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Abstract. The nonlinear free vibration of embedded nanotubes under longitudinal mag-
netic field is studied in this paper. The governing equation for the nanotube is formu-
lated by employing Euler–Bernoulli beam model and the nonlocal strain gradient theory.
The analytical expression of the nonlinear frequency of the nanotube is obtained by us-
ing Galerkin method and the equivalent linearization method with the weighted averag-
ing value. The accuracy of the obtained solution has been verified by comparison with
the published solutions and the exact solution. The influences of the nonlocal parame-
ter, material length scale parameter, aspect ratio, diameter ratio, Winkler parameter and
longitudinal magnetic field on the nonlinear vibration responses of the nanotubes with
pinned-pinned and clamped-clamped boundary conditions are investigated and and dis-
cussed.

Keywords: nonlinear vibration, carbon nanotube, nonlocal strain gradient, magnetic field,
Galerkin method, equivalent linearization, weighted averaging.

1. INTRODUCTION

First discovered in 1991 by Iijima [1], carbon nanotubes (CNTs) show many advan-
tages compared to conventional steel tubes. With theirs advantages and small sizes,
CNTs have many applications such as nanoactuator [2], nano-electromechanical systems
(NEMS) [3, 4], nano-devices for electronics [5, 6], nano-medicine [7], or nano-devices for
conveying fluid and gas storage [8, 9].

Researching the mechanical behavior of CNTs is an extremely important problem
and attracts many interested scientists. Unlike macro-sized tubes, the size-dependent ef-
fect plays an important role in the response of CNTs. Some elasticity theories have been
proposed to study the size-dependent effect on the mechanical response of micro-/nano-
structures such as Eringen’s nonlocal elasticity theory [10, 11], the strain gradient theory
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(SGT) [12, 13], and the modified couple stress theory (MCST) [14]. To date, many works
related to the static and dynamic responses of CNTs have been published using these
higher-order elasticity theories. Nonlinear free vibration responses of the single-walled
carbon nanotubes (SWCNTs) were reported by Yang et al. [15] using the Timoshenko
beam theory and Eringen’s nonlocal elasticity theory. The effects of nonlocal parameter,
length and radius of the SWCNTs with different boundary conditions on the nonlinear
free vibration behaviors of SWCNTs were examined in this work. Narendar et al. [16]
studied the wave propagation problem in the SWCNTs under longitudinal magnetic field
based on Eringen’s nonlocal elasticity theory and the Euler-Bernoulli beam theory. The
wave method was employed by Zhang et al. [17] to analyze the nonlinear free vibration of
the fluid-conveying SWCNTs based on Eringen’s nonlocal elasticity theory. Based on the
Euler-Bernoulli beam theory and Eringen’s nonlocal elasticity theory, Wang and Li [18]
investigated the nonlinear free vibration of the SWCNTs with the viscous damping effect.
Zhen and Fang [19] used the Lindstedt–Poincaré method to investigate the nonlinear vi-
bration of the fluid-conveying SWCTNs under harmonic excitation. Nonlinear vibration
of the embedded SWCNTs was reported by Valipour et al. [20] using Eringen’s nonlocal
elasticity theory and the parameterized perturbation method. Goughari et al. [21] stud-
ied effects of magnetic-fluid flow on the instability of the fluid-conveying SWCNTs under
the magnetic field. Free vibration of the SWCNTs resting on the exponentially varying
elastic foundation was examined by Chakraverty and Jena using Eringen’s nonlocal elas-
ticity theory [2]. Based on the MCST and the Euler-Bernoulli beam theory, Wang [22]
investigated the size-dependent vibration responses of the fluid-conveying microtubes.
Flexural size-dependent vibrations of the microtubes conveying fluid was carried out by
Wang et al. [23] utilizing the MCST. Based on the MCST, Tang et al. [24] developed a non-
linear model to study the size-dependent vibration of the curved microtubes conveying
fluid. Xia and Wang [25] studied vibration and stability behaviors of the microscale pipes
conveying fluid based on Timoshenko beam theory and the MCST. Based on the second
SGT, vibration and stability behaviors of the SWCNTs conveying fluid were presented by
Ghazavi et al. [26].

In 2015, the nonlocal parameter and the material length scale parameter were incor-
porated into a generalized elasticity theory. Lim et al. [27] introduced the nonlocal strain
gradient theory (NSGT) describing two entirely different physical characteristics of ma-
terials and structures at nanoscale. Many works related to behaviors of micro-/nano-
beams and micro-/nano-tubes have been published by using the NSGT. Using the NSGT
and the Euler-Bernoulli beam model, Simsek investigated nonlinear free vibration re-
sponse of a functionally graded (FG) nanobeam [28]. Bending, buckling, and vibration
responses of viscoelastic FG curved nanobeam resting on an elastic foundation were stud-
ied by Allam and Radwan using the NSGT [29]. Nonlinear vibration of the electrostatic
FG nano-resonator considering the surface effects was investigated by Esfahani et al. [30]
employing the Euler-Bernoulli beam theory and the NSGT. Based on the NSGT, Dang et
al. [31] analyzed nonlinear vibration behavior of nanobeam under electrostatic force. A
nonlocal strain gradient Timoshenko beam model was developed by Bahaadini et al. [32]
to analyze the vibration and instability responses of the SWCNTs conveying nanoflow.
Using the NSGT and the shear deformation beam model, Malikan et al. [33] studied the
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damped forced vibration of the SWCNTs resting on viscoelastic foundation in thermal en-
vironment. Vibration behaviors of porous nanotubes were investigated by She et al. [34]
utilizing the NSGT and the refined beam model. Atashafrooz et al. [35] analyzed effects of
nonlocal, strain gradient and surface stresses on vibration and instability behaviors of the
SWCNTs conveying nanoflow by using the NSGT and the Euler-Bernoulli beam theory.
Based on the NSGT, Li et al. [36] studied size-dependent effects on critical flow velocity
of microtubes conveying fluid; both Timoshenko and Euler–Bernoulli beam models were
considered in this work. Nonlinear forced vibration of the SWCNTs was examined by
Ghayesh and Farajpour using the NSGT and the Euler-Bernoulli beam model [37]. The
coupled nonlinear mechanical behavior of nonlocal strain gradient SWCNTs subjected
to distributed load was investigated by Ghayesh and Farajpour [38]. Dynamic response
of the viscoelastic SWCNTs conveying fluid with uncertain parameters and under ran-
dom excitation was analyzed by Azrar et al. [39] by combining the NSGT and the Euler-
Bernoulli beam theory. The problem of wave propagation in the SWCNTs also attracted
many authors [40–42].

According to authors’ knowledge, until now, nonlinear vibration response of the
nonlocal strain gradient SWCNTs under magnetic field has not yet announced. Thus,
in this paper, authors focus on studying the effect of magnetic field on the nonlinear vi-
bration response of the SWCNTs based on the NSGT. Using the equivalent linearization
method with the weighted averaging value [43–49], expressions of the nonlinear frequen-
cies of the SWCNTs resting on the elastic foundation and under the longitudinal magnetic
field are given in the analytical forms. Effects of the nonlocal parameter, material length
scale parameter, aspect ratio, diameter ratio, magnetic field and elastic foundation on
the nonlinear vibration behaviors of the SWCNTs with different boundary conditions are
investigated and discussed in this work.

2. MODEL AND FORMULATIONS

Considering a SWCNT made of the homogeneous material as shown in Fig. 1. The
nanotube has the length L, the inner diameter d, the outer diameter D, the mass density
ρ and the Young’s modulus E. The nanotube rests on a linear elastic foundation with a
coefficient of kw (the Winkler layer) and is subjected to a longitudinal magnetic field.
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Based on the Euler–Bernoulli beam theory and the von-Karmán’s nonlinear strain-
displacement relationship, the strain-displacement relationship for the nanotube takes a
form

εxx =
∂u(x, t)

∂x
+

1
2

(
∂w(x, t)

∂x

)2

− z
∂2w(x, t)

∂x2 , (1)

where u(x, t) and w(x, t) are the axial and transverse displacements, respectively; and t
is time.

According to the NSGT proposed by Lim et al. [27], the strain energy can be ex-
pressed as

U =
1
2

∫
V

(
σxxεxx + σ

(1)
xx ∇εxx

)
dV, (2)

where σxx and σ
(1)
xx are the classical and higher-order stresses, respectively, which are

defined as

σxx =

L∫
0

Eα0
(
x, x′, e0a

)
ε′xx(x′)dx′, (3)

σ
(1)
xx = l2

L∫
0

Eα1
(
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)
ε′xx(x′)dx′, (4)

txx = σxx −∇σ
(1)
xx , (5)

herein, ∇ = ∂/
∂x represents the differential operator; txx is the total stress; α0 and α1

are two nonlocal kernel functions; e0a and e1a denote the nonlocal parameters; l is the
material length scale parameter. With assuming that e0a = e1a = ea, the general nonlocal
strain gradient constitutive equation for the nanotube can be presented as [27][

1− (ea)2∇2
]

txx = E
(
1− l2∇2) εxx , (6)

where ∇2 = ∂2/
∂x2 is the Laplacian operator. The Hamilton’s principle is used to derive

the equation of motion for the nanotube. From Eqs. (1) and (2), the virtual strain energy
of the nanotube can be expressed as
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where Nxx is the axial force resultant, N(1)
xx is nonclassical axial force resultant, Mxx is the

bending moment resultant, and M(1)
xx is the nonclassical moment resultant, these resul-

tants are defined by

Nxx =
∫
A

txxdA, N(1)
xx =

∫
A

σ
(1)
xx dA, Mxx =

∫
A

ztxxdA, M(1)
xx =

∫
A

zσ
(1)
xx dA. (8)

The virtual kinetic energy of the nanotube is given by

δKe = ρA
L∫

0

[
∂u
∂t

δ

(
∂u
∂t

)
+

∂w
∂t

δ

(
∂w
∂t

)]
dx, (9)

where A is the cross-section area of the nanotube. The virtual external work is

δWe =

L∫
0

(qδw) dx. (10)

In this work, the external forces are caused by the linear elastic foundation and the
longitudinal magnetic field

q = qe + qm, (11)

where the external force caused by the linear elastic layer can be expressed as

qe = −kww, (12)

and the external force due to the longitudinal magnetic field is [41, 42]

qm = ηAH2
x

∂2w
∂x2 , (13)

in which, η is the magnetic permeability and Hx is the component of the longitudinal
magnetic field vector exerted on the nanotube in the x-direction.

Substituting Eqs. (12) and (13) into Eq. (10), one gets

δWe =

L∫
0

[(
−kww + ηAH2

x
∂2w
∂x2

)
δw
]

dx. (14)

The Hamilton’s principle is employed to derive the equation of motion for the nan-
otube, this principle states that

t∫
0

(δKe + δWe − δU)dt = 0. (15)

Substituting Eqs. (7), (9) and (14) into Eq. (15); then using integration by parts, and
collecting the coefficients of δu and δw, one gets the equations of motion

∂Nxx

∂x
= ρA

∂2u
∂t2 , (16)
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∂2Mxx

∂x2 +
∂

∂x

(
Nxx

∂w
∂x

)
− kww + ηAH2

x
∂2w
∂x2 = ρA

∂2w
∂t2 . (17)

and the boundary conditions at x = 0 and x = L as

δu : Nxx = 0 or u = 0, (18)

δ

(
∂u
∂x

)
: N(1)

xx = 0 or
∂u
∂x

= 0, (19)
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∂Mxx

∂x
+ Nxx

∂w
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δ
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xx
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δ

(
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)
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xx = 0 or
∂2w
∂x2 = 0. (22)

Note that the boundary conditions (18)–(22) will be satisfied in only one way for any
specific support conditions of the nanotube [36, 50].

From Eqs. (1) and (6), one obtains

[
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Considering Eq. (8), Eq. (23) leads to[
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where I =
∫
A

z2dA is the moment of inertia of the nanotube. Using Eqs. (16), (17), (24)

and (25), the expressions of the axial force and bending moment resultants can be get as

Nxx = EA
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)
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x
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]
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Substituting Eqs. (26) and (27) into Eqs. (16) and (17), one gets the differential equa-
tions of motion for the nanotube as

EA
∂
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1
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−EI
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1− l2 ∂2
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∂
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(
Nxx
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)
− (ea)2 ∂3

∂x3

(
Nxx

∂w
∂x

)
− ρA

∂2
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∂x2

]
−kw

[
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∂x2

]
+ ηAH2

x
∂2

∂x2

[
w− (ea)2 ∂2w

∂x2

]
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(29)
With assuming that the axial inertia term in Eq. (28) is neglected, the axial force

resultant can be achieved as [28, 37]

Nxx =
EA
2L

L∫
0

(
∂w
∂x

)2

dx− EA
L

l2
L∫

0

[
∂w
∂x

∂3w
∂x3 +

(
∂2w
∂x2

)2
]

dx. (30)

Now, substituting Eq. (30) into Eq. (29), one obtains the equation of motion for the
nanotube under the longitudinal magnetic field based on the NSGT

−EI
(

1−l2 ∂2

∂x2

)
∂4w
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2L
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)2
dx− EA

L
l2

L∫
0

[
∂w
∂x

∂3w
∂x3 +

(
∂2w
∂x2

)2]
dx


[

∂2w
∂x2 −(ea)2 ∂4w

∂x4

]
−ρA

∂2

∂t2

[
w− (ea)2 ∂2w

∂x2

]
− kw

[
w− (ea)2 ∂2w

∂x2

]
+ ηAH2

x
∂2

∂x2

[
w− (ea)2 ∂2w

∂x2

]
= 0.

(31)
Eq. (31) shows that the motion of the nanotube is governed by the nonlinear partial

differential equation. This equation satisfies the following kinematic boundary condi-
tions:

+ For the pinned-pinned (P-P) nanotube

w(0, t) = w(L, t) =
∂2w(0, t)

∂x2 =
∂2w(L, t)

∂x2 = 0 (32)

+ For the clamped-clamped (C-C) nanotube

w(0, t) = w(L, t) =
∂w(0, t)

∂x
=

∂w(L, t)
∂x

= 0 (33)

For convenience, the following dimensionless variables are defined

x̄ =
x
L
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w
L

, α =
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L

, β =
l
L

, t̄ = t

√
EI

ρAL4 ,
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L
D

, h =
d
D

, Γ =
δ2

1 + h2 , KW =
kwL4

EI
, H =

ηAH2
x L2

EI
.

(34)

Using Eq. (34), the equation of motion for the nanotube (31) is rewritten in the di-
mensionless form
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)
dx̄
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∂x̄4

)

−16Γβ2
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(
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)2
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∂x̄4

)
−KW

(
w̄−α2 ∂2w̄

∂x̄2

)
+H

(
∂2w̄
∂x̄2 −α2 ∂4w̄

∂x̄4

)
+

(
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∂x̄2∂t̄2−
∂2w̄
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)
=0.

(35)
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Therefore, the kinematic boundary conditions (32) and (33) become:
+ For the pinned-pinned nanotube

w̄(0, t̄) = w̄(L, t̄) =
∂2w̄(0, t̄)

∂x̄2 =
∂2w̄(L, t̄)

∂x̄2 = 0. (36)

+ For the clamped-clamped nanotube

w̄(0, t̄) = w̄(L, t̄) =
∂w̄(0, t̄)

∂x̄
=

∂w̄(L, t̄)
∂x̄

= 0. (37)

It is very difficult to find the exact solution of Eq. (35), the approximate method is an
effective tool to find the solution of this equation. First, the Galerkin technique is used to
convert equation (35) into the ordinary differential one. To apply the Galerkin technique,
the solution of Eq. (35), w̄(x̄, t̄), is assumed to have the following form

w̄(x̄, t̄) = Q(t̄) · φ(x̄), (38)

where Q(t̄) is the time-dependent function must be determined and φ(x̄) is the shape
function satisfying kinematic boundary conditions of the nanotube. The shape functions,
φ(x̄), for pinned-pinned and clamped-clamped nanotubes can be chosen as in Tab. 1.

Table 1. The shape functions for Pinned-Pinned and Clamped-Clamped nanotubes

Boundary condition Shape function

Pinned-Pinned φ(x̄) = sin πx̄

Clamped-Clamped φ(x̄) =
1
2
(1− cos 2πx̄)

Applying the Galerkin technique, Eq. (35) is reduced to the following nonlinear or-
dinary differential equation

Q̈(t̄) + γ1Q(t̄) + γ2Q3(t̄) = 0, (39)

where the coefficients γ1 and γ2 are determined by

γ1 =

β2
1∫

0

ϕ(6)ϕdx̄−
1∫

0

ϕ(4)ϕdx̄− KW

 1∫
0

ϕ2dx̄− α2
1∫

0

ϕ(2)ϕdx̄

+ H

 1∫
0

ϕ(2)ϕdx̄− α2
1∫

0

ϕ(4)ϕdx̄


α2

1∫
0

ϕ(2)ϕdx̄−
1∫

0

ϕ2dx̄

,

(40)

γ2 =

16Γ

1
2

1∫
0

(ϕ′)2dx̄− β2
1∫

0

ϕ′ϕ(3)dx̄−β2
1∫

0

(ϕ(2))2dx̄

 1∫
0

ϕ(2)ϕdx̄− α2
1∫

0

ϕ(4)ϕdx̄


α2

1∫
0

ϕ(2)ϕdx̄−
1∫

0

ϕ2dx̄

.

(41)
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The nanotube is assumed to satisfy the following initial conditions

Q(0) = Q0, Q̇(0) = 0. (42)

where Q0 = w̄max(0.5) is the dimensionless maximum vibration amplitude of the nan-
otube.

3. SOLUTION PROCEDURE

In this section, one will find the approximate solution of Eq. (39) with the initial
conditions (42). It can see that Eq. (39) is cubic Duffing equation, there are many ap-
proximate methods to solve this equation [51]. In this work, the equivalent linearization
method with the weighted averaging value [43–49] is employed to find the approximate
solution of Eq. (39).

First, the equivalent linear form of the nonlinear equation (39) is introduced in the
following form

Q̈(t̄) + ω2Q(t̄) = 0, (43)

where ω is known as the approximate frequency of the nanotube, which can be deter-
mined by the mean square error criterion〈

e2(Q)
〉
=
〈(

γ1Q + γ2Q3 −ω2Q
)2
〉
→ min

ω2
. (44)

Thus, from the condition
∂
〈
e2(Q)

〉
∂ω2 = 0, leads to

ω =

√
γ1 + γ2

〈Q4〉
〈Q2〉 . (45)

In Eq. (45), the symbol 〈·〉 denotes the time-averaging operator which can be calcu-
lated using the definition of the weighted averaging value [43]

〈 f (t)〉 =
+∞∫
0

h(t) f (t)dt, (46)

with h(t) is the weighted coefficient function which satisfies the following condition

+∞∫
0

h(t)dt = 1. (47)

In this work, a specific form of the weighted coefficient function is used [43]

h(t) = s2ω t e−sωt, s > 0. (48)

The solution of the linearized equation (43) has a form

Q(t̄) = Q0 cos(ωt̄). (49)
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With the periodic solution of linearized equation (43) given in Eq. (49), the averaging
values

〈
Q2〉 and

〈
Q4
〉

in Eq. (45) can be calculated by using Eq. (46) with the weighted
coefficient function given in Eq. (48) and Laplace transform as follows

〈
Q2〉 = 〈Q2

0 cos2(ωt)
〉
=

+∞∫
0

Q2
0s2ωt̄ e−sωt̄ cos2(ωt̄)dt̄

=

+∞∫
0

Q2
0s2τ e−sτ cos2(τ)dτ = Q2

0
s4 + 2s2 + 8
(s2 + 4)2 .

(50)

〈
Q4
〉
=
〈

Q4
0 cos4(ωt)

〉
w
=

+∞∫
0

Q4
0s2ωt̄ e−sωt̄ cos4(ωt̄)dt̄

=

+∞∫
0

Q4
0s2τ e−sτ cos4(τ)dτ = Q4

0
s8 + 28s6 + 248s4 + 416s2 + 1536

(s2 + 4)2(s2 + 16)2 .

(51)

Substituting the averaging values in Eqs. (50) and (51) into Eq. (45), the approximate
frequency can be get as

ωNL =

√
γ1 + γ2

248s4 + 416s2 + 1536 + 28s6 + s8

(s4 + 2s2 + 8)(s2 + 16)2 Q2
0. (52)

It can be seen that the approximate frequency of the nanotube depends not only on
the initial amplitude Q0 but also on the parameter s. With s = 2, the obtained results show
the accuracy [44–49]. Thus, when s = 2, one obtains

ωNL =
√

γ1 + 0.72γ2Q2
0. (53)

The approximate solution of Eq. (39) can be get as follows

Q(t̄) = α cos
(√

γ1 + 0.72γ2Q2
0 t̄
)

. (54)

By using the shape functions in Tab. 1 and integrals in Eqs. (40) and (41), one obtains
the approximate nonlinear frequencies of the nanotubes:

+ For pinned-pinned nanotube

ωNL =

√
π4 1 + β2π2

1 + α2π2 + KW + Hπ2 + 2.88Γπ4Q2
0. (55)

+ For clamped-clamped nanotube

ωNL =

√
16π4 1 + 4β2π2

3 + 4α2π2 + KW + 4Hπ2 1 + 4α2π2

3 + 4α2π2 + 11.52Γπ4 1 + 4α2π2

3 + 4α2π2 Q2
0. (56)
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4. RESULTS AND DISCUSSIONS

It can be seen from Eqs. (55) and (56) that the material length scale parameter (β =
l/L), the Winkler parameter (KW), the magnetic field (H), the aspect ratio (δ = L/D)
and the initial amplitude (Q0) lead to an increase of the nonlinear frequency (ωNL) of the
nanotubes, while the nonlocal parameter (α = ea/L) and the diameter ratio (h = d/D)
lead to a decrease of the nonlinear frequency (ωNL) of the nanotubes. To study nonlinear
vibration responses of the nanotubes, one introduces the scale ratio

c =
β

α
=

l
ea

, (57)

and the frequency ratio (the ratio of the nonlinear frequency to the linear frequency)

ωratio =
ωNL

ωL
. (58)

Note that the linear frequency ωL can be achieved from the nonlinear one by letting
Q0 = 0.

4.1. Validation of model
The exact frequency of Eq. (39) is given as [51]

ωexact =
2π

4
√

2
π/2∫
0

dθ√
2γ1 + γ2Q2

0 + γ2Q2
0 cos2 θ

. (59)

Comparison of the approximate frequency with the exact frequency for KW = 10,
H = 20, L/D = 20, d/D = 0.8 and several different values of the initial amplitude Q0,
the material length scale parameter β and the nonlocal parameter α is shown in Tabs. 2

Table 2. Comparison of the approximate frequency with the exact frequency for P-P nanotube

Q0 β α ωpresent ωexact

0.1 0.1 17.6615 17.6613

0.01 0.2 0.1 18.3896 18.3894

0.1 0.2 17.0660 17.0658

0.1 0.1 21.9770 21.9143

0.05 0.2 0.1 22.5663 22.5084

0.1 0.2 21.5014 21.4344

0.1 0.1 31.8990 31.5664

0.1 0.2 0.1 32.3979 32.9880

0.1 0.2 31.5732 31.2299
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and 3 corresponding to P-P nanotube and C-C nanotube, respectively. The accuracy of
analytical solutions can be observed from these tables.

Table 3. Comparison of the approximate frequency with the exact frequency for C-C nanotube

Q0 β α ωpresent ωexact

0.1 0.1 31.4079 31.4078

0.01 0.2 0.1 39.1177 39.1176

0.1 0.2 30.7489 30.7487

0.1 0.1 35.6032 35.5635

0.05 0.2 0.1 42.5596 42.5364

0.1 0.2 36.4813 36.4119

0.1 0.1 46.3261 46.0351

0.1 0.2 0.1 51.8637 51.6572

0.1 0.2 50.3510 49.9232

Based on the nonlocal elasticity theory, Chang [52] examined the nonlinear vibration
of nanobeams under magnetic field. The frequency ratios of the nanobeams obtained in
this work and those obtained by Chang [52] are compared and shown in Tab. 4. Note that
the results for the nanobeams can be get from the obtained results for nanotubes by letting
the inner diameter equal to zero (d = 0). A good agreement can be seen between the
frequency ratios obtained in this work and the frequency ratios obtained by Chang [52].

Table 4. Comparison of the frequency ratios of nanobeams with H = 50 and L/h = 20

Q0 α
P-P nanobeam C-C nanobeam

Chang [52] Present Chang [52] Present

0.01

0 1.0098 1.0095 1.0066 1.0063

0.1 1.0100 1.0096 1.0075 1.0072

0.2 1.0103 1.0099 1.0090 1.0087

0.3 1.0107 1.0102 1.0100 1.0096

0.1

0 1.7258 1.7027 1.5243 1.5069

0.1 1.7343 1.7110 1.5851 1.5659

0.2 1.7536 1.7298 1.6774 1.6556

0.3 1.7733 1.7489 1.7374 1.7140
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Furthermore, for P-P nonlocal nanotube (β = 0) and without the magnetic field
(H = 0), the linear frequency derived from Eq. (45) is the same as the linear frequency
achieved by Wang and Li [18].

4.2. Effects of the nonlocal parameter and the material length scale parameter
Effects of the nonlocal and material length scale parameters on the nonlinear vibra-

tion response of the nanotubes are shown in Figs. 2–4. Fig. 2 presents the variation of
the frequency ratios ωratio of the nanotubes to the scale ratio c for L/D = 20, d/D = 0.8,
KW = 50, H = 50, Q0 = 0.1 and some different values of the nonlocal parameter. And
for case of L/D = 20, d/D = 0.8, KW = 50, H = 50, Q0 = 0.1 and some different
values of the scale ratio, the variations of the frequency ratios to the nonlocal parameter
and the material length scale parameter are plotted in Figs. 3 and 4, respectively. It can
be seen that the frequency ratios of the classical nanotubes (ea/L = 0, c = 0) are equal
to the frequency ratios of the SGT nanotubes with c = 1. From Fig. 2, it can see that
the frequency ratios decrease when the scale ratio increases. When c < 1 (i.e., l < ea),
the frequency ratios of the nanotube increase as the nonlocal parameter ea/L increases.
However, when c > 1 (i.e., l > ea), the frequency ratios of the nanotube decrease as the
nonlocal parameter ea/L increases. Fig. 3 reveals that the frequency ratios of the NSGT
nanotubes are always smaller than the ones of the nonlocal nanotubes (c = 0). From
Figs. 3 and 4, it can observe that when c < 1, the frequency ratios of the nanotubes in-
crease as the nonlocal and length scale parameters increase; while c > 1, the frequency
ratios of the nanotubes decrease as the nonlocal and length scale parameters increase.
It means that the nanotubes exert a softening effect when c < 1, and exert a hardening
effect when c > 1.
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4.3. Effect of the diameter ratio
For case of α = 0.2, L/D = 20, KW = 50, H = 50, Q0 = 0.1 and some values of the

diameter ratio (d/D), the variation of the frequency ratios of the nanotubes to the scale
ratio is presented in Fig. 5. And Fig. 6 shows the variation of the frequency ratios of the
nanotubes to the diameter ratio for α = 0.2, L/D = 20, KW = 50, H = 50, Q0 = 0.1 and
some different values of the scale ratio. As can see from Fig. 5 that the frequency ratios
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of the nanotubes are always smaller than the ones of the nanobeams (d/D = 0); and
the frequency ratios of the nanotubes decrease when the diameter ratio increases. From
Fig. 6, it can see that the frequency ratios of the NSGT nanotubes are always smaller than
the ones of the nonlocal nanotubes (c = 0 i.e., l = 0); and for the NSGT, the scale ratio
leads to a decrease in the frequency ratios of the nanotubes.N. D. Anh and D. V. Hieu 14 
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4.4. Effect of the aspect ratio
The aspect ratio L/D has an important influence on the nonlinear vibration responses

of the nanotubes as shown in Figs. 7 and 8. For α = 0.3, d/D = 0.8, KW = 20, H = 50
and Q0 = 0.1, the variations of the frequency ratios of the nanotubes to the scale ratio
and the aspect ratio are plotted in Figs. 7 and 8 corresponding to several different values
of the aspect ratio and the scale ratio, respectively. It can be concluded that the frequencyNonlinear vibration of nonlocal strain gradient nanotubes under longitudinal magnetic field 15 

Fig. 7: The variation of the frequency ratios to the scale ratio for some values of the aspect ratio; 

(a) P-P nanotube and (b) C-C nanotube 

Fig. 8: The variation of the frequency ratios to the aspect ratio for some values of the scale ratio; 

(a) P-P nanotube and (b) C-C nanotube 

4.4. Effect of the elastic foundation 
Figs. 9 and 10 show effect of the Winkler parameter on the frequency ratios of the

nanotubes. Fig. 9 presents the variation of the frequency ratios of the nanotubes to the scale ratio for 

, , , , and some values of the Winkler parameter; while 

Fig. 10 shows the variation of the frequency ratios of the nanotubes to the Winkler parameter for 

,  , , , and some values of the scale ratio. As can see 

from these Figures that the Winkler parameter leads to a decrease of the frequency ratios of the

nanotubes. The fact that the elastic foundation enhances the stiffness of the nanotubes, so the 

frequency of the nanotubes increases by increasing the coefficient of the elastic foundation. However, 
the increase in the nonlinear frequency due to the elastic foundation coefficient is smaller than the

increase in the linear frequency, thus the frequency ratios of the nanotubes decreases when the elastic 

foundation coefficient increases. 

WK

0.2a = / 0.8d D = / 20L D = 50H = 0 0.1Q =

0.2a = / 0.8d D = / 20L D = 50H = 0 0.1Q =

(a) P-P nanotube

Nonlinear vibration of nonlocal strain gradient nanotubes under longitudinal magnetic field 15 

Fig. 7: The variation of the frequency ratios to the scale ratio for some values of the aspect ratio; 

(a) P-P nanotube and (b) C-C nanotube 

Fig. 8: The variation of the frequency ratios to the aspect ratio for some values of the scale ratio; 

(a) P-P nanotube and (b) C-C nanotube 

4.4. Effect of the elastic foundation 
Figs. 9 and 10 show effect of the Winkler parameter on the frequency ratios of the

nanotubes. Fig. 9 presents the variation of the frequency ratios of the nanotubes to the scale ratio for 

, , , , and some values of the Winkler parameter; while 

Fig. 10 shows the variation of the frequency ratios of the nanotubes to the Winkler parameter for 

,  , , , and some values of the scale ratio. As can see 

from these Figures that the Winkler parameter leads to a decrease of the frequency ratios of the

nanotubes. The fact that the elastic foundation enhances the stiffness of the nanotubes, so the 

frequency of the nanotubes increases by increasing the coefficient of the elastic foundation. However, 
the increase in the nonlinear frequency due to the elastic foundation coefficient is smaller than the

increase in the linear frequency, thus the frequency ratios of the nanotubes decreases when the elastic 

foundation coefficient increases. 

WK

0.2a = / 0.8d D = / 20L D = 50H = 0 0.1Q =

0.2a = / 0.8d D = / 20L D = 50H = 0 0.1Q =

(b) C-C nanotube

Fig. 7. The variation of the frequency ratios to the scale ratio for some values
of the aspect ratio

Nonlinear vibration of nonlocal strain gradient nanotubes under longitudinal magnetic field 15 

Fig. 7: The variation of the frequency ratios to the scale ratio for some values of the aspect ratio; 

(a) P-P nanotube and (b) C-C nanotube 

Fig. 8: The variation of the frequency ratios to the aspect ratio for some values of the scale ratio; 

(a) P-P nanotube and (b) C-C nanotube 

4.4. Effect of the elastic foundation 
Figs. 9 and 10 show effect of the Winkler parameter on the frequency ratios of the

nanotubes. Fig. 9 presents the variation of the frequency ratios of the nanotubes to the scale ratio for 

, , , , and some values of the Winkler parameter; while 

Fig. 10 shows the variation of the frequency ratios of the nanotubes to the Winkler parameter for 

,  , , , and some values of the scale ratio. As can see 

from these Figures that the Winkler parameter leads to a decrease of the frequency ratios of the

nanotubes. The fact that the elastic foundation enhances the stiffness of the nanotubes, so the 

frequency of the nanotubes increases by increasing the coefficient of the elastic foundation. However, 
the increase in the nonlinear frequency due to the elastic foundation coefficient is smaller than the

increase in the linear frequency, thus the frequency ratios of the nanotubes decreases when the elastic 

foundation coefficient increases. 

WK

0.2a = / 0.8d D = / 20L D = 50H = 0 0.1Q =

0.2a = / 0.8d D = / 20L D = 50H = 0 0.1Q =

(a) P-P nanotube

Nonlinear vibration of nonlocal strain gradient nanotubes under longitudinal magnetic field 15 

Fig. 7: The variation of the frequency ratios to the scale ratio for some values of the aspect ratio; 

(a) P-P nanotube and (b) C-C nanotube 

Fig. 8: The variation of the frequency ratios to the aspect ratio for some values of the scale ratio; 

(a) P-P nanotube and (b) C-C nanotube 

4.4. Effect of the elastic foundation 
Figs. 9 and 10 show effect of the Winkler parameter on the frequency ratios of the

nanotubes. Fig. 9 presents the variation of the frequency ratios of the nanotubes to the scale ratio for 

, , , , and some values of the Winkler parameter; while 

Fig. 10 shows the variation of the frequency ratios of the nanotubes to the Winkler parameter for 

,  , , , and some values of the scale ratio. As can see 

from these Figures that the Winkler parameter leads to a decrease of the frequency ratios of the

nanotubes. The fact that the elastic foundation enhances the stiffness of the nanotubes, so the 

frequency of the nanotubes increases by increasing the coefficient of the elastic foundation. However, 
the increase in the nonlinear frequency due to the elastic foundation coefficient is smaller than the

increase in the linear frequency, thus the frequency ratios of the nanotubes decreases when the elastic 

foundation coefficient increases. 

WK

0.2a = / 0.8d D = / 20L D = 50H = 0 0.1Q =

0.2a = / 0.8d D = / 20L D = 50H = 0 0.1Q =

(b) C-C nanotube

Fig. 8. The variation of the frequency ratios to the aspect ratio for some values
of the scale ratio



Nonlinear vibration of nonlocal strain gradient nanotubes under longitudinal magnetic field 71

ratios of the nanotubes increases as the aspect ratio increases. And for a fixed value of the
aspect ratio, the frequency ratios of the nanotubes decrease as the scale ratio increases.
However, the frequency ratios of the NSGT nanotubes are always smaller than the ones
of the nonlocal nanotubes (c = 0).

4.5. Effect of the elastic foundation
Figs. 9 and 10 show effect of the Winkler parameter KW on the frequency ratios of

the nanotubes. Fig. 9 presents the variation of the frequency ratios of the nanotubes to
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the scale ratio for α = 0.2, d/D = 0.8, L/D = 20, H = 50, Q0 = 0.1 and some values
of the Winkler parameter; while Fig. 10 shows the variation of the frequency ratios of the
nanotubes to the Winkler parameter for α = 0.2, d/D = 0.8, L/D = 20, H = 50, Q0 = 0.1
and some values of the scale ratio. As can see from these Figures that the Winkler param-
eter leads to a decrease of the frequency ratios of the nanotubes. The fact that the elastic
foundation enhances the stiffness of the nanotubes, so the frequency of the nanotubes
increases by increasing the coefficient of the elastic foundation. However, the increase in
the nonlinear frequency due to the elastic foundation coefficient is smaller than the in-
crease in the linear frequency, thus the frequency ratios of the nanotubes decreases when
the elastic foundation coefficient increases.

4.6. Effect of the magnetic field
Final, effect of the magnetic field on the frequency ratios of the nanotubes is inves-

tigated in this sub-section. The variation of the frequency ratios of the nanotubes to the
scale ratio for α = 0.2, d/D = 0.8, L/D = 20, KW = 30, Q0 = 0.1 and some values
of the magnetic field is presented in Fig. 11. And Fig. 12 shows the variation of the fre-
quency ratios of the nanotubes to the magnetic field for α = 0.2, d/D = 0.8, L/D = 20,
KW = 30, Q0 = 0.1 and some values of the scale ratio. It can be concluded that effect of
the magnetic field has the same as effect of the elastic foundation to the nonlinear vibra-
tion responses of the nanotubes. An increase in the magnetic field leads to a decrease of
the frequency ratios of the nanotubes, this observation is completely consistent with the
results obtained by Chang [52]. And for a fixed value of the magnetic field, the frequency
ratios of the nanotubes decrease as the scale ratio increases. The magnetic field has an
important influence on the nonlinear vibration responses of the nanotubes.
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5. CONCLUSIONS

The nonlinear vibration response of the nanotubes under the magnetic field based on
the nonlocal strain gradient theory and the Euler–Bernoulli beam theory is investigated
in this work. The equation of motion for the nanotubes is derived by the Hamilton princi-
ple. The Glerkin technique and the equivalent linearization with the weighted averaging
value are employed to find the approximate frequencies of the nanotubes with pinned-
pinned and clamped-clamped boundary conditions. The comparison of the obtained
approximate solutions with the exact ones and the published ones shows the accuracy of
the obtained approximate solutions.

Effects of the nonlocal parameter ea/L, the material length scale parameter l/L, the
aspect ratio L/D, the diameter ratio d/D, the elastic foundation KW and the magnetic
field H on the nonlinear vibration responses of the nanotubes are examined. It can be
concluded that:

- The nonlocal parameter leads to a decrease in the nonlinear frequencies of the nan-
otubes; while the material length scale parameter, the aspect ratio, the diameter ratio, the
elastic foundation and the magnetic field lead to an increase in the nonlinear frequencies
of the nanotubes.

- When l < ea, the frequency ratios of the nanotube increase as the nonlocal parame-
ter ea/L increases. However, when l > ea, the frequency ratios of the nanotube decrease
as the nonlocal parameter ea/L increases. The frequency ratios of the NSGT nanotubes
are always smaller than the ones of the nonlocal nanotubes (c = l/ea = 0). When c < 1,
the frequency ratios of the nanotubes increase as the nonlocal and length scale parame-
ters increase; while c > 1, the frequency ratios of the nanotubes decrease as the nonlocal
and length scale parameters increase.
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- The diameter ratio, the elastic foundation and the magnetic field lead to a decrease
in the frequency ratios of the nanotubes; while the aspect ratio leads to an increase in the
frequency ratios of the nanotubes.
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