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Abstract. This paper presents an analytical approach to investigate the buckling of sand-
wich cylindrical shells subjected to uniform temperature rise and external lateral pressure.
Two sandwich models corresponding to carbon nanotube reinforced composite (CNTRC)
face sheets and core layer are considered. The properties of all constitutive materials are
assumed to be temperature dependent and effective properties of CNTRC are determined
according to an extended rule of mixture. Governing equations are established using first
order shear deformation theory and solved employing two-term form of deflection along
with Galerkin method for simply supported edge shells. In order to account for practical
situations of in-plane boundary condition, the elasticity of tangential constraint of bound-
ary edges is included. Owing to temperature dependence of material properties, critical
thermal loads are determined adopting an iteration process. Numerous parametric studies
are carried out and interesting remarks are given. The study reveals that sandwich shell
model with CNTRC core layer and homogeneous skins has considerably strong capacity
of buckling resistance. Numerical results also indicate that tangential edge constraint has
significant effects on critical loads, especially at elevated temperature. In addition, in the
case of thermal load, an intermediate volume percentage of carbon nanotubes can confer
the highest critical temperatures of sandwich shells.

Keywords: CNT-reinforced composite, two-term deflection, sandwich models, thermal load,
tangential edge constraint.

1. INTRODUCTION

Due to superior mechanical and thermal properties along with extremely large as-
pect ratio, carbon nanotubes (CNTs) are used as advanced fillers into isotropic matrix to
form carbon nanotube reinforced composite (CNTRC) known as a new class of nanocom-
posite [1, 2]. The ultimate purpose of developing new materials as CNTs is their applica-
tion into structural components. Therefore, optimal distribution of CNTs in structures is
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a problem of considerable importance. Motivated by the concept of functionally graded
material (FGM), Shen [3] proposed the concept of functionally graded carbon nanotube
reinforced composite (FG-CNTRC) in which CNTs are reinforced into isotropic matrix in
such a way that the volume fraction of CNTs is varied in the thickness direction according
to functional rules. Stimulated by this proposal work of Shen, subsequent investigations
on static and dynamic responses of FG-CNTRC structures have been performed. Post-
buckling analyses of FG-CNTRC cylindrical shells under axial compression and external
pressure loads have been carried out by Shen [4, 5] employing asymptotic solutions and
a higher order shear deformation theory (HSDT). Numerical investigations on buckling
and postbuckling behaviors of thin FG-CNTRC cylindrical panels under axial compres-
sion and shear loads have been presented by Macias et al. [6,7] in which effective proper-
ties of FG-CNTRC are estimated using Eshelby-Mori-Tanaka scheme. Zghal et al. [8] used
finite element method to analyze the mechanical buckling behavior of plates and cylin-
drical panels made of FGM and FG-CNTRC with various boundary conditions. An ana-
lytical study of the buckling and postbuckling of simply supported FG-CNTRC toroidal
shell segments under external pressure is presented by Tung and Hieu [9] making use of
classical shell theory (CST) and thee-term form of deflection. A linear buckling analysis
of FG-CNTRC truncated conical shells under lateral pressure was presented by Jam and
Kiani [10] employing first order shear deformation theory (FSDT) and differential quad-
rature method (DQM). Hieu and Tung [11, 12] used the CST and Galerkin method to
investigate the nonlinear stability of FG-CNTRC toroidal shell segments and cylindrical
shells with elastically restrained edges under lateral pressure in thermal environments.

Since structural components are usually exposed to severe temperature conditions,
thermally induced buckling and postbuckling problems of these structures should be
addressed. Linear buckling behavior of FG-CNTRC rectangular and skew plates under
uniform temperature rise has been studied in works of Kiani and coauthor [13, 14] em-
ploying Chebyshev-Ritz method and FSDT. Basing on some different plate theories, the
thermal postbuckling behavior of FG-CNTRC rectangular plates has been analyzed in
works of Shen and Zhang [15] utilizing two-step perturbation technique, Kiani [16] em-
ploying Chebyshev-Ritz method, and Tung and Trang [17, 18] making use of Galerkin
method. Torabi et al. [19] presented a numerical study on linear buckling of higher order
shear deformable FG-CNTRC plates with different shapes under thermal loads. The ther-
mal postbuckling analyses of FG-CNTRC cylindrical panels and shells have been carried
out in works of Shen and Xiang [20] and Shen [21], respectively, using asymptotic solu-
tions and a HSDT. Recently, the effects of tangential edge constraints on the thermally
induced postbuckling behavior of FG-CNTRC cylindrical panels and cylindrical shells
have been analyzed in analytical studies of Trang and Tung [22] utilizing the HSDT and
Hieu and Tung [23] using the CST, respectively. Mirzaei and Kiani [24] used the adjacent
equilibrium criterion along with discrete singular convolution method to deal with the
linear buckling problem of FG-CNTRC truncated conical shells under uniform tempera-
ture rise.

Sandwich type structures possess many outstanding characteristics and are widely
used in many engineering applications. The generation of advanced nanocomposites
such as CNTRC necessitates researches on sandwich structures constituted from these
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materials. Shen and Zhu [25] made use of HSDT and a perturbation technique to ex-
amine the postbuckling behavior of FG-CNTRC sandwich plates under compressive and
thermal loads. By using Ritz method with Chebyshev polynomials as shape functions,
Kiani [26] explored the postbuckling behavior of FG-CNTRC sandwich plates with differ-
ent boundary conditions under uniform temperature rise. A numerical analysis of buck-
ling behavior of FG-CNTRC sandwich shell panels under thermal loads has been car-
ried out in work of Mehar et al. [27] adopting finite element method. In aforementioned
works [25–27], sandwich structures are composed of isotropic homogeneous core layer
and FG-CNTRC face sheets. Long and Tung [28–30] investigated the postbuckling behav-
ior of sandwich plates and cylindrical panels with FG-CNTRC core layer and face sheets
subjected to mechanical and thermal loads. Recently, Foroutan et al. [31] used semi-
analytical approach to treat the nonlinear static and dynamic postbuckling responses of
sandwich cylindrical panels with an FG-CNTRC core layer taking the hygrothermal and
viscoelastic foundation effects into consideration. More recently, Shen et al. [32] assessed
the effects of negative Poisson’s ratio on the postbuckling behavior of pressure-loaded
laminated cylindrical shells made of CNTRC under thermal environments. To the best of
authors’ knowledge, there is no investigation on the buckling of shear deformable sand-
wich circular cylindrical shells composed of isotropic homogeneous and FG-CNTRC lay-
ers under mechanical and thermal loads.

Recently, Hieu and Tung [33, 34] suggested an effective analytical approach using
two-term form of deflection for linear buckling analysis of shear deformable FG-CNTRC
cylindrical shells and toroidal shell segments. As an extension of previous work [33], this
paper adopts an analytical approach to investigate the buckling behavior of sandwich
cylindrical shells comprising CNTRC and homogeneous layers subjected to uniform tem-
perature rise and external lateral pressure. Governing equations are established within
the framework of the FSDT. In order to account for practical situations, both tempera-
ture dependence of material properties and elasticity of tangential edge constraint are in-
cluded. Analytical solutions of deflection and stress function are chosen to satisfy simply
supported boundary conditions and Galerkin method along with an iteration procedure
are adopted to determine the critical loads. After verifying, numerous parametric studies
are carried out. Numerical results indicate that tangential edge constraint has significant
effect on buckling resistance capacity of the shells. Furthermore, the study reveals that
sandwich shell model with thicker CNTRC core layer and homogeneous face sheets can
have the highest critical loads.

2. MATERIAL AND STRUCTURAL MODELS

Structural model considered in this study is that a circular cylindrical shell (CCS)
of length L, radius R and total thickness h, as shown in Fig. 1. The shell is defined in
a coordinate system xyz origin of which is located on the middle surface at one end, x
and y = Rθ are longitudinal and circumferential coordinates (θ is circumferential angle),
respectively, and z is in the direction of inward normal to the middle surface (−h/2 ≤
z ≤ h/2)
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are adopted to determine the critical loads. After verifying, numerous parametric studies are carried 

out. Numerical results indicate that tangential edge constraint has significant effect on buckling 
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Fig. 1. Geometry and coordinate system of a 

circular cylindrical shell. 

 

The shell is constituted from FG-CNTRC and homogeneous layers. It is assumed that these 

layers are perfectly bonded and thickness of each face sheet is fh . This study considers two 

sandwich models corresponding to CNTRC and homogeneous face sheets and referred to herein as 

sandwich shells of type A and type B, respectively. 

2.1. Sandwich cylindrical shell of type A: Homogeneous core layer and CNTRC face sheets. 

This type of sandwich shell is a mid-surface symmetric configuration formed from isotropic 

homogeneous core layer and CNTRC face sheets as shown in figure 2.  
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Fig. 1. Geometry and coordinate system of a circular cylindrical shell

The shell is constituted from FG-CNTRC and homogeneous layers. It is assumed
that these layers are perfectly bonded and thickness of each face sheet is h f . This study
considers two sandwich models corresponding to CNTRC and homogeneous face sheets
and referred to herein as sandwich shells of type A and type B, respectively.

2.1. Sandwich cylindrical shell of type A: Homogeneous core layer and CNTRC face
sheets
This type of sandwich shell is a mid-surface symmetric configuration formed from

isotropic homogeneous core layer and CNTRC face sheets as shown in Fig. 2.

Fig. 2. Functionally graded (FG) types of CNT distribution in sandwich shell of type A. 

CNTs are reinforced into two face sheets according to distribution types named FG-X, FG-O, 

FG −  and FG-V. Uniform distribution (UD) type is also considered as a special case of CNT 
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2.2. Sandwich cylindrical shell of type B: CNTRC core layer and homogeneous face sheets 

As illustrated in figure 3, in this sandwich model, cylindrical shell is constituted from a 

CNTRC core layer and two face sheets made of isotropic homogeneous material properties of which 

can be different from those of matrix material in CNTRC.  
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Fig. 2. Functionally graded (FG) types of CNT distribution in sandwich shell of type A

CNTs are reinforced into two face sheets according to distribution types named FG-
X, FG-O, FG-Λ and FG-V. Uniform distribution (UD) type is also considered as a special
case of CNT distribution. The volume fraction of CNTs, denoted by VCNT, corresponding
to these five types of distribution are given in Table 1 in which h0 = −h/2, h1 = −h/2 +
h f , h2 = h/2− h f , h3 = h/2, and V∗CNT is total volume fraction of CNTs.
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Table 1. Volume fraction VCNT(z) of CNTs in face sheets of sandwich CCS of type A

Distribution type Outer face sheet (h0 ≤ z ≤ h1) Inner face sheet (h2 ≤ z ≤ h3)

UD V∗CNT V∗CNT

FG-X 2
|h0 + h1 − 2z|

h1 − h0
V∗CNT 2

|h2 + h3 − 2z|
h3 − h2

V∗CNT

FG-Λ 2
z− h0

h1 − h0
V∗CNT 2

h3 − z
h3 − h2

V∗CNT

FG-V 2
h1 − z
h1 − h0

V∗CNT 2
z− h2

h3 − h2
V∗CNT

FG-O 2
(

1− |2z− h0 − h1|
h1 − h0

)
V∗CNT 2

(
1− |2z− h2 − h3|

h3 − h2

)
V∗CNT

2.2. Sandwich cylindrical shell of type B: CNTRC core layer and homogeneous face
sheets
As illustrated in Fig. 3, in this sandwich model, cylindrical shell is constituted from

a CNTRC core layer and two face sheets made of isotropic homogeneous material prop-
erties of which can be different from those of matrix material in CNTRC.

 

Fig. 3. Functionally graded (FG) types of CNT distribution in sandwich shell of type B. 
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For both sandwich models, the effective properties, namely elastic moduli 11 22,E E  and shear 
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Fig. 3. Functionally graded (FG) types of CNT distribution in sandwich shell of type B

The volume fraction of CNTs in core layer (h1 ≤ z ≤ h2) corresponding to above
mentioned types of CNT distribution is defined as follows
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VCNT =



V∗CNT UD

4
|z|

h2 − h1
V∗CNT FG-X

2
z− h1

h2 − h1
V∗CNT FG-Λ

2
h2 − z
h2 − h1

V∗CNT FG-V

2
(

1− 2 |z|
h2 − h1

)
V∗CNT FG-O

(1)

For both sandwich models, the effective properties, namely elastic moduli E11, E22
and shear modulus G12, of CNTRC are determined using an extended rule of mixture
as [3]

E11 = η1VCNTECNT
11 + VmEm, (2a)

η2

E22
=

VCNT

ECNT
22

+
Vm

Em , (2b)

η3

G12
=

VCNT

GCNT
12

+
Vm

Gm , (2c)

where ECNT
11 , ECNT

22 and GCNT
12 are elastic moduli and shear modulus of CNTs, respectively,

Em and Gm are elastic and shear moduli of isotropic matrix material, respectively, and
η1, η2, η3 are CNT efficiency parameters. These parameters are inserted into Eqs. (2) to in-
clude size-dependent effects of CNT reinforcements. In addition, Vm = 1−VCNT denotes
the volume fraction of matrix.

Due to weak dependence on position and temperature, effective Poisson’s ratio of
CNTRC is assumed to be constant and determined using the conventional rule of mixture
as [3]

ν12 = V∗CNTνCNT
12 + (1−V∗CNT) νm, (3)

in which νCNT
12 and νm are Poisson’s ratios of CNT and matrix material, respectively.

In this study, the effective thermal expansion coefficients α11 and α22 in the longi-
tudinal and transverse directions, respectively, are determined using Schapery model
as [20, 21]

α11 =
VCNTECNT

11 αCNT
11 + VmEmαm

VCNTECNT
11 + VmEm

, (4a)

α22 =
(

1 + νCNT
12

)
VCNTαCNT

22 + (1 + νm)Vmαm − ν12α11, (4b)

where αCNT
11 , αCNT

22 and αm are thermal expansion coefficients of CNT and matrix material,
respectively.

Owing to temperature dependence of material properties, the effective properties
E11, E22, G12, α11 and α22 of CNTRC depend on both temperature and position.
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3. GOVERNING EQUATIONS

In this study, the sandwich cylindrical shell is assumed to be geometrically perfect
and moderately thick, and governing equations are established within the framework
of the first order shear deformation theory (FSDT). Based on the FSDT, in-plane strain
components εx, εy, γxy and shear deformations γxz, γyz at a z distance from the middle
surface are expressed as εx

εy
γxy

 =

 ε0
x

ε0
y

γ0
xy

+ z

 ε1
x

ε1
y

γ1
xy

 ,
(

γxz
γyz

)
=

(
φx + w,x
φy + w,y

)
, (5)

where  ε0
x

ε0
y

γ0
xy

 =

 u,x
v,y − w/R
u,y + v,x

 ,

 ε1
x

ε1
y

γ1
xy

 =

 φx,x
φy,y

φx,y + φy,x

 , (6)

in which u, v, w are displacement components in the x, y, z directions, respectively, and
φx, φy are rotations of a normal to the middle surface with respect to the y, x axes, re-
spectively. Herein, subscript comma indicates the partial derivative with respect to the
followed variable, e.g. w,x = ∂w/∂x.

Temperature condition considered in this study is that uniform temperature rise.
Specifically, the sandwich shell is exposed to an environment the temperature of which
is uniformly raised from reference value T0 to value T, and difference ∆T = T − T0 is
independent of coordinate variables. Stress components in the shell are computed using
constitutive relations as

σx
σy
σxy
σxz
σyz

 =


Q11 Q12 0 0 0
Q12 Q22 0 0 0

0 0 Q66 0 0
0 0 0 Q44 0
0 0 0 0 Q55




εx − α11∆T
εy − α22∆T

γxy
γxz
γyz

 , (7)

where

Q11 =
E11

1− ν12ν21
, Q22 =

E22

1− ν12ν21
, Q12 =

ν21E11

1− ν12ν21
, Q44 = G13, Q55 = G23, Q66 = G12, (8)

in CNTRC layers (i.e. h0 ≤ z ≤ h1 and h2 ≤ z ≤ h3 for sandwich CCS of type A and
h1 ≤ z ≤ h2 for sandwich CCS of type B), and

E11 = E22 = EH, α11 = α22 = αH, ν12 = ν21 = νH,

Q11 = Q22 =
EH

1− ν2
H

, Q12 =
νHEH

1− ν2
H

, Q44 = Q55 = Q66 =
EH

2(1 + νH)
,

(9)

in isotropic homogeneous layers (i.e. h0 ≤ z ≤ h1 and h2 ≤ z ≤ h3 for sandwich CCS
of type B and h1 ≤ z ≤ h2 for sandwich CCS of type A) in which EH, αH and νH denote
Young modulus, thermal expansion coefficient and Poisson ratio of isotropic homoge-
neous material, respectively.
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In-plane force resultants Nx, Ny, Nxy, moment resultants Mx, My, Mxy and transverse
shear force resultants Qx, Qy are calculated through the stress components and have the
form as [28]

(Nx, Mx) = (e11, e12) ε0
x + ν21 (e11, e12) ε0

y + (e12, e13) φx,x + ν21 (e12, e13) φy,y − (e11T , e12T)∆T,(
Ny, My

)
= ν12 (e21, e22) ε0

x + (e21, e22) ε0
y + ν12 (e22, e23) φx,x + (e22, e23) φy,y − (e21T , e22T)∆T,(

Nxy, Mxy
)
= (e31, e32) γ0

xy + (e32, e33)
(
φx,y + φy,x

)
,

Qx = KSe41 (φx + w,x) , Qy = KSe51
(
φy + w,y

)
,

(10)

where

(e11, e21, e31, e41, e51) =

h/2∫
−h/2

(Q11, Q22, Q66, Q44, Q55) dz,

(e12, e22, e32) =

h/2∫
−h/2

(Q11, Q22, Q66) zdz, (e13, e23, e33) =

h/2∫
−h/2

(Q11, Q22, Q66) z2dz,

(e11T , e12T) =

h/2∫
−h/2

Q11 (α11 + ν21α22) (1, z) dz, (e21T , e22T) =

h/2∫
−h/2

Q22 (ν12α11 + α22) (1, z) dz,

(11)

and KS is shear correction coefficient.
Based on the FSDT, system of equilibrium equations of cylindrical shells includes

five equations. After performing mathematical transformations, equilibrium equation of
sandwich cylindrical shells is written in the following form [33]

a11φx,xxx + a21φx,xyy + a31φy,xxy + a41φy,yyy + a51 f,xxyy + f,yyw,xx − 2 f,xyw,xy + f,xxw,yy +
f,xx

R
+ q = 0,

(12)
in which coefficients a1i (i = 1÷ 5) has the form as given in the work [28], f (x, y) is a
stress function defined as Nx = f,yy, Ny = f,xx, Nxy = − f,xy, and q is external lateral
pressure uniformly distributed at the outer surface of the shell.

From kinematic relations (6), the strain compatibility equation of a CCS has the form

ε0
x,yy + ε0

y,xx − γ0
xy,xy +

w,xx

R
= 0. (13)

From Eqs. (10), ε0
x, ε0

y, γ0
xy can be expressed in terms of Nx, Ny, Nxy. After that, by

substituting the obtained results of ε0
x, ε0

y, γ0
xy into the Eq. (13), the compatibility equation

of sandwich cylindrical shells is rewritten in the following form

a12 f,xxxx + a22 f,xxyy + a32 f,yyyy + a42φx,xxx + a52φy,xxy + a62φy,yyy + a72φx,xyy +
w,xx

R
= 0,

(14)
where the form of coefficients aj2 (j = 1÷ 7) can be found in the work [28].
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4. FORMULATIONS

In this study, the edges of the cylindrical shell are assumed to be simply supported
and elastically restrained in the tangential displacement. The associated boundary con-
ditions are expressed as follows

w = φy = Mx = 0, Nx = Nx0 at x = 0, L (15)

where Nx0 is fictitious compressive force resultant at tangentially restrained edges x =
0, L. This force resultant is concerned with average end-shortening displacement at
boundary edges as [11, 12]

Nx0 = − c
2πRL

2πR∫
0

L∫
0

∂u
∂x

dxdy, (16)

in which c is tangential stiffness parameter at edges x = 0, L or simply known as the
stiffness of elastic springs characterizing tangential edge constraint. It is noticed that
Eq. (16) covers all possible cases of in-plane restraints. Concretely, the values of c = 0
(i.e. Nx0 = 0), c → ∞ (i.e. average end-shortening displacement is zero-valued) and
0 < c < ∞ represent movable, immovable and partially movable edges, respectively.

For circular cylindrical shell, condition of closed periphery must be satisfied. This
condition is fulfilled in an average sense in the following

1
2πRL

2πR∫
0

L∫
0

∂v
∂y

dxdy = 0. (17)

Above boundary conditions are approximately satisfied by assuming the following
analytical solutions [33, 34]

w (x, y) = W0 + W1 sin βmx sin δny, (18a)

f (x, y) = A1 cos 2βmx + A2 cos 2δny + A3 sin βmx sin δny

+ A4 sin 3βmx sin δny− σ0yh
x2

2
+ Nx0

y2

2
,

(18b)

φx = B1 cos βmx sin δny, φy = B2 sin βmx cos δny, (18c)

in which W0 and W1 are prebuckling uniform deflection and the amplitude of deflection
after buckling, respectively, βm = mπ/L, δn = n/R with m and n are positive integers
representing numbers of half and full waves in the longitudinal and circumferential di-
rections, respectively. In addition, σ0y is average circumferential stress and Ai (i = 1÷ 4),
B1 and B2 are coefficients to be determined.

By introducing the solutions (18) into the compatibility equation (14), we obtain

A1 = A2 = A4 = 0,(
a12β4

m + a22β2
mδ2

n + a32δ4
n

)
A3 +

(
a42β3

m + a72βmδ2
n
)

B1 +
(
a52β2

mδn + a62δ3
n
)

B2 =
β2

m
R

W1,
(19)
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Next, by substituting the solutions (18) into the last two of equilibrium equations
and performing mathematical procedures as described in previous work [18], we obtain a
system of two algebraic equations in terms of A3, B1 and B2. Solving these two equations
in combination with the Eq. (19) yields the following result

A3 = A∗3W1, B1 = B∗1W1, B2 = B∗2W1, (20)

in which the form of coefficients A∗3 , B∗1 and B∗2 is similar to that given in the work [33]
and omitted here for the sake of brevity.

Now, substituting the solutions (18) into the equilibrium equation (12) and applying
Galerkin method on the whole region of cylindrical shell (0 ≤ x ≤ L, 0 ≤ y ≤ 2πR) to
the resulting equation, taking into account the condition of non-trivial solution (W1 6= 0),
we obtain the following relations

q−
σ0y

Rh
= 0, (21a)

g0 +
m2π2

R2
hL2

R
N̄x0 −

n2

R2
h

σ0y = 0, (21b)

where

Rh =
R
h

, LR =
L
R

, N̄x0 =
Nx0

h
, (22a)

g0 =
m2π2

R3
hL2

R
Ā∗3 −

m2n2

R4
hL2

R
ā51π2Ā∗3 −

m3π3

R3
hL3

R
ā11B̄∗1 −

mn2π

R3
hLR

ā21B̄∗1 −
m2nπ2

R3
hL2

R
ā31B̄∗2 −

n3

R3
h

ā41B̄∗2 ,

(22b)
in which

(ā11, ā21, ā31, ā41) =
1
h3 (a11, a21, a31, a41) , ā51 =

a51

h
, Ā∗3 =

A∗3
h2 , (B̄∗1 , B̄∗2) = (B∗1 , B∗2) h. (23)

In what follows, the expressions of N̄x0 and σ0y will be determined. From Eqs. (6)
and (10), the following relations are obtained

∂u
∂x

=
1

(1− ν12ν21)e11e21

[
e21 f,yy − ν21e11 f,xx + (ν12ν21e11e22 − e12e21) φx,x

+ν21 (e11e22 − e12e21) φy,y
]
+

e21e11T − ν21e11e21T

(1− ν12ν21)e11e21
∆T,

(24a)

∂v
∂y

=
1

(1− ν12ν21)e11e21

[
e11 f,xx − ν12e21 f,yy + ν12 (e12e21 − e11e22) φx,x

+ (ν12ν21e12e21 − e11e22) φy,y
]
+

e11e21T − ν12e21e11T

(1− ν12ν21)e11e21
∆T +

w
R

.
(24b)

By placing the solutions (18) into the Eqs. (24) and putting the obtained expressions
into the Eqs. (16) and (17), one receives a system of two linear algebraic equations in terms
of N̄x0 and σ0y. Afterward, by solving these two equations, we obtain the following result

N̄x0 = −λ
ē11

Rh
ν21W̄0 − λē11T∆T, (25a)
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σ0y = −ν12
ē21

ē11
N̄x0 +

ē21

Rh
(1− ν12ν21) W̄0 +

(
ē21T − ν12

ē21

ē11
ē11T

)
∆T, (25b)

where

(W̄0, ē11, ē21, ē11T, ē21T) =
1
h
(W0, e11, e21, e11T, e21T) , λ =

c
e11 + c

, (26)

and λ is a non-dimensional tangential stiffness parameter which will be used in numer-
ical results later. It is noticed that cases of movable (c = 0), immovable (c → ∞) and
partially movable (0 < c < ∞) edges are characterized by values of λ = 0, λ = 1 and
0 < λ < 1, respectively.

Subsequently, introduction of N̄x0 and σ0y from Eqs. (25) into the Eqs. (21) yields the
following expressions

W̄0 = s11q + s21∆T, (27a)

s12 − s22W̄0 − s32∆T = 0, (27b)

where

s11 =
R4

h
s31

, s21 = −
R3

h
ē11s31

(ē11ē21T − ν12ē21ē11T + λē11Tν12ē21) ,

s31 = R2
h ē21 (1− ν12ν21) + λR2

hν12ν21ē21,

s12 = g0, s22 =
ē21

R3
h

n2 (1− ν12ν21) + λν21
ē11

Rh

(
m2π2

R2
hL2

R
+ ν12

n2ē21

R2
h ē11

)
,

s32 =
n2

R2
h ē11

(ē11ē21T − ν12ē21ē11T) + λē11T

(
m2π2

R2
hL2

R
+ ν12

n2ē21

R2
h ē11

)
.

(28)

Now, by eliminating the W̄0 from the Eqs. (27), we obtain the following expression

q =
s12

s11s22
− s21s22 + s32

s11s22
∆T. (29)

This is closed-form expression of buckling loads of sandwich cylindrical shells ex-
posed to preexisting thermal environments and subjected to lateral pressure. In another
scenario, when the sandwich shell is only subjected to uniform temperature rise, i.e.
q = 0, the Eq. (29) is rewritten in the form

∆T =
s12

s21s22 + s32
, (30)

which represents buckling thermal loads of sandwich cylindrical shells. Critical pres-
sures qcr and critical thermal loads ∆Tcr are obtained by minimizing the q and ∆T, re-
spectively, with respect to numbers m, n specifying buckling mode. Furthermore, due
to temperature dependence of material properties, critical thermal loads are computed
using an iteration process.
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5. NUMERICAL RESULTS AND DISCUSSION

This section presents numerical results for sandwich circular cylindrical shells (SCCSs)
made of nanocomposite and homogeneous layers under lateral pressure and thermal
loads. Nanocomposite layer is made of Poly (methyl methacrylate) matrix material, re-
ferred to as PMMA, and reinforced by (10, 10) single-walled carbon nanotubes (SWC-
NTs). The temperature dependent properties of the PMMA and (10, 10) SWCNTs have
been given in many previous works, e.g. [13–15, 20], and are omitted here for the sake
of brevity. In addition, CNT efficiency parameters ηj (j = 1, 2, 3) are the same as those
given in the works [15,20,21], and it is assumed that G13 = G12, G23 = 1.2G12 [15,16]. The
isotropic homogeneous layers are made of Ti-6Al-4V the temperature dependent proper-
ties of which are [26]

EH = 122.56
(

1− 4.586× 10−4T
)

GPa,

αH = 7.5788
(

1 + 6.638× 10−4T − 3.147× 10−7T2
)
× 10−6 K−1, νH = 0.29,

(31)

in which T = T0 + ∆T (K) and T0 = 300 K is room temperature at which the sandwich
shell is assumed to be free from thermal stress. In numerical results, temperature de-
pendent and independent properties will be mentioned to as T-D and T-ID properties,
respectively.

Beside the commonly used value KS = 5/6 [10, 13, 14, 16, 24, 26, 33, 34], the shear
correction coefficient was also suggested to be a value depending on Poisson’s ratios
of constituent materials in work of Efraim and Eisenberger [35] for functionally graded
material (FGM). This suggestion of variable Poisson’s rations was also developed in work
of Lei et al. [36] for FG-CNTRC. Based on suggestions in previous works [35,36], another
value of the KS is adopted in the present work as the following

KS = K∗S =
5

6− (νCNT
12 V∗CNT + νmVm)

. (32)

5.1. Verification
As mentioned above, there is no investigation on the buckling of CNTRC SCCSs

in the literature. Therefore, to verify the proposed work, comparative studies are carried
out for special cases of the present work in which the thickness of face sheets in sandwich
shell of type B tends to zero and λ receives extreme values. First, the buckling behavior
of a shear deformable CNTRC CCS with simply supported and immovable edges under
uniform temperature rise is considered. Table 2 shows the results of critical temperatures
of the present study corresponding to case of λ = 1 in comparison with those reported in
the works of Shen [21] employing asymptotic solutions, HSDT along with a perturbation
technique and of Mirzaei and Kiani [24] adopting adjacent equilibrium criterion, FSDT
in conjunction with singular discrete convolution method. It is evident that results of the
present work well agree with those in the literature.

As a second example for verification, the buckling behavior of a CNTRC CCS with
movable edges under uniform external lateral pressure in thermal environments is con-
sidered. The critical pressures of the present work corresponding to case of λ = 0 are



Thermal and thermomechanical buckling of CNT-reinforced composite sandwich cylindrical shells . . . 309

Table 2. Comparison of critical temperature Tcr = T0 + ∆Tcr (K) of CNTRC CCSs (R/h =

30, L2/Rh = 300) with immovable edges. Numbers in parentheses indicate buckling mode (m, n)

V∗CNT Reference UD FG-X FG-V FG-Λ

0.12 Shen [21] 497.44 (1, 3) 507.24 (1, 3) 492.05 (2, 4) 476.30 (2, 4)
Mirzaei and Kiani [24] 492.24 510.12 483.68 469.43
Present (KS = 5/6) 497.05 (1, 3) 507.13 (1, 3) 482.78 (2, 4) 466.30 (2, 4)
Present (KS = K∗S) 497.05 (1, 3) 507.13 (1, 3) 483.02 (2, 4) 466.42 (2, 4)

0.17 Shen [21] 517.34 (1, 3) 532.03 (1, 3) 507.56 (2, 4) 490.53 (2, 4)
Mirzaei and Kiani [24] 507.07 532.36 503.30 485.34
Present (KS = 5/6) 516.36 (1, 3) 529.15 (1, 3) 499.01 (2, 4) 482.04 (2, 4)
Present (KS = K∗S) 516.36 (1, 3) 529.15 (1, 3) 499.14 (2, 4) 482.04 (2, 4)

0.28 Shen [21] 474.98 (1, 3) 493.50 (1, 3) 471.41 (2, 4) 462.84 (2, 4)
Mirzaei and Kiani [24] 474.68 494.06 465.68 457.42
Present (KS = 5/6) 473.06 (1, 3) 492.37 (1, 3) 465.19 (2, 4) 454.98 (2, 4)
Present (KS = K∗S) 473.06 (1, 3) 492.37 (1, 3) 465.31 (2, 4) 455.10 (2, 4)

computed using closed-form expression (29) and compared in Table 3 with results ob-
tained by Shen [5] using the HSDT, asymptotic solutions and a two-step perturbation
technique. As can be seen, a very good agreement is achieved in this comparison.

Table 3. Comparison of critical lateral pressures qcr (in kPa) of CNTRC CCSs with movable edges
in thermal environments [R/h = 30, L2/Rh = 300, V∗CNT = 0.17, (m, n) = (1, 4)]

T (K) Reference UD FG-X FG-V FG-Λ

300 Shen [5] 433.04 484.05 450.14 404.64
Present (KS = 5/6) 433.18 481.21 450.14 407.99
Present (KS = K∗S) 433.29 481.37 450.26 408.08

500 Shen [5] 325.10 365.68 335.58 302.59
Present (KS = 5/6) 324.74 362.74 335.36 304.24
Present (KS = K∗S) 324.83 362.88 335.46 304.31

700 Shen [5] 218.19 248.32 222.37 201.11
Present (KS = 5/6) 214.39 242.32 218.42 198.67
Present (KS = K∗S) 214.47 242.45 218.49 198.72

Above comparisons indicates that results using KS = 5/6 are very slightly smaller
than those adopting KS = K∗S. In other words, difference between results corresponding
to two different values of the shear correction coefficient is marginal. Accordingly, in the
remainder of this section, the value of KS = 5/6 will be used.
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5.2. Buckling analysis of CNTRC SCCSs under thermal load
First, the effects of ratio of thickness of face sheet to total thickness h f /h and different

patterns of CNT distribution in face sheets on critical thermal loads of SCCSs of type
A with immovable edges (λ = 1) are analyzed in Table 4 for both cases of T-D and
T-ID properties. It is evident that, for sandwich model with homogeneous core layer
and CNTRC face sheets, critical temperatures are considerably reduced when the face
sheets become thicker. Among four types of CNT distribution, critical thermal loads
corresponding to FG-V and FG-Λ distributions are the highest and lowest, respectively.
The difference between critical loads corresponding to different distributions becomes
bigger as the h f /h is larger, i.e. the face sheets are thicker. In addition, Table 4 also
indicates that temperature dependence of material properties detrimentally influence on
the buckling resistance capacity of CNTRC SCCSs under thermal loads.

Table 4. Effects of h f /h ratio and type of CNT distribution in face sheets on critical thermal loads
∆Tcr (K) of sandwich CCSs of type A (R/h = 50, L2/Rh = 100, V∗CNT = 0.17, λ = 1)

Properties h f /h UD FG-X FG-V FG-Λ

T-ID 0.1 772.89 (2, 7) 773.73 (2, 7) 776.69 (2, 7) 770.61 (2, 7)
0.15 683.51 (2, 7) 684.90 (2, 7) 691.52 (2, 7) 677.68 (2, 7)
0.2 607.91 (2, 7) 610.09 (2, 7) 621.44 (1, 6) 596.86 (2, 7)
0.5 196.63 (1, 5) 207.20 (1, 5) 228.65 (1, 5) 171.14 (1, 5)

T-D 0.1 652.88 (2, 7) 653.01 (2, 7) 656.21 (2, 7) 649.68 (2, 7)
0.15 572.19 (2, 7) 572.81 (2, 7) 579.58 (2, 7) 565.55 (2, 7)
0.2 502.33 (2, 7) 503.56 (2, 7) 501.96 (1, 6) 491.02 (2, 7)
0.5 137.64 (1, 5) 143.54 (1, 5) 155.96 (1, 5) 121.77 (1, 5)

Numbers in the parentheses indicate buckling mode (m, n).

Next, the effects of total volume fraction V∗CNT of CNTs and degree of tangential edge
constraint λ on the critical thermal loads ∆Tcr of CNTRC SCCSs of type A (h f /h = 0.2)
are examined in Table 5. It is interesting to notice that critical thermal loads are slightly
decreased when V∗CNT is increased from 0.12 to 0.28 in the case of T-ID properties. Un-
like this trend, when T-D properties are taken into consideration, the critical load corre-
sponding to case of V∗CNT = 0.17 is the highest and critical loads corresponding to values
of V∗CNT = 0.12 and V∗CNT = 0.28 are almost coincident. These analyses explore that for
thermally loaded SCCSs an average percentage of CNT volume in face sheets can confer
the best capacity of buckling resistance. Furthermore, results in Table 5 also find that
critical thermal loads and difference between predictions corresponding to T-D and T-
ID cases are lowered when parameter λ become larger, i.e. edges are restrained more
severely.

Subsequent numerical result is shown in Fig. 4 evaluating the effects of h f /h ratio
and various patterns of CNT distribution in core layer on critical thermal loads of CNTRC
SCCSs of type B with immovable edges. As can be observed, critical thermal loads are
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Table 5. Effects of V∗CNT and degree of tangential edge constraint on critical thermal loads ∆Tcr (K)
of sandwich CCSs of type A [R/h = 50, L2/Rh = 200, FG-V, h f /h = 0.2, (m, n) = (2, 7)]

Properties V∗CNT

λ

0.6 0.7 0.8 0.9 1.0

T-D 0.12 1016.0 871.2 762.5 677.9 610.4
0.17 1032.2 885.0 774.7 688.8 620.2
0.28 1016.3 871.3 762.5 677.9 610.3

T-ID 0.12 823.8 713.4 627.9 561.1 507.9
0.17 801.9 698.6 617.1 552.8 501.0
0.28 763.1 665.9 588.8 527.7 478.6

rapidly enhanced when the h f /h ratio increases to a definite value (about h f /h = 0.3
in this illustration) and then slightly increased and decreased for cases of T-D and T-ID
properties, respectively. This analysis suggests that sandwich model with a CNTRC core
layer and relatively thin homogeneous face sheets can bring the sandwich shell to the
best thermal buckling resistance capacity. Fig. 4 also indicates that FG-X type of CNT
distribution in core layer induces the highest critical temperature for SCCS of type B.
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Final illustrative example in this subsection is displayed in Fig. 5 considering the ef-
fects of total volume fraction V∗CNT of CNT in core layer and radius-to-thickness R/h ratio
on critical thermal loads ∆Tcr of SCCSs of type B with immovable edges. It is recognized
from Fig. 5 that critical thermal loads are reduced due to increase in the volume fraction
of CNTs for both cases of T-D and T-ID properties. In other words, high percentage of
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CNTs in core layer makes the thermal buckling resistance capacity of SCCSs of type B
weakened. In addition, it is clear that critical thermal loads become significantly lower
and harmful influences of T-D properties are more benign for larger values of R/h ratio,
namely thinner shells.

5.3. Buckling analysis of CNTRC SCCSs under lateral pressure
This subsection presents some numerical results for buckling analysis of CNTRC

SCCSs of types A and B under uniform external lateral pressure in thermal environments.
Table 6 shows the effects of volume fraction V∗CNT of CNTs, h f /h ratio and type of CNT
distribution in face sheets on critical loads of CNTRC SCCSs of type A with movable
edges under external pressure at room temperature. Obviously, critical pressures are
increased and decreased by virtue of increases in V∗CNT and h f /h, respectively. More
specifically, positive effect of high percentage of CNT reinforcement is more pronounced
for thicker face sheets. Basically, the type of CNT distribution in face sheets has slight
effect on critical pressures and FG-V distribution yields the highest critical pressures.

Table 6. Critical loads qcr (MPa) of sandwich CCSs of type A with movable edges under external
pressure at room temperature (R/h = 30, T = 300 K, λ = 0, L2/Rh = 100)

V∗CNT h f /h UD FG-X FG-V FG-O FG-Λ

0.12 0.1 7.2260 (1, 5) 7.2270 (1, 5) 7.2320 (1, 5) 7.2267 (1, 5) 7.2217 (1, 5)
0.2 3.9746 (1, 5) 3.9771 (1, 5) 3.9943 (1, 5) 3.9748 (1, 5) 3.9576 (1, 5)
0.3 1.7857 (1, 6) 1.7912 (1, 6) 1.8198 (1, 6) 1.7844 (1, 6) 1.7559 (1, 6)

0.17 0.1 7.4150 (1, 5) 7.4184 (1, 5) 7.4271 (1, 5) 7.4179 (1, 5) 7.4091 (1, 5)
0.2 4.2901 (1, 5) 4.2972 (1, 5) 4.3274 (1, 5) 4.2931 (1, 5) 4.2630 (1, 5)
0.3 2.1198 (1, 6) 2.1346 (1, 6) 2.1893 (1, 6) 2.1216 (1, 6) 2.0675 (1, 6)

0.28 0.1 7.6225 (1, 5) 7.6364 (1, 5) 7.6526 (1, 5) 7.6355 (1, 5) 7.6194 (1, 5)
0.2 4.4979 (1, 6) 4.5314 (1, 6) 4.5879 (1, 6) 4.5239 (1, 6) 4.4682 (1, 6)
0.3 2.3536 (1, 6) 2.4026 (1, 6) 2.5093 (1, 6) 2.3773 (1, 6) 2.2730 (1, 6)

Numbers in the parentheses indicate buckling mode (m, n).

Subsequently, the influences of environment temperature T, geometry ratio L2/Rh
and pattern of CNT distribution in core layer on critical pressures of the SCCSs of type
B with movable edges (λ = 0) are examined in Table 7. As can be seen, critical pres-
sures corresponding to FG-V and FG-Λ distribution patterns are the highest and lowest,
respectively. This means that SCCSs the inner and outer surfaces of which are enriched
by CNTs have the strongest and weakest capacities of external pressure resistance, re-
spectively. Table 7 also demonstrates that critical pressures are slightly and significantly
reduced when temperature T and L2/Rh ratio are enhanced, respectively.
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Table 7. Critical loads qcr (MPa) of sandwich CCSs of type B under external pressure with movable
edges in thermal environments (R/h = 30, V∗CNT = 0.17, λ = 0, h f /h = 0.2)

T (K) L2/Rh UD FG-X FG-V FG-O FG-Λ

300 100 9.7924 (1, 5) 9.8211 (1, 5) 9.9266 (1, 5) 9.7679 (1, 5) 9.6566 (1, 5)
200 6.6112 (1, 4) 6.6255 (1, 4) 6.7060 (1, 4) 6.5997 (1, 4) 6.5175 (1, 4)
300 5.6836 (1, 4) 5.6938 (1, 4) 5.7350 (1, 4) 5.6757 (1, 4) 5.6345 (1, 4)

400 100 9.2766 (1, 5) 9.3033 (1, 5) 9.4061 (1, 5) 9.2536 (1, 5) 9.1447 (1, 5)
200 6.2711 (1, 4) 6.2843 (1, 4) 6.3628 (1, 4) 6.2605 (1, 4) 6.1801 (1, 4)
300 5.3870 (1, 4) 5.3962 (1, 4) 5.4366 (1, 4) 5.3799 (1, 4) 5.3392 (1, 4)

Numbers in the parentheses indicate buckling mode (m, n).

Next, the effects of tangential edge constraint and elevated temperature on the crit-
ical pressures of SCCSs of types A and B are depicted in Figs. 6 and 7, respectively. Evi-
dently, critical pressures are substantially decreased by virtue of increases in temperature
T and/or parameter λ. More specifically, the enhancement of degree of tangential edge
constraint induces the slight and considerable decreases in critical pressures at low and
high levels of temperature, respectively. This is explained by the fact that thermal com-
pressive stresses at edges are higher as the edges are more rigorously restrained.
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edges versus change of thickness of face sheets and volume fraction of CNTs.   

Fig. 7. Combined effects of tangential edge
constraint and elevated temperature on critical

pressures of sandwich CCSs of type B
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It is clear that the buckling resistance 

capability of SCCSs is stronger when the 

homogeneous face sheets becomes 

thicker. In contrary to case of thermal 

load, critical loads of CNTRC SCCSs 

under external pressure are enhanced 

when the percentage of CNT volume 
*
CNTV  in core layer is higher. Furthermore, 

beneficial effect of *
CNTV  on critical 

pressure is of less significance with 

higher value of /fh h  ratio. Fig. 8. Effects of thickness of face sheets and CNT 
volume fraction on critical pressures of sandwich 
CCSs of type B. 

6. Concluding remarks

Based on an effective analytical approach, the buckling behavior of shear deformable 

sandwich cylindrical shells comprising CNTRC and homogenous layers subjected to uniform 

temperature rise and external lateral pressure has been analyzed. Both temperature dependence of 

material properties and elasticity of tangential constraint of edges are taken into consideration. 

Above obtained results suggests the following remarks: 

1. Buckling resistance capacity of sandwich shells under thermal and pressure loads is

weakened when boundary edges are more severely restrained. For pressure-loaded shells, critical 

pressures are slightly and considerably decreased by increase in degree of tangential edge constraint 

at low and high temperatures, respectively. 

2. Critical loads of pressure-loaded shells are enhanced by increase in CNT volume fraction.

In contrast, a small percentage of CNT volume can confer the strongest capacity of buckling 

resistance of thermally loaded CNTRC SCCSs. 

3. Sandwich shell model constituted from a thicker CNTRC core layer and homogeneous face

sheets can be an advanced sandwich model with many outstanding characteristics and potential 

applications.  

Fig. 8. Effects of thickness of face sheets and
CNT volume fraction on critical pressures of

sandwich CCSs of type B

Finally, Figs. 8 sketches the varia-
tion of critical pressures of SCCSs of type
B with movable edges versus change of
thickness of face sheets and volume frac-
tion of CNTs.

It is clear that the buckling resistance
capability of SCCSs is stronger when the
homogeneous face sheets becomes thicker.
In contrary to case of thermal load, criti-
cal loads of CNTRC SCCSs under external
pressure are enhanced when the percent-
age of CNT volume V∗CNT in core layer is
higher. Furthermore, beneficial effect of
V∗CNT on critical pressure is of less signif-
icance with higher value of h f /h ratio.

6. CONCLUDING REMARKS

Based on an effective analytical approach, the buckling behavior of shear deformable
sandwich cylindrical shells comprising CNTRC and homogenous layers subjected to uni-
form temperature rise and external lateral pressure has been analyzed. Both tempera-
ture dependence of material properties and elasticity of tangential constraint of edges are
taken into consideration. Above obtained results suggests the following remarks:

1. Buckling resistance capacity of sandwich shells under thermal and pressure loads
is weakened when boundary edges are more severely restrained. For pressure-loaded
shells, critical pressures are slightly and considerably decreased by increase in degree of
tangential edge constraint at low and high temperatures, respectively.

2. Critical loads of pressure-loaded shells are enhanced by increase in CNT volume
fraction. In contrast, a small percentage of CNT volume can confer the strongest capacity
of buckling resistance of thermally loaded CNTRC SCCSs.

3. Sandwich shell model constituted from a thicker CNTRC core layer and homoge-
neous face sheets can be an advanced sandwich model with many outstanding charac-
teristics and potential applications.
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