 < x; < H is a homo-
geneous orthotropic elastic layer whose elastic

constants ¢;; are computed by (9) and (11), as 0} alb ot
mentioned above.
3.1.1. Incident wave and reflected, transmitted Fig. 3. Tooth-comb type interface

waoes

a. Incident wave
As stated in Section 2, the incident wave is a P wave propagating in the half-space
Q" with the displacements given by (6). From (6) we have

uj = U3 (y) "™, uf = UR(y) 17,y = kxy, (12)
where ' '
U (y) = sin g e' V%, Ud(y) = cos By e’ Ve, (13)
and k = kg sin 6y, c = vg/ sin fy. From (4), (12) and (13) it follows
oty = KT} (y)e 170, 03, = KT (y)e™ =Y, (14)
where
TY(y) = 2iu™ cos fe'¥ <%,
TY(y) = i[ATsin + (AT +2u™) cos? 6y / sin fp|e' V<O, (15)
Let £(y) = [US(y) Uz(y) TP (y) T3(y)]". Then, we have
sin 90
0(,\ — 20 jiycotfy z0 _ cos B
g (y) - ‘:I e ’ gl - 21'}[&- CcoSs 90 . (16)

i[ATsinf + (AT +2u™) cos? B/ sin 6]

When impinging on the interface x, = 0, the P incident wave (6) creates reflected waves
propagating in the half-space )", transmitted waves traveling in the half-space ()~ and
reflected-transmitted waves propagating in the layer.
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b. Reflected waves

It is well-known that the slowness sec-
tion C of compressible isotropic materials in
the (s1,52)-plane contains two separate circles
with radii s; = 1/cy and st = 1/cr [12],

where ¢, = /(A+2u)/p, cv = +/(1)/p
(0 < sp < s7), as shown in Fig. 4 for the
half-space Q" and Fig. 5 for the half-space Q.
In addition, the sj-component of the slowness
vectors of reflected waves, say s}, and of trans-
mitted waves, say sﬁ, are equal to each other
and equal to the one of the incident wave (6),
namely: 5(1) = s{ sin 6y, according to Snell’s law, Fig. 4. Slowness section of O
i e.

0 ot +
s] bL Sl, s]

Ay

sf = st =s) = s/ sinfy. (17)

A
o
o

(a) (b) (©
Fig. 5. Slowness section of ()~ for three cases

By A we denote the straight line s; = s} (= s} = s!) for a given 6y € (0, 77/2).
From Fig. 4 and the fact: 0 < s < s/ V8 € (0, 7/2), one can see that the straight
line A always has four different intersections with the slowness section C* of the half-
space (). That means: for any incident angle 6y € (0, 77/2), the P incident wave (6)
establishes exactly two reflected waves, one P wave with the reflection angle 6; = 6y and
one SV wave with the reflection angle 6, = arcsin(c;f sin 6y / CZ’) (0 < 62 < 61) (see Fig. 2).
Note that

sf sinf; = st sinf =s; = s} = s/ sin 6. (18)
Let u}, and 0;,, (n = 1,2) be the displacements and stresses of the P reflected wave and 17
and 02, (n = 1,2) be those of the SV reflected wave. It is clear that

ul = UM (y) e et g — kT (y) e* 1=t p,m = 1,2 (19)
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where the amplitude vectors &"(y) = [U'(y) Uy(y) Ti(y) Ty (y)]" (m = 1,2) are
given by
sin 90
i — cos 6
Z(y) = Argle vt gl = 2" cosy » @0
i[ATsinfy + (AT +2u™)cos? 6y /sin |

and
cos 0

2 — 2 ,—iycotth x2 _ sin 0,
y) = Ay e 6 iu™ (sinfy — cos® 6/ sin 6,)

—2iu™" cos 6,

/ (21)

Ag (k = 1,2) are constants to be determined and |Ax| (k = 1,2) are called the reflection
coefficients.

c. Transmitted waves

-Case1: 0 < s} <s;

From Fig. 5(a) and the fact: s(l) < szr < s;, it follows that for this case the P incident
wave (6) creates two transmitted waves, one P wave with the transmission angle 63 and
one SV wave with the transmission angle 64, for any 6y € (0, 7/2), see Fig. 2. The
transmission angles are computed using Snell’s law (17). In particular, we have: 63 =
arcsin(s; sinfy/s; ) and 6, = arcsin(s; sin6/s7) (0 < 64 < 63). Note that

s; sinfy = s; sinfy = s} = s} = s/ sin 6. (22)

Let 13 and 0, (n = 1,2) be the displacements and stresses of the P transmitted wave

and u} and o, (n = 1,2) be those of the SV transmitted wave. One can see that

ult = Ul (y) e* =), gt = kT (y) 17D, n = 1,2, m = 3,4 (23)
where the amplitude vectors {"(y) = [U{"'(y) Uy'(y) T'(y) T (y)]T (m = 3,4) are cal-
culated by

sin 93
cos 03
2ip~ cos 03
i[A”sin B3 + (A +2u)~ cos® 63/ sin 03]

E(y) = A& elveots, & = , (24)

and
— cos 04

sin 94
ip” (sinfy — cos? 0/ sin fy)
2ip~ cos Oy

EHy) = Agff Vo, g} = , (25)

Ay (k = 3,4) are constants to be determined and |Ak| (k = 3,4) are called the transmis-
sion coefficients.
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-Case2:s; <sj <sg

It follows from Fig. 5(b):

(i) For 0 < 9 < s; & 0< 6y < 6 = arcsin(s; /sj), there exist two transmitted
waves, one P wave and one SV wave.

(ii) For s; < s} < s < 6p € (6}, 7/2); there exist only SV transmitted wave. The
P transmitted wave becomes a surface wave.
- Case 3: szr > St

Fig. 5(c) indicates three possibilities:

(i) For 0 < s(l) <s; & 0<6 < 93 = arcsin(s; / szr), there exist two transmitted
waves, one P wave and one SV wave.

(i) For s; < s) < s; & 60} < 6y < 03 = arcsin(s;/s;); there exist only SV
transmitted wave. The P transmitted wave becomes a surface wave.

(iii) For sy < s(l) < sf & 9(2) < By < m/2: the P incident wave (6) creates no
transmitted waves.
3.1.2. The reflection and transmission coefficients

Letii, and 7, (n = 1,2) be the displacements and stresses of the reflected-transmitted
waves traveling in the layer. Then, they are of the form (similar to the one of the incident
wave)

ity = Uy (y) ekta—ct) & — kT, (y) ekta—ct) "y —1,2. (26)
Let &(y) = [U1(y) Ua(y) Ti(y) To(y)]!. From the continuity conditions at y = 0 and
y = ¢ = kH we have

E(e) = AsEie™ + Asfie™, E(0) =80+ A8} + A, (27)

where ¢ = ecotb (k = 3,4) and é,‘?, §l, 3, 6‘? and g‘} are given by (16), (20), (21), (24) and
(25), respectively. On the other hand, according to Vinh et al. [13]

§(0) = TZ(e), (28)
where the transfer matrix T is given by
[7; cosh €] —i[B; sinh ¢] —[@; sinh €] —i[coshe] T
G LT @
—i[y; & sinh¢] [@ cosh¢; B] —ifq@y[coshe] —[asinheé]
T= _ [_'7] _ [_5‘} _] B [_EC} _] o ['ﬂ (29)
—[y;Bsinhe]  —iByBa[coshe]  [a;Bcoshe] i[Bsinh¢]
[7] & B] @ B [7]
—i91Y2[cosh €] [B; ¥ sinh €] —i[&;ysinhe] [y coshg]
LM [@; p] [@; Bl [7]
heree, = ¢b,, n =1,2 and
[f:8] = fa81 = 1182 [f] = f2— fu, (30)
Bn = Ce6(bn — an), Yn = C12 + C2byity, n =1,2, (31)
By = — 2l g, g pc, (32)

- 1 - <7/
szb% — Ce6 + X
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S++VS82—-4p - S— V82 —4p

by = b= (3)
5 (i — X) + Ce6(Cos — X) — (C12 + 566)2 (34)
C22C66 ’
P (c11 — X_)((flz + 566)2. (35)
€22C66
From (27) and (28) it follows
81+ A1y + AxZ] = T(AsZfe™ + AgZfe"™). (36)
This equation can be rewritten as
PA =&Y, (37)
where A = [A; A, Az A4)T and
P=—[5 & 0 0]+T[0 0 &= gle™). (38)
The solution of Eq. (38) is
A=pP 1% (39)

Eq. (39) is the closed-form expressions for the reflection and transmission coefficients.

3.2. Interfaces of general type

For interfaces of arbitrary type, such as tooth-saw-type interface and sin-type inter-
face (Fig. 6), the results on reflected and transmitted waves presented in Subsection 3.1.1
are still valid. However, since the material layer 0 < x; < H now is inhomogeneous,
according to (10), matrix T in formula (39) (being the transfer matrix of a homogeneous
orthotropic elastic layer, given by (29)) must be replaced by the transfer matrix of inhomo-

geneous orthotropic elastic layer.

X

H Q@ ) H e
L: X2=H(1'COSZ7£J)
0 ot X 0 o X
€2 (€2
a) tooth-saw type b) sin type

Fig. 6. Interfaces of tooth-saw type and sin type

To get this matrix, we divide the inhomogeneous layer [0, H| into N homogeneous sub-
layers with the same thickness § = H/ N by points xgn) (n=1,.,N+1, xél) =0, ngH) =

H). For n-th sub-layer occupying the domain x;" < x; < x"*V we take: cij = cij(x,

() (1)),
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The contact between the sub-layers is welded. As n-th sub-layer is homogeneous and or-
thotropic, its transfer matrix, say T,, is given by (29). The transfer matrix T of the inho-
mogeneous layer 0 < x, < H is approximately computed by

T=T,T.Tx. (40)

It is not difficult to prove that the approximate transfer matrix T tends to the exact transfer matrix
of the inhomogeneous layer 0 < x, < H when J tends to zero.

Note that for the tooth-saw-type and sin-type interfaces, the average value of quan-
tities is calculated by

(@) =397+ (=T, “n
and
(p) = %arCCOS(l — 2%)4’_ +[1- %arccos(l - ZI:CIZ)]‘PJF- (42)

4. NUMERICAL EXAMPLES

In this section, some numerical examples are carried out to examine the dependence
of the reflection and transmission coefficients (RTCs), computed by Eq. (39), on the in-
cident angle 6y, the dimensionless frequency e = koH of the incident wave and the ge-
ometrical parameter f = a/(a + b) of the tooth-comb interface. For computation, we
take

A~ =759 x 10" Nm =%~ =1.89 x 10" Nm %~ =219 x 10°kgm >,  (43)
for the upper half-space () and
A =94 %10 Nm %" =4.0x 101 Nm2;p" = 1.74 x 10° kgm ?, (44)

for the lower half-space Q. The material parameters of the elastic layer are calculated
by Eq. (9) along with Eq. (11), Eq. (41) or Eq. (42) depending on that the interface is of
tooth-comb type, tooth-saw type or sin type, respectively.

From (43) and (44) it follows: 0 < s < s;. According to the argument of Sub-
section 3.1.1 (b, c), there are two reflected waves and two transmitted waves for any
0y € (0, 7w/ 2).

Fig. 7 shows the variation of the RTCs against the incident angle for the tooth-comb-
type interface (Fig. 7(a)) (with f = 0.3), the tooth-saw-type interface (Fig. 7(b)) and
the sin-type interface (Fig. 7(c)). It is seen from Fig. 7 that the variations of the RTCs
corresponding to the tooth-saw-type and sin-type interfaces are similar. However, they
are different from the one corresponding to the tooth-comb-type interface. The RTC-
curves for the latter case are smooth than the ones for two former cases.

Fig. 8 represents the dependance of RTCs on the incident angle for a very rough
interface of tooth-comb type (with f = 0.3) (solid lines) and for a plane interface (f = 0
or f = 1) (dashed lines). It is clear from Fig. 8 that the roughness of interfaces affects
strongly the RTCs.

Fig. 9 shows the dependence the RTCs on the dimensionless incident wave fre-
quency e for the tooth-comb-type interface (with f = 0.3) at 6y = 71/4. It is seen that



Reflection and transmission of P-waves at a very rough interface between two isotropic elastic solids

Tooth-comb type: f=0.3, e=1
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Fig. 7. Variation of RTCs against the incident angle for three types of interface
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the RTCs oscillate for the tooth-comb interface and become constant for the plane inter-
face. This fact says again that the roughness of interfaces affects strongly the RTCs.
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Fig. 10 presents the variation of the RTCs against the geometric parameter f of a
very rough interface of tooth-comb type at 6y = 71/4 and e = 1. One can see that the
geometric parameter f affects considerably on the RTCs.

It is noted that the numerical results given in Figs. 7-10 have been verified by means
of the energy balance that needs to be satisfied, i.e. by means of the energy conversion
carried out between the incident wave and the reflected and transmitted waves.

5. CONCLUSIONS

In this paper, the reflection and transmission of P-waves at a very rough interface
between two isotropic elastic solids is investigated. Based on the obtained results on the
homogenization of very rough interfaces between two isotropic elastic solids, the prob-
lem is considered as the reflection and transmission of P-waves through an inhomoge-
neous orthotropic elastic layer. Employing the transfer matrix of an orthotropic elastic
layer, formulas in closed-form of the reflection and transmission coefficient have been
derived. These formulas will be a good tool for determining the internal characteristics
of the Earth crust from the signals of reflected and transmitted waves. Based on them,
some numerical examples are carried out to examine the reflection and transmission of
P-waves at a very rough interface of tooth-comb type, tooth-saw type and sin type. It is
found from numerical results that the RTCs depend strongly on the incident angle, the
incident wave frequency and:

(i) The type of rough interface affects strongly the variation of RTCs against the inci-
dent angle: the variation corresponding to the tooth-comb-type interface is smooth than
that corresponding to the tooth-saw-type interface and the sin-type interface.

(ii) The roughness of interfaces makes the reflection coefficients decreasing and the
transmission coefficient increasing. That means the roughness obstructs the reflection
and support the transmission.
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