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Abstract. When the method of finite spheres is used for the solution of time-harmonic acoustic wave
propagation problems in nonhomogeneous media, a mixed (or saddle-point) formulation is obtained
in which the unknowns are the pressure fields and the Lagrange multiplier fields defined at the inter-
faces between the regions with distinct material properties. Then certain inf-sup conditions must be
satisfied by the discretized spaces in order for the finite-dimensional problems to be well-posed. We
discuss in this paper the analysis and use of these conditions. Since the conditions involve norms of
functionals in fractional Sobolev spaces, we derive ‘stronger” conditions that are simpler in form. These
new conditions pave the way for the inf-sup testing, a tool for assessing the stability of the discretized
problems.

Keywords: acoustic waves, finite elements, finite spheres, inf-sup conditions, meshfree methods.

1. INTRODUCTION

1.1. Overview

The method of finite spheres (MFS) is a meshfree method [1], such as the smoothed particle hydro-
dynamics (SPH) [2], the element-free Galerkin (EFG) [3], and the meshless local Petrov-Galerkin meth-
ods [4]. While each of these procedures have been used differently [5], the basic characteristic shared
by all of them is the complete absence of meshes, as those employed in the traditional finite element
method [6].

The MES is a truly meshfree method (in the sense that the numerical integrations are carried out
locally on the subdomains) and leads to sparse linear systems of algebraic equations. The method has
also been used in the AMORE scheme of analysis [7] and it is the basis for the development of the
‘overlapping finite elements’ [8]. First proposed as a tool for the analysis of solids, the MFS has also suc-
cessfully been applied to electromagnetic wave scattering problems [9]. Building on these results, we
conducted a study [10] in which we used the MFS to solve time-harmonic acoustic wave propagation
problems in nonhomogeneous media [11]. In these solutions, objects of different material properties
(density and bulk modulus) are considered in a homogeneous host medium. The discontinuity of ma-
terial properties across the interfaces between the objects and the host medium leads to jumps in the
gradients of the pressure field. If a meshfree method is used for the solution of such problems, oscil-
lations in the predicted response are observed unless specially treated. The pressure field is governed
by the Helmholtz equation, and we use a Lagrange multiplier field to impose the discontinuity of the
gradients in a weak sense. Thus we are led to a two-field mixed formulation [6,12-14] in which we seek
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to solve for a primary field (in this case, the pressure field) and a secondary field (given by the Lagrange
multiplier field).

The present paper can be regarded to be a companion paper to [10]. In the following, we show
in detail how the weak formulation naturally leads to the use of Lagrange multipliers and the relevant
inf-sup conditions. We recast these inf-sup conditions into forms easier to evaluate. In particular, these
final inf-sup conditions can be used for a numerical inf-sup test. In a sense, this presentation provides
the theoretical foundation for the numerical simulations carried out in [10].

1.2. Lagrange multiplier fields and dual norms

In the standard variational formulation of scalar problems with discontinuous gradients (like in
acoustic wave propagations in nonhomogeneous media), the Lagrange multiplier field is generally a
functional in the space H~'/2 (I'), the dual space of the fractional Sobolev space H/2 (I'), where I' de-
notes the interface between the media of different material properties [15-17]. Given that the direct
evaluation of the H'/? norm of functions is an involved task (due to double integrals along I and singu-
larities in the integrands [16,17]), and that the original inf-sup conditions involve the evaluation of the
H~2 dual norm of Lagrange multiplier fields, it is difficult to verify whether these conditions hold true.

There are two approaches to circumvent the difficulties due to the H~/2 norms in the inf-sup
conditions. In the first, instead of evaluating the inf-sup condition relative to the problem at hand,
the focus is directed to the final linear system of algebraic equations [18-22]. Since the dimension of
the subspace used to approximate the Lagrange multiplier field must be smaller than the dimension
of the subspace used to approximate the pressure field [23], the idea is to obtain an upper limit on
the dimension of the first and ensure that the number of Lagrange multiplier constraint equations (in
the linear system) remains smaller than this upper limit [6]. The authors arrive at an algebraic relation
concerning the suitable number of Lagrange multiplier DoF’s (degrees of freedom) to be used. However,
this algebraic relation is necessary for the well-posedness of the problem solution, but not sufficient (i.e.,
if the inf-sup condition holds, then this relation is satisfied, but satisfying this relation does not imply
that the inf-sup condition holds).

In the second approach we would transform the inf-sup condition (which involves the H~'/2 dual
norm) into a weaker inf-sup condition that does not involve the H~'/2 norm. Mesh-dependent norms and
inequalities are used, so that the H~!/2 dual norm of the Lagrange multiplier field is usually substituted
by some quantity involving the discretization length / (a characteristic of the mesh) [24-27]. However,
in some cases the weaker inf-sup condition is necessary (i.e., if the actual inf-sup condition holds, so
does the weaker condition), but not sufficient (i.e., satisfying the weaker condition does not imply that
the actual condition holds [24]). In other words, the weaker condition can only be used to rule out
possible discretization schemes [24]). Once the weaker condition is established, an inf-sup test can be
performed [28].

In this work, we propose a third approach. The difficulty presented by the H norm is removed
not by using a weaker condition but by using a stronger inf-sup condition. This is achieved by find-
ing new inf-sup conditions which do not involve the H~'/2 norm and are stronger than the original
conditions (which involve the H~1/2 norm). Essentially, we look for sufficient conditions: If the new
conditions hold, then the original conditions also hold true necessarily. Schematically,

-1/2

new N original N Wellposedness
inf-sup condition inf-sup condition of the discrete problem
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The key ingredient is the correct use of an auxiliary theorem which allows us to replace H~1/2

norms by H! norms in certain geometric settings. The resulting new inf-sup conditions are stronger and
at the same time easier to deal with than the original conditions. Once we have established the new
stronger conditions, the well-posedness of the discrete problems follows from (1). The stability of the
discretized problems can finally be assessed by the aforementioned inf-sup test. This test was originally
developed and applied to real-valued variational problems and matrices [28-30]. Since the Helmholtz
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problem examined here is complex-valued in nature, we first treat the complex-valued matrices in order
to derive from them certain real-valued matrices. We then apply the inf-sup test.

1.3. Organization of the manuscript

In Section 2 we introduce the equations to be solved for the problems considered, together with the
assumptions made regarding the geometry of the problem. We derive the weak form of the problem
formulation in Section 3 and show how the Lagrange multiplier fields arise naturally. In Section 4
we give a brief discussion of the discretization process using the method of finite spheres. The well-
posedness of the variational problem depends on two distinct inf-sup conditions, given in Section 5. We
derive in Sections 6 and 7 more tractable inf-sup conditions which can be used in the inf-sup test. In
Section 8, we provide a demonstration of the MFS method, followed by the inf-sup testing procedure in
Section 9. Finally, we give our concluding remarks.

2. EQUATIONS OF WAVE PROPAGATION

In this section we specify the geometrical properties of the problem and state the equations to
be solved.

2.1. Geometry

The geometrical setting corresponding to our problem is specified in detail in [10]. In R?, let B (0; R)
be an open ball with radius R and centered at the origin, see Fig. 1. The boundary of this region is the
circle denoted by I'z. Within this region, we place a number of objects with distinct characteristic mate-
rial properties. The regions occupied by these objects are open subsets of B (0; R), which are identified
by numerical indices, beginning with 1. (For example, if our problem is characterized by 3 objects im-
mersed in the host medium as in Fig. 1, the regions occupied by them are ()1, (), and 3.) The host
medium is represented by the set difference between B (0; R) and the union of the closures of the regions
occupied by the objects. The region corresponding to the host medium will always be indexed by a
number equal to the number of objects plus 1 (here ()4 in Fig. 1). We assume the boundaries of all these
regions to be Lipschitz continuous curves. Moreover, given any two regions, their boundaries are such
that either they do not touch each other (i.e., they lie at a certain distance from each other, as 90}y and
0Q); in Fig. 1) or, if they do, then their intersection must be a single closed curve (as 0(); and 9(); in
Fig. 1). We shall focus our attention on sufficiently regular closed curves, described by a finite number
of vertices connected together either by straight segments or by arcs. We refer to [10] for examples of
boundaries with different geometrical configurations.

Throughout this paper we will refer to the geometry illustrated in Fig. 1, but the procedures pre-
sented below can be generalized to any kind of geometry as long as the above-stated assumptions hold.
In the geometrical setting depicted in Fig. 1, the boundaries of each region can be represented by the
union of closed curves as

00y =Tq,, (2a)
00y =T1,UTqy, (2b)
003 =T34, (2¢0)

00y =T UT34UTR, (2d)

where I'y » df 001 N 9QY denotes the interface between regions (2; and (), and likewise for the other
pairs of indices. So in accordance with the assumptions made above, given any two distinct indices i and
j taken from the set {1,2,3,4}, either I'; ; is the empty set (as I'1 3 in Fig. 1), or I'; ; is a single closed curve
(as I'1 » in Fig. 1). Regions (); and ()3 are simply-connected, whereas regions (), and ()4 are not simply-
connected. The boundaries 9(); and 9()4 are represented by the union of more than one closed curve,
according to (2b) and (2d), respectively. The region representing the host medium will, by definition,
always be a not simply-connected domain (i.e., it contains holes left by the objects).



212 Williams L. Nicomedes, Klaus-Jiirgen Bathe, Fernando ]. S. Moreira, Renato C. Mesquita

Fig. 1. A geometrical setting with 3 objects, occupying the open regions (31, (), and Q3. These objects are immersed

in the host medium, represented by region ()4, and given by the set difference between the circle B (0; R) and

01 U0y UQg, where Q)1 = () UdQy, and so on. This region is shown in blue. The geometry portrayed here is

a representative of the class of all geometries amenable to be treated by the methods described in this work. All

boundaries 9Q)y, . ..,0Q)y are Lipschitz continuous curves. Regions such as (), which are not simply-connected,
can model the cladding of some object, in this case, the object occupying region )y

2.2. The wave equations

The scattering of acoustic waves considered here refers to an incident (or incoming) pressure wave
p'"® propagating in the host medium (represented by a function defined within B (0; R) and along its
boundary I'r), which is perturbed by the material objects. Based on our setting, the wave equations to
be solved within each region are [11]: Forr = 1,...,4, find p, : Oy — C such that for any x € (),

2

1 w _
V(g T ) + e ) =0 @)

In the equations above, p, is the phasor pressure field (in N/m?). It is related to the time-harmonic
pressure P, by P(x,t) = Re {pr(x)ef“’t}, where w = 27tf is the angular frequency (in rad/s), f is

the frequency (in Hz), and Re{-} denotes the real part of a complex quantity. The density (in kg/m?)
and the bulk modulus (in Pa) within region O, are given by the known functions p, : Q, — R™ and
K, : Q, —» RT, respectively. We assume that the material properties of the host medium are constant, i.e.,
p4 and Ky are constant functions. These constants are used to normalize the density and bulk modulus
for all other regions, i.e., we define ‘relative’ properties, and write, forr = 1,...,4 and for x € (),

Prret (%) € 0r(x) /s, (4a)

Koy (x) & Ko(x) /K. (4b)

The quantities p, ,,; and K, ,,; are dimensionless. It follows from these assumptions that p4,, =
Ky 1 = 1 throughout the host medium )4. Substituting (4a) and (4b) in (3), we obtain new equations
for the pressure fields: For eachr = 1,...,4, find p, : OO, — C such that for any x € Q,,

1 k2
v (pr,m(x) vr ’(")> T Ry P70 =0 ®
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where the wavenumber associated with the host medium is given by k = w/c (in rad/m), and the speed
of sound in the host medium is ¢ = y/K4/p4. The boundary condition to be satisfied by p4 along I'y is

Vsl mas3) + -+ 3 ) pale) = FGx), (62

for all x € I'g, where ny «, is the outward-pointing unit normal vector at x (see Fig. 1), and the function
F is given by

F(x) &

V' (x) -y (x) + (jk + ;R) p'"(x), (6b)
for all x € T'g, where pim is the incident field. Egs. (6a) and (6b) are derived after application of the first-
order Bayliss-Turkel absorbing boundary conditions along the circle I'z [31]. Considering the interface
conditions, we have the closed curves I'1 5, I'; 4, and I'3 4 in Fig. 1. Along each of these interfaces, we
impose the traditional equations of equilibrium (equal pressures on both sides of the interface) and
compatibility (equal normal velocities). When the velocities are replaced by pressure gradients, we
obtain jumps (or discontinuities) in their normal components, since the densities are different on the
two sides of the interface.

3. WEAK FORMS

3.1. Function spaces

The problem in strong form is defined pointwise by Egs. (5), complemented by the boundary con-
dition (6a) and by the interface conditions. When looking for weak solutions, the fields are no longer de-
fined pointwise, and must be sought within suitable Lebesgue and Sobolev spaces [32,33]. We therefore
shall no longer consider the dependence of the fields on position x. The behavior of the pressure fields
at the boundaries and interfaces is characterized by their traces, and we now assume that p, : (3, — C,
forr = 1,...,4. We look for weak solutions regular enough to satisfy p, € H' (Q,), forr = 1,...,4.
Moreover, we assume material properties such that (1/p,,,) € C () and (1/K, ) € C(Qy). For
bounded domains ), we have C (Q),) C L® (Q)) (see, e.g., chapter 6 in [34]). For further details on
the regularity of weak solutions to the Helmholtz equation, we refer to [35-37]. We need the following
result, discussed in [13,38-40].

Theorem 3.1. Let Q) be a domain in R? with Lipschitz continuous boundary 9Q). Suppose thatu € H' (Q) ,& €
L®(Q)**?, and & - Vu € H(div; Q). It can be concluded that

1. Ym0 (8 - Vu) € H1/2(0Q). (7a)

2. Foranyv € Hl(Q),/Z)V (0 Vu)dQ+ / Vo (7-Vu)dQ = (1np0 (7 - Vu) |10 (U)>H1/2(E)Q) ,
o} 0

(7b)

where yaq, (v) € HY? (9QV) is the (interior) trace of v along the boundary dQY, and Tno0 (0 - Vu) is the normal
trace of & - Vu along 0Q). The brackets represent the duality pairing between the functional vy 50(0 - Vu) €
H~Y2(3Q) and the function yq (v) € HY? (3Q)).

In order to use this theorem, for r = 1,...,4, we make the substitutions Q) = Q,,u = p,, and
& = (1/pye1)1, where I is the identity tensor. Using the assumptions we made regarding the regularity
of 1/pyre1 and 1/K, ., it can be shown that & € L* (Qr)2X2 and that (1/p;,.1) Vpr € H (div;Q),). We
conclude from (7a) that the normal trace vy, 50, ((1/0rre1) Vpr) belongs to H -1/2 (0€Q);). The equations
in weak form are obtained from (5) and (7b): Forr =1,...,4 and for any v, € H 1 (),

/(1VUV _E, >d0<7 <1V>
Qr \ Pr,rel ! Pr Kr,rel rpr 0 Or,rel pr

Yoo, <vr>> —0. @®

H/2(30),)
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The following result is fundamental to justifying the form assumed by the boundary and interface
conditions in the weak sense, when the region (), is not simply-connected (as ), and Q)4 in Fig. 1). We
give the proof in Appendix C.

Theorem 3.2. Let Q) be an open, bounded, and not simply-connected region of R? with Lipschitz continuous
boundary 0Q) (see example in Fig. 2). Suppose the boundary 0Q) can be represented by the union of a number of
connected components (“pieces”) as 9QY = oq U - - - U o, where ¢ > 1. These connected components are closed
curves, and lie at a certain distance from each other. Consider the k-th connected component oy of 0Q), where
1 <k < c. Let the extension by zero operator Ej,, 50y be defined as: For any w € HY2 (0y), Ejy00) (W) isa
function defined on the whole boundary 0Q) such that

def{ w on o0;,i=k %)

Elgo0)(w) = 0 on o,i#k
It can be concluded that:
1. Ej, a0 18 a linear and bounded operator from HY2 (o) into H'/? (3Q).
2. There is an operator Aoy g, HY2(30) — H™Y2 (0y) such that for any u € H~'/? (9Q) and for
anyw € HY? (0y.),

(Ao () 10) = (| Bl (@) (9b)

3. Forany u € H™Y2(3Q) and for any g € H/? (3Q)),
C

(118 )mrpa) = L <A[aQ,ak](V) \ g\gk> W20 (%)

where 8|, is the restriction of § to oy. Fig. 2 shows the geometrical notions involved in this theorem.

Fig. 2. Geometrical notions involved in Theorem 3.2. In this example, the region () is not simply-connected. Its
boundary dQ) is composed of 4 connected components o7, ..., 04. These components are all closed curves, and do
not touch each other. In this example, ¢ = 4, and we have 0Q) = 0 U s U 03 U 04. We consider the second component
07, shown in red. Let w be an arbitrary function whose domain of definition is 0. Suppose w belongs to the space
HY/? (02). The new function E[,, 50 (w) in (9a) is defined in all of 0(); it coincides with w at the points located along
07, and it is zero at the points located along ¢y, 03, and 04 (shown in black). Let u be a functional to be paired with
functions defined on the whole of 9Q). Suppose y belongs to H ~1/2(302). The new functional Aoy (1) in (9b)

belongs to H™1/2 (

0y), and must be paired with functions defined on o, only
3.2. Boundary conditions in the weak sense

The objective of this subsection is to derive a variational expression to replace the pointwise condi-
tion (6a).
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3.2.1. The incident field

The function defined in (6b) in terms of the incident pressure field p™° must be regular enough
to belong to L? (Tr). It can be shown that incident fields given by plane wave solutions of the form
pie (x) = e/ kX when substituted in (6b), allow us to conclude that [Fll 2(r) < 0. In the expression

of the plane wave, k = kk, where the unit vector k gives the direction of propagation of the plane wave,
and x = [x, y] is the radius vector.

3.2.2. Variational expression

Since py € H' (Q4) (see Section 3.1), its trace Yan, (p4) belongs to H'? (30)) (see Theorem A.1
in Appendix A). Moreover, since I'y is a subset of 9()4 (see (2d)), it follows that the restriction of the
trace to I'g belongs to H'/? (T'g) (property 2 in Appendix B). Consider the bilinear form g : H'/2 (I'g) x
H'Y?(I'g) — C defined as: For any (t,w) € H'/? (Tg) x H'/? (T'r),

g(t,w) et /1" (]k—l—le) twdT . (10a)
R

It can be shown that g is bounded, i.e., we can find a positive constant C such that |g(t,w)| <
Clltll garz2r gy 1wl grvagry)- If we fix the first coordinate, i.e., if we make t = 730, (pa) |FR’ then we can
construct a linear and bounded functional

G'(w) = g (a0, (pa)l, @) (10b)

forany w € H'/2 (Tg),i.e., G' € H V2 (T').
It can be shown that G’ is bounded, i.e., we can find a positive constant C (independent of w) such
that |G (w)| < Cllw|j1/2(ry)- Since G’ is linear and bounded, it follows that G’ € H™ Y2 (TR).

We introduce now another linear functional F’ : H'/? (I'z) — C defined as: For any w € H'/2 (I'g),

Fl(w) & [ Fuwdr, (11)
I'r
where the function F is defined in (6b). If the incident field p™ is assumed to be a plane wave, and
using the fact that || F[|2(r,) < oo (see Section 3.2.1), it is straightforward to show that F’ is bounded. It
thus follows that F' € H~1/2 (I'g).

The region ()4 corresponding to the host medium is not simply-connected (see Section 2.1). More-
over, we note that the normal trace vy 50, ((1/04,e1) V ps) belongs to H ~1/2(3Q)y), see Section 3.1. Since
Pare = 1 (see (4a)), we use (2d) and make the substitutions Q = Qy, 0y = I'g, and 4 = Y90, (Vps)
in Theorem 3.2. The second conclusion (9b) allows us to conclude that there is an operator Ay, ry) -
H Y2 (30y) — H1/2(I'g) such that for any w € H/2 (T'g),

<A[an4,rR] (7na0, (Vpa)) | w>

where Ejr, 50, takes a function w defined on I'r and extends it by zero to the rest of the boundary 9()4
(i.e., along the connected components I'; 4 and I's 4, see (2d)). The boundary condition in pointwise sense
(6a) is substituted by the operator equation:

Apayre] (Taa, (Vpa)) +G =F, (13)

in H~1/2 (T), where G’ and F’ are defined in (10b) and (11), respectively. Eq. (13) immediately gives
our desired variational expression once we form the duality pairings with elements from the space
Hl /2 (FR)

= <7n,ao4 (Vpa) | Erga0y) (w)>Hl/2 (12)

H/2(Tg) (004)”

3.3. Interface conditions in the weak sense

We must now derive suitable variational expressions for the interface conditions that will replace
those defined in a pointwise sense (see [10]).
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3.3.1. The first set of interface conditions

There are three interfaces in the geometry of Fig. 1, namely, the closed curves I'1 5, I'; 4, and I's 4.
Continuity of the pressure fields across these interfaces can be imposed in the weak sense through the
expressions

< 700, (P21, = o0, (1)) oy, =0, forany e HTV2 (), (14a)
<ll |Wan4 (P4)|r2,4 - Yoy, (Pz)|r2,4>Hl/2(r24) =0, forany u € g-1/2 (T24), (14b)
<# 700, (P4)|r,, — 7o0, (P3)>Hl/2(r34) =0, forany p € H V2 (I34), (14c)

where, for the case of not simply connected regions, 730, (p2) |r12 means the trace of pp (originally
defined along the whole of boundary d();) restricted to I'; », and sirﬁilarly for the others.

3.3.2. The second set of interface conditions

We consider first the interface I'1 5, between regions (); and ;. According to Section 3.1, the
normal trace v 90, ((1/01,re1) Vp1) belongs to H12(30)),orto HY/2 (T ), since 90 = T'1 5, by (2a).
Still in accordance with Section 3.1, the normal trace 4 50, ((1/02,1) Vp2) belongs to H “12(90)). In
order to “restrict” this functional to I'; 5, we apply Theorem 3.2. We use (2b) and make the substitutions
Q= My, 0p = T1p,and u = Yno0, ((1/02e) Vp2) in Theorem 3.2. From the second conclusion
(9b), we conclude that there is an operator Apo,r,,] + H ~12(90) — H1/2(T'1,) such that for any

w e I‘Il/2 (1—'1’2),

1 1
A oo [— W w — V) | E w ,
< 902.T1] (’Y 20, ( oo Pz)) | >Hl/2(r1,2) <7 20, ( oo Pz) | Efr, 00, ( )>H1/2(802)

where E[r , 50,] takes a function w defined on I'1 ; and extends it by zero to the rest of the boundary
o) (i.e., along the connected component I'4, see (2b)). The second interface condition along I'; ; is
substituted by the operator equation

1 1
o0 (Pl rel Vpl) - A[BQ2,F1,2] ('}’n,BQZ (pZ rel

which immediately gives our desired variational expression once we form the duality pairing with ele-
ments from the space H 1/2 (T12). The second interface conditions along I'; 4 and I'; 4 are derived by a
similar reasoning, and are given by the operator equations:

VPz)) =0, in HY2(Iy,), (15a)

1 . _
A[aQZ/FZA] (r)'nlaﬂz (Pz IVP2>> + A[aQ‘l,ru] (’Yn,aQ4 (Vp4)) =0, inH /2 (T24), (15b)
re
1 . _
V1,903 <p3 IVP3) + Apayrsy (Tnoa, (Vpa)) =0, in H /2 (T3,), (15¢)
re

where we recalled that p4,,; = 1 (see (4a)). Eqs. (15b) and (15c) give variational expressions once we
form the duality pairings with elements from the spaces H'/2 (T, 4) and H'/2 (T3 4), respectively.
3.4. The problem in weak form

In this section we show how the Lagrange multiplier fields arise naturally and we present the final
formulation of the problem in mixed form.

3.4.1. Function spaces

Given the geometry from Fig. 1, the suitable function spaces to be used in the weak formulation of

the problem are given by
X H () x H () x H (Q3) x H (), (16a)

Y & H2(T,) x HV2 (Th) x HV2 (T34). (16b)
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3.4.2. Lagrange multiplier fields
The first step is to sum equations (8) for r = 1,...,4, which we write as
4 1 k2 4 1
Z / ( Vo, - Vp, — KUrPr> aQ — Z <’Yn,an, < VPV) 1730, (Ur)> =0,
=17 \Pr,rel r,rel r=1 Or,rel H1/2(30),)

for any (v1,v2,v3,v4) € X. Regions (), and Q4 are not simply connected (see (2b) and (2d)), and we use
this fact together with the third conclusion (9c) from Theorem 3.2 to rewrite the above equation as

i/(lVU.V L )dﬂ—v <1V>|7 o)
=17 \Prrel ' Pr K, rel rPr n,00) 01 rel P1 00, (U1

M2

HY/2 (30))
——
Typ
_<A[E)Q r ]<7nan ( ! VPz)) 700, (02)] >
2/41,2 703 22 PZ,rel 2 1"1,2 Hl/Z(r]lz)
1
- <A[a02,r2,4] (’Yn,aoz (VP2)> 730, (v2) r2,4>
02,rel
A24 H1/2(Ty4) (17a)
1
— —V v
<7n,aQ3 <P3,rel Pa) \7303( 3)>
N34 H1/2 (9023)
N
T34

- <A[aﬂ4r2,4] (1m0, (V1)) |10, (04)|r2,4>H1/2(r24)

- <A[an4r3,4] (7m0, (VPa)) | 190, (04)|r3,4> H12 ()

—<A[an4rR] (Tn00, (V1)) |’Yan4 (04)’rR>H1/2(FR) =0,

for any (v1,v,v3,v4) € X, where we recalled that pg,,; = 1, see (4a). Secondly, in (17a) we make the
substitutions d(); = TI';» and Q)3 = I'3 4, according to (2a) and (2c), respectively. These are indicated
above. Thirdly, we introduce the Lagrange multiplier fields

def 1
Mp = Mooy ( VP1> , (17b)
01,rel
def 1
Ao S Apoyr,, (%,anz (Vl?z)), (17¢)
/ 02,rel
def 1
Asa 2 ’Yn,a(23< Vp3>, (a7d)
03, rel

which are also indicated in (17a). Note that these Lagrange multiplier fields are defined differently from
the definitions in other problem formulations, see e.g. [6,14]. The fourth step is to combine (15a) with
(17b), (15b) with (17c¢), and (15¢) with (17d), and substitute back in (17a). The result becomes

4 1 k2
; / ! ( Vo, - Vp, - [ UrPr) dQ + <)\1,2‘ Yoy, (Uz)|r1,2 — Y0, (01)>H1/2

O rel (rl,z)

+ </\3,4‘ Va0, (04) |r3,4 — Y0, (03)>H1/2 18)

720, (v4)|r,, — Yan, (22)) (T34)

+ <)L2’4

- <A[604,FR] (7-1,604 (Vp4)> ‘ o0, (04)|FR>

T4 >H1/2(F24)

4

H/2(Tg)



218 Williams L. Nicomedes, Klaus-Jiirgen Bathe, Fernando ]. S. Moreira, Renato C. Mesquita

for any (v1,vp,v3,v4) € X. The fifth and final step is to substitute the boundary condition (13) into (18).
3.4.3. Mixed formulation

We use bold letters to represent the vectors in spaces X and Y, like v = (v1,v3,v3,04) and p =
(M12, M24, H34), respectively. Defining the bilinear forms a : X x X — C,b: X x ) — C and the
linear functional Q' : X — C given by

def & 1 k?
a(w,v) = 2/ < Vv, -Vw, — erwr> daQ
=17 \Pr,rel r,rel (19&)
+8 (700, (@0)|r, o0, (@), ), forany (w,v) € X x X,
def
b(v,u) = <V1,2‘ o0, (V2) [, = Va0, (Ul>>Hl/2(r12)

+ % - % 19b
<ﬂz,4 a0, (04)]r,, = Yaq, ( 2)‘T2,4>H1/2(r2,4) (19b)

+ <V3,4‘ Yooy, (04) |, — Yoo, (03)>H1/2(F34), forany (v,p) € X x Y,

def
Q (v) = <FI‘ Yoo, (04)|FR>H1/2(FR)’ foranyv € X, (19¢)
Eq. (18) becomes

a(p,v)+b(v,A)=(Qv),, (20a)

for any v € X. It can be shown that the functional Q" defined in (19¢) is bounded in the norm of
X (see (29a)). The field equations (8), the boundary condition (13), and the second set of interface
conditions (15a)—(15c) are all embedded in (20a). Finally we impose the first set of interface conditions
given by (14a)—(14c). If we consider arbitrary functionals y1, € H -1/2 (T12), poa € H —1/2 (T24), and
Hza € H -1/2 (I'34), substitute them for y in (14a), (14b), and (14c), respectively, and sum the result, we
obtain

b(p,u) =0, foranypu e ). (20b)
When Egs. (20a) and (20b) are put together, our problem can formally be written as

Find (p,A) € X x Y such that
a(p,v)+b(v,A) =(Q'|v),, foranyve X, (21)
b(p,u)=0, foranypue),

whose structure is readily recognized to be that of a mixed (saddle-point) formulation [6,12,23].

4. DISCRETIZATION IN THE METHOD OF FINITE SPHERES

Given an arbitrary region () (like one of the regions Qy,...,()y in Fig. 1), we proceed to cover it
with balls, or spheres, as illustrated in Fig. 3 [1,10]. Next, a collection of real-valued basis functions is
constructed; each basis function has the whole set () as its domain of definition, but it is different from
zero only within a certain ball. These compactly-supported basis functions lead to sparse matrices, as in
traditional finite element analysis, whose basis functions are nonzero only within certain elements in the
mesh [6]. These basis functions allow us to construct finite-dimensional subspaces M (Q,) C H! (Q,)
forr = 1,...,4. Arbitrary functions v, € H' (Q),) can be approximated by their discretized equivalents
Uy € M (Q)) as

0y = HIV,, (22a)
Yoo, (V) =T, Vy, (22b)



The method of finite spheres in acoustic wave propagation through nonhomogeneous media: Inf-sup stability conditions 219

where H, : ), — REMM(D) §5 a3 vector function collecting all basis functions defined on ),, and
T, : 90, — RI™MM() j5 3 vector function collecting the traces of all basis functions along the bound-
ary 002 [10]. The vector vV, € CAm M) collects the expansion coefficients. After the finite- dimen-
sional subspaces M ((),) have been constructed for r = 1,...,4, we use &, AV () x M () x
M (Q3) x M () as the finite-dimensional counterpart to space X introduced in (16a), where we have
for the dimensions of these finite-dimensional subspaces, dim &), = dim M () + ... + dim M (Qy).
Arbitrary elements of &}, can be represented by vectors as v, = (v1.,, V2., U3, Vaihy)-

o = A4 M A
p o \
y y. v £ o}
o g ° o | o | oM
& L X 1
4 ) ‘
£ oY o
Q- | (o} \
\ Wl © o
b Q I Ty \\\ <2 4
—— [ i ¢ fo}
/ / 5 € °
| P o =
{ | o
oQ x 0Q 7§ ~
| A | & )
\\ Sl o AEoW S
A o, o}
b he P o o
‘ ! Y @)
% L8 - o

(@ (b)

(© (d)

Fig. 3. (a) In the method of finite spheres, an arbitrary region () together with its boundary 9() must be covered by
a finite collection of balls, as in (b). The same holds for closed curves: (c) Given an arbitrary closed curve T, it must
be covered by a finite collection of balls, as in (d)

The construction of discrete spaces for the Lagrange multiplier fields defined at the interfaces is
similar. An arbitrary closed curve I' (like one of the curves I'1 5,4, and I'34 in Fig. 1) is also cov-
ered with balls, as in Fig. 3. Given arbitrary functionals y1, € H -1/2 (T12), 42a € H -1/2 (T24), and
uss € H -1/2 (I'34), their finite-dimensional counterparts are represented by 1, € M (T 12), Hoan €
M (Tp4), and p3 4 € M (T34)’, respectively. The spaces M (T'15)", M (Tp4)’, and M (T3 4)" are finite-
dimensional subspaces of H /2 (T';1,), H /2 (T4), and H~'/? (T3,), respectively. The action of the

”
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discretized functionals pj 5., 2 4.1, and i3 4. on arbitrary functions is given by

<:”1,2;h|w>H1/2(r]2) = G{ZA H ,wdl, foranyw € H/2 (Tz),
’ 12

w>H1/z(r24) = G%’AL/]“ H2,4wdl’, for any w I‘Il/2 (F2/4) , (ch)
. 24
<:”3,4;h|w>H1/2(r34) = ﬁ£4fr Hj ,wdl, forany w € HY/2 (T34),
. 34

where Hl,Z : rl,Z — ]RdimM(rLZ)/,HzA : F2,4 — ]RdimM(rzA),, and H3’4 : F3’4 — ]RdimM(r?’A)/
are vector functions which collect suitable basis functions defined along the curves I'1 5,54, and I's 4,
respectively, and Uy, € CdimM(rl'Z)/,f}M e CdimM(T24)" and U;, € CdimM(T54)" are vectors collect-
ing the expansion coefficients [10]. After the three finite-dimensional subspaces M (T ), M (1"2,4)',
and M (T34)" have been constructed we use ), L M (T12)" x M (Tp4)" x M (T34)" as the finite-
dimensional counterpart to space ) introduced in (16b). Its dimension is given by dim}), =
dim M (T12)" + dim M (Tp4)" + dim M (T34)’. Arbitrary elements of ), can be represented by vec-

tors as py, = (p1,2,1 H2,450 H3,450)-

After all pressure fields py, . . ., pa, test functions v, . . ., v4, Lagrange multiplier fields A1 2, A2 4, A3 4,
and test functionals y1 , }i2 4, 13 4 have been substituted in (21) by their finite-dimensional counterparts
defined by the expansions (22a)—(22c), we obtain the discrete mixed problem

Find (py, An) € X, x Yy such that
a(ppvp) +b (v, Ap) =(Q ‘Vh>X, forany v;, € X, (23)
b(piy) =0, forany p, € V.

The individual terms in (23) assume the representation

(pn, Vi) = VT AP, (24a)
b (v, Ay) = LTBY, (24b)
(Q'|vi), = VTF, (24¢)
b (pn,my,) = UTBP. (24d)

The vectors PT = {f’lT ,P1, P, f’ﬂ and VT = [VT, vi vl ,Vﬂ collect all coefficients used in the
expansion of pyy,...,pay and vy, ..., Vs, respectively, in the manner of (22a). The vectors LT =
[I:{ e 4} and UT = {Ul , 03,05 4} collect all coefficients used in the expansion of Ay o, Ay 44,
Az a4 and pq ., 1o 4, U3,4, Tespectively, in the manner of (22c). Substitution of (24a)—(24d) into (23)
finally yields the (saddle-point) linear system

Find (P,L) € Cdim &y CcdimVi gych that

s "I -G ”

We should emphasize here that we are solving in (25) for the phasor pressure fields, and hence as indi-
cated, in general the matrices and solution vectors in (25) are complex-valued with real and imaginary
parts.

5. THE INF-SUP CONDITIONS

We now turn to establish the tools for evaluating the well-posedness of the mixed method of finite
spheres formulation.
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5.1. Well-posedness of the discrete problems

The bilinear forms a in (19a) and b in (19b) must be bounded, i.e., there must be positive constants
C;y and C; such that for any (w,v) € X x X, and for any (v, u) € X x ),

la (w,v)| < Ciwllxllvlx, (26a)
b (v, )| < Cof|vilxllplly, (26b)
respectively. In the geometrical setting of Fig. 1, || - || x and || - ||y refer to the norms of vectors in the

spaces X and ) defined in (16a) and (16b), respectively (to be given below in Section 5.2). It can be
shown that these bilinear forms are bounded. We then introduce the operator By, : X, — ) defined
as: For any (vy, p;,) € &) x )y,

def
(B () [y, 2 0 () 27a)
where Y is the dual space of Y, [12,13,41,42]. The kernel (or null space) of By, is given by

kerB, & {v, € X, : By (v}) =0, inV}}. (27b)
The well-posedness of the finite-dimensional problem (23) is governed by the following theorem [12,13,
41]:

Theorem 5.1. Consider the finite-dimensional subspaces X, C X and YV, C Y. Leta : X x X — Cand
b: X xY — C be two bounded bilinear forms. The finite-dimensional saddle-point problem (23) is well-posed
(i.e., its solution exists, is unique, and depends continuously on the data) if and only if the following two conditions
are satisfied:

1. There is a constant ay, > 0 such that

inf  sup 1TWRVIL o (28a)
wieker By y cier B, ||Wh||X||Vh||X
Wi v, #0

2. There is a constant B, > 0 such that

inf sup LMl (28b)
meker iy, cicer x, 11l Vil x
”lh#o A #0

In the variational formulation of many problems in mechanics, the bilinear form a has the prop-
erty of coercivity, or ellipticity [6, 33,41, 43], i.e., there is a positive constant C such that for any v €
X,|a(v,v)| > C||v||%. Clearly if a is coercive, then it satisfies (28a). In this case, only condition (28b)
needs to be verified (e.g., the Stokes problem [38,40]). However, in the variational formulation of the
Helmholtz equation considered here, the bilinear form a in (19a) is not coercive, so that in this work both
conditions must be verified. More details about problems with non-coercive bilinear forms (and other ap-
proaches to handle them, such as the Fredholm Alternative) can be found in the references [32,34,43—45].

5.2. Norms of vectors

In the example geometry of Fig. 1, arbitrary vectors v = (v1,v2,v3,v4) € X and u = (12, fo,a, H34) €
Y have their norms given by
2 def 4 2
IvIZ = Y o, - (29a)
r=1

def
I3 = Il

2 2 2
H-1/2(T'y5) T HVZAHH*]/Z(TM) +llpsa H=1/2(T34) 7 (29b)
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where the standard norms in the H! and H~/2 spaces are

def [
lorlifn,) & /Q (Vo, - Vo' +0,07) dQ, (29¢)
t) g1z
def < HI2(Tp)
2l g1z, = sup 12 (29d)
’ teH1/2(T 5) | (T12)
140
The norm | - || -1/2(r, ,) defined in (29d) is a dual norm (since H ~1/2 i the dual space of H!/?). The
norm || - || H/2(T, ,) 18 given in Appendix B. The terms 2,4l g1 /2(Tya) (I5,0) AT€ defined

likewise. The finite-dimensional subspaces &}, C X and )}, C Y introduced in Section 4 inherit the
norms in (29a) and (29b), respectively.

Given a meshfree setting characterized by the discretization length /1 (see [10]), we can guarantee
the well-posedness of our discrete problem (23) if we show that (28a) and (28b) hold true. However,
because of the complications involved due to the use of the dual norm H ~1/2 as indicated in (29b) and
(29d), we derive new inf-sup conditions simpler than (28a) and (28b), but which at the same time are
sufficient to imply (28a) and (28b), i.e., we shall use stronger conditions.

6. THE FIRST INF-SUP CONDITION
In this section we discuss an inf-sup condition which is stronger than condition (28a).

6.1. Stronger condition

Considering the bilinear form a : X x X — C from (19a), since Re {a (wy,, v;,)} < |a (wy, v})| for
any wy, v, € A\ {0}, we shall use:
There is a constant aj, > 0 such that

inf sup M > wy. (30a)

widkery  Sne, Twllelvillx
w70 A\ 750

6.2. Stronger condition, linear-algebraic aspects

Given an arbitrary vector v, = (01, Vo, U3, Vay) € A&, if we use the expansion (22a) for r =
1,...,41n (29¢), it is straightforward to express (29a) in matrix form as

~ + -
A Vi 51 Vi
2 ste _ | V2 Sy Vo | _ gteo
Ivall5 = ;vrsrvr =1 ¥ 5 V| = Visy, (30b)
Vy S4 Vy
v S v

where V! is the conjugate transposed version of the coefficient vector V,. The symmetric matrices S,

belong to R&im M(Or) xdim M(Qr) 51 the matrix § (also symmetric) belongs to RYM ¥ dim &

The kernel of the matrix B introduced in (24b) is ker B = def {\7 e cdim . BV = 0}, where 0 is
the zero vector of length dim ). There is a bijection between ker B, in (27b) and ker B, thanks to the
isomorphism between A}, and Cdim A, Using the matrix representation as in (24a) and (30b), condition

(30a) becomes equivalent to:
There is a constant «j, > 0 such that

Re {VTAV}
inf (30c)
WekerB VekerB VWISWV VTSV
W#0 vz

We now find a basis for ker B. Suppose the dimension of ker B is K i.e., dimker B = K. We look
for a linearly independent set of K vectors i € C4im i such that ker B = span {4y, ..., Pk }. These
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basis vectors are arranged into a matrix ¥ € CH™ %K a5 ¥ = [y, ..., ¢g]. The map Z — ¥Z is an
isomorphism between CX and ker B, so that condition (30c) becomes equivalent to:
There is a constant «j, > 0 such that

Re {CT‘?TA‘?ﬁ}
inf sup — > wy,. (30d)
DeCK ecck V/DTETSTDVETFTSFE
D#O C;EO

If welet Ix € RX*K denote the identity matrix of size K x K, then the natural isomorphism between

R?X and CX can be represented by the matrix Jx def [Tk, j1x] € C**2K, via the map o — Jxib (this

transformation takes any vector of real numbers of size 2K and uniquely associates with it a vector of

complex numbers of size K). In the rest of this text, real-valued vectors of coefficients will be written

using lowercase bold German letters with a tilde, such as 1. Condition (30d) becomes equivalent to:
There is a constant «j, > 0 such that

Re {6TJL¥T A¥] k1o
inf  sup {67 Jx }_ — > . (30e)
Bk peres NGRS SRR PRVED PR EED AT
The vectors 1o and b are real-valued, which implies that " = w! and 57 = 7. The numerator

in (30e) is rewritten as o' A, where the matrix A = 4f Re {LE‘?TA‘?jK} belongs to RZ**2K Tt is a
symmetric matrix, since the matrix A in (24a) is symmetric. The term inside the first square root in the
denominator of (30e) is rewritten as o’ Do, where the symmetric matrix D % Re {j;‘iﬁ SY) K} belongs
to RZX*2K (the matrix § in (30b) is real and symmetric, and it can be verified that the imaginary part of
T*K‘?JFS‘?TK satisfies 101 Im {j}(‘i’fg‘i’k} o = 0). The second term in the denominator of (30e) is treated
likewise. The inf-sup condition (30e) assumes its final form, becoming equivalent to:

There is a constant «;, > 0 such that
ol A
inf  sup (31)
D eRZK ]RZK vioTDroveTD

0 #0 U#O

where we used the fact that 57 A = ' AT = ! A, since A is symmetric. Condition (31) is written
entirely in terms of real-valued vectors and matrices, despite the original function spaces used in the
scattering problem being complex-valued in nature.

7. THE SECOND INF-SUP CONDITION

Our goal is now to discuss an inf-sup condition which is stronger than condition (28b).
7.1. Stronger condition

Since for any u;, € V), \ {0} and v;, € &), \ {0} we have that Re {b (vy, ;) } < |b(vy,, )|, we use
the following stronger condition:
There is a constant 8, > 0 such that

Re {b
inf su w> . (32)
1,0 wyex, lmnllyllvallx
M 70 v, #0

To evaluate this condition we need the following result:

Theorem 7.1. Let ¥ be a simple (i.e., which does not cross itself), closed (endpoints coincide), and Lipschitz
continuous curve in R2, Let Z° denote the region of the plane interior to the curve X.. Then, there is a positive
constant Cs.o (which depends only on the geometry of £°) such that for any 6 € H™1/2 (L),

1. There is a unique function fg € H' (£°) such that

161 5-12(x) < Cso [l foll 1 z0) - (33a)
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2. This function fg satisfies the variational equality:
/20 (V- Vfo+wfy) dQ = (8 | y2(w)) 12y, forany w € H' (2°). (33b)

This result (proved in Appendix D) is fundamental since it releases us from the task of working
with the dual norm H /2 (see (29b) and (29d)). In (33b), vy (w) is the trace of w along X. In the
geometrical setting of Fig. 1, let '] ,, T3 ;, and I'3 ; denote the regions of the plane interior to the closed
curves (interfaces) I'1 o, I'p 4, and TI's 4, respectively. We form the space

z € H'(19,) x H' (T9,) x H' (T3,). (34a)

Arbitrary elements from Z can be represented by vectors as z = (z12,224,234). We equip Z with the
following norm: For any z € Z,

2

2 2
0 0 - 34b
(13) (13) (340)
We next consider an arbitrary vector of discretized functionals p;, = (y12., Ho,an, H3,4:h) € Vi, See Sec-
tion 4. Application of Theorem 7.1 to each component gives the existence of three positive constants
Crt1>2, C[‘I274, and Crg4 such that

(I72)

||y112;h||H*1/2(1"1,2) S Crt{z

HI(15,)
2l < Cry, |Vframn| |y g (340)
(T34) < CrgA fus H(13,)’

where the functions f,,,, € H' (T{,), fu,,, € H' (I%4), and f,,,, € H' (T$,) are solutions to the
problems

/1"0 (le,Z . Vf]/l]’z;h + wllf}"l,Z;h) d

12

D

<l412h | 1y, (W12 >H1/2 , forany wy, € H' (I9,),

/1“0 (Vw2,4 -Vf o t wo4f) H2,4;h) dQ) = <V2,4;h | 71"24 , forany wy4 € H' ( 3,4) ’

“24

/ro (Vw3,4 “V fuzuy T W34, P‘3,4;h> dQ) = <V3,4;h | Y15, (w3/4)>

34

HY2(Iy,)
, forany wz 4 € H (l"gA) ,

(34d)

(f 1120 Friasn0 1 143,4;17) € 2. Based on
(29b) and (34b), the three inequalities in (34c) allow us to conclude that there is a positive constant C
(independent of u;) such that

H2(T'34)

respectively. Using these functions, we define the vector fy &

I#nlly < C ]|z - (34e)

We can now introduce the following inf-sup condition:
There is a constant 8 > 0 such that

R
ﬂheyh VR EX) HfﬂhHZ”Vh”X
070 vy #0

Since we have (34e), it follows that (35) implies (32), i.e., it is ‘stronger” than (32). The inf-sup condition
(35) does not involve the norm in the space ) (given in terms of H ~1/2 norms, see (29b) and (29d))
as in (32), and hence we shall use it. However, we must solve problems (34d) in order to find the
functions fy,,,, fur 4, and fu, . We use meshfree finite-dimensional subspaces of H' (T{,), H' (T3,),
and H! (I'§,4), and solve for approximations of these functions within these spaces.
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7.2. Meshfree finite dimensional subspaces for the interior regions

For each interior region I' , T ;, and T ;, we construct meshfree spaces M (I{,), M (T%,), and

M (I§ ), respectively, using the process outlined in Section 4. Arbitrary functions z1, € H ! (T,) /224 €

H' (T},) and z34 € H' (T§,) together with their traces can be approximated by their discretized equiv-
alents as

zion = B{yZ1o, zoan =E34Zo4  z3an = E3,Z54, (36a)

T 5 T 5 T 5
i, (Z1z0) = RipZip,  ry, (2240) =RouZog, 1y, (2340) = R3uZsa, (36b)
where Ej : T1, — R M(T2) i a vector function collecting all basis functions defined on T ,, and

Rip:Tp — Rim M (72) is a vector function which collects the traces of all basis functions along the

boundary dI'{ ,, where dI'{ , = I'1 5, by definition. The vector Z;, € CdimM(T52) collects the expansion
coefficients. The same holds for the expansions of z; 4, and z3 4, above.

Note that the closed curve I'i, does not encircle any other curve, because region (); is simply-
connected. It follows that I'7, = ;. Hence to approximate z1, € H (T{,) we use the same set of
basis functions as that used to approximate v, € H' (Q)), see Section 4, i.e., in (36a) and (36b) we can

define E; » def H; and Ry, def T1, where H; and T; have been introduced in (22a) and (22b), respectively.
The same holds for the closed curve I'34, since )3 is simply-connected and I'3 ; = 23. We thus define

E34 def Hjz and R34 def T;. In the case of curve I'; 4, its interior F3,4 does not coincide with (), (see Fig. 4).
A separate set of basis functions must be set up for approximating functions defined on I ,, together
with their traces along I'; 4. The vector function E; 4 in (36a) differs from H in (22a), and Ry 4 in (36b)
differs from T in (22b).

vl \\xrR // \\\\rR
/ N / EY .
E— \\
N\ X
P Q=T %0 —q ¥ \
WA ol ol At \ \
5 M a ° o Q} ‘ “‘
d\o A N ‘
A i Q Y / |
] 1 o ~ / |
¥ %@ / ° /
;\ % %o ,°/ o . o
R
ST o
ol oy ® 4
/
Z ;
N r,, w

(@) (b)

Fig. 4. Consider the interface I'; 4, between regions (), and ()4. The region () is not simply-connected (due to

the hole left by ;). Consequently, the region interior to the curve I' 4, denoted by I' , is distinct from Q. This

originates two different sets of basis functions. (a) Balls in a finite sphere system for approximating functions

defined on (). Their union must cover the closure of (), (b) Balls in a finite sphere system for approximating
functions defined on I'} ;. Their union must cover the closure of ' ;

Once the meshfree spaces M (I'{ ;) , M (I'5 ;), and M (I'§ ;) have been constructed, we introduce
the finite dimensional subspace Zj, of Z in (34a) as:

2, & M(I9,) x M (T9,) x M (T3,). (360)

The norm in Zj, is that inherited from Z in (34b). The dimension of Zj, is given by the sum of the
dimensions of M (I',), M (T3,), and M (T ,).
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7.3. Stronger condition, linear-algebraic aspects

We now turn our attention to condition (35). Arbitrary vectors of functionals y;, € )}, can be written
as py, = (M1,2.n, H2,4:0, U3 4:1), See Section 4. The arbitrary functionals pq 5., 2 4.4, and y3 4, determine the
functions fmzh/ fy2 i and f#3 h respectively, via the variational problems in (34d), see Section 7.1. In
other words, the vector p;, determines the vector f‘u . ( j"y1 2t fy2 ht fy3 . h) We rewrite (35) as:

There is a constant §;, > 0 such that

Re {b (v,
~ inf ) sup e (Vi 1y} > B (37)
M= 2mM24m 340 ) EYVn v, X, b W i vy,
1,40 h #' ’(fﬂl,z,l fﬂz/zu f#sA,h)HZ” HX

Let the coefficient vectors V. € CH™m* and U € C4mYr be arbitrary. These coefficient vectors can
be broken into subvectors as VI = [VT, VA ,VZ] and U7 = [Ul 2,U2T/ y ﬁ; 4} , see Section 4. The
vector v, € Aj, in (37) collects the four discrete fields as v;, = (v1,,, Vo, V3, Vs ), See Section 4. The
component vy, is determined by the coefficient subvector V; asin (22a), and likewise for the other com-
ponents. It follows that the coefficient vector V ultimately determines the vector vy,. In the functionals,
the components 1 5., 2 4.4, and 3 4., are determined by the coefficient subvectors Ui,, Up4, and Uz g,
respectively, as in (22¢). It follows that the coefficient vector U ultimately determines the vector y;,. The
numerator in (37) is therefore rewritten as Re {b (v, )} = Re{UTBV}, using (24d). The second term
in the denominator of (37) is written as ||v;||, = V VTSV, using (30b). Condition (37) becomes:
There is a constant 8, > 0 such that

| Re [UTBV)
inf sup > Bi- (38)
M= (m2n 2 anits an) €V Vegdimd, ‘(f#lzh/fﬂuh fﬂ34h) H
w70 V#0

In order to find f, ,,, we use the first equation from (22c) and the first variational problem from (34d),
thus obtaining

/1;0 (le,Z . Vfﬂl,z;h + wl,Zle,z;h) dQ) = 0{2/1; Hllz’)/rllz (wl,z) dr, (39a)
12 1,2
for any wy, € H! (T1,). In ~order to finfl an approximation ﬁ,m;h for fu,,, within the meshfree space
M (T ,), we represent it as fy, ,, = ElT »F1 7, as in (36a), where the (unknown) vector of coefficients F; »
belongs to cdimM(T1,) , see Section 7.2. The testing function w 5 in (39a) must now be taken from space
M (I9,), and so we denote it by wy 5y, It is represented likewise as w15y, = ElT ,Wi,, and its trace
is represented as 7, , (wipn) = RlT, »,Wi, in accordance with (36a) and (36b). After substituting these
expansions, the discrete version of problem (39a) becomes

W1,010F12 = W ,N1, U, (39b)

for any Wy, € CdimM(Tiz)  The symmetric matrix Q;, belongs to RAMM(T2) xdimM(T5) and the

_ . 0 . ’ _ A ’
matrix N1, belongs to RAMM(T7,) xdim M(T12) ,since Uy, € CcdimM(T12)" see Section 4. From (39b), we

obtain Q; ,F1, = N1,U; 5, and the coefficient vector F; ; can be retrieved as
. e -
Fip = Qp,NioUsp. (39¢)

The same procedure above can be applied to find the approximations f#z,4;h and ﬁ‘3,4;h' These are ex-
panded as fyz o= EZT 4152,4 and fy3 = E3T 4153,,4, after (36a), and the unknown coefficients are given by

Fou= Q5 NouUsy, (39d)

F3, =05 iN;3 403 4. (3%)
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Using (34b), the norm Hf in the denominator of inf-sup condition (38) can be approximated as

P‘hHZ

H yh H(fﬂnh fﬂ24h'fll34h)H dEf Hfﬂuh H1 o, Hfﬂuh H1 T3, Hfﬂ34h H1 rg )
(40a)
Hf}llzh Hl F” Hf}lzz;h Hl F” Hf}l34h Hl F” )
The first term of the sum above is expanded as
Hf%nh d:ef / (Vf}ll,z;h : Vﬁf . +f141,2;hf~; . ) aQ
H(T9,) 0, 12 1.2k
= F1,Q12F1
= ﬁir,z _1+,2 (Qféy Q_l,folglNl,zﬁl,z (40b)
= UL, ( _fé)Tleﬁlz
= ﬁ{,z _1T,2Q1_/%N1,201 2,
where we used the discretized representation ﬁ,mh = ElT oF1» (see (36a)). The matrix Q; , is the same

as that which appears in (39b). The vector F;, is given by (39c). The matrices Q; , and N, are real-
_ _ _ 1\ T ~_1\T _
valued, which implies that NI,z = NlT, > and (ng ) = (Ql,% ) . Finally, since Q;, is symmetric,

N\ T
(Qlj) = Qlé. Applying the same reasoning to the second and third terms of (40a), we obtain

= ﬁ;z; NzTA Q,, N4 0oy, (40c)

Hfﬂzz;h

HY( rO)

= U},N3, Q,, iN34U34. (40d)

Hl(r0 )

Using (40b)—(40d), the sum (40a) can be rewritten in matrix form as

Ui T Nip ) "TQ, T N ) Ui

nyh L= | Uas Npg Qs Npg Uzy

Us 4 N34 Qs4 N34 Us 4

U N 0 N U
=U'NTQINT, (41)

where the symmetric matrix Q belongs to R4 Z1*dim 2 and the matrix N belongs to RYM Znxdim Yy
Finally, the inf-sup condition (38) becomes equivalent to:
There is a constant 8 > 0 such that

Re {UTBV
inf sup ¢ { } > By (42)
UectmV g camy, /OTNTQ-INUVVISV
U#0 V£0

using (41). If the identity matrix of size dim &}, is denoted by Igim x, € R X xdim & 4o natural iso-
morphism between R24m Y and €M A% can be represented by the matrix Jgim X, def [T dim X,/ ] Igim Xh] €
Cdim A>3 2dim Ay via the map 6 — Jgim x, 0. Analogously, the natural isomorphism between R? 4™ Y

and C¥™ Y can be represented by the matrix Jgim yh [I dim ),/ j I dim yh} e CdimYVix2dimYy yia the map
it — Jd4im y,fi. Condition (42) becomes equivalent to:
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There is a constant B;, > 0 such that

Re {ﬁTjg- BJdimax; 5}
inf o osup L S >p, (43)
f‘@%#a“yh ﬁelRﬁz;g“Xh \/ﬁJrthmthTQ’lNJdimyhﬁ\/UJrthth SJdim x,0

The vectors {i and 6 are real-valued, which implies that it =’ and " = 8. The numerator in (43)
is rewritten as i’ B, where the matrix B % Re {fgim ¥, BJdim Xh} belongs to R2dimVix2dimd,  The
term inside the first square root in the denominator of (43) is rewritten as i’ Mii, where the matrix
™M % Re {Him ¥, N TQlejdim yh} belongs to R>4imYix2dimYi - The matrix Q in (41) is real-valued
and symmetric, and it can be verified that the imaginary part of matrix j:hm ¥, N TQ_ledim y, satisfies

i'Im {jgim y,N T ' NTgim », } i = 0. The term inside the second square root in the denominator of

(43) is rewritten as 67 X6, where the matrix X def Re {-T:lim X, ST dim Xh} belongs to R?dim X x2dim &y - The
matrix S in (30b) is real-valued and symmetric, and it can be verified that the imaginary part of matrix
T X, 5] d4im x, satisfies 5" Im {j:hm X, ST dim Xh} o = 0. The inf-sup condition (43) assumes its final form,
becoming equivalent to:

There is a constant B;, > 0 such that

iTB6

inf Sup = > . (44)
ﬁellgz;zg"yh 66R2d1i::n/\’h VT MiiveTXs P
u 6750

Analogously to (31), condition (44) is written entirely in terms of real-valued vectors and matrices.

8. DEMONSTRATION OF THE MFS PROCEDURE

In this section we illustrate the application of the MFS procedures from Section 4 to a particular
scattering problem. The computational details and further solutions are given in the companion paper,
see reference [10]. The problem refers to the scattering of a plane wave by a circular object. In this
setting, we have a single object, corresponding to a circle, see Fig. 5(a). This geometric arrangement
agrees with the assumptions made in Section 2.1. The material properties in regions (); and (), are
p1 = 8.94 x 10° kg/m? and p; = 1 x 10° kg/m?> (density), and K; = 123 x 10° Paand K, = 2.28 x 10’ Pa
(bulk modulus). The ‘relative’ values are p; ,,; = 8.94 and p;,,) = 1, and Ky ,,; = 53.95and K;,,; = 1,
according to (4a) and (4b). We use the reference frequency of fy = 100 kHz.

The reference wavenumber kg associated with the host medium ), is kg = wg/c = 27 fo+/p2/ Kz =
416.11 rad/m. Consequently, the reference wavelength of a (hypothetical) plane wave with frequency
fo propagating in () is given by Ay = 271/ky = 15.10 X 1073 m. Region (), is a circle with radius equal
to Ag, and the outer circular boundary I'g has its radius given by R = 2.15Ay. Region (); is simply
connected, and region (), (the host medium) is not simply-connected, as expected (see Section 2.1). This
problem has a single interface, indicated by I'; » in Fig. 5(a).

We consider a unit plane wave with frequency f equal to the reference frequency, i.e., f = fo, with
the wavenumber k = ko. This wave propagates along the unit vector k = [1,0] (i.e., from left to right),
and the incident field is therefore given by p™™ (x) = e /¥ = =/ N/m?, x € Q.

In the discretization process, we set up three finite sphere systems, as illustrated in Figs. 5(b)-5(d).
The closure of region ), is covered with 549 balls, the closure of region (2, is covered with 1996 balls, and
the interface I'; , is covered with 81 balls. The real and imaginary parts of the predicted total pressure
field p;, = (p1.n, p2n), as well as its modulus, are shown in Figs. 6(a)-6(c). We apply a close zoom to the
solutions calculated along the line segment 0.8Ag < x < 1.2A9,y = 0, shown in Figs. 6a and 6b. This line
segment crosses the interface, and we compare the meshfree solutions thus obtained with FEM solutions
(using quadratic Lagrange triangular elements) calculated along the same segment. The results for both
real and imaginary parts are shown in Figs. 7(a) and 7(b), respectively. The solutions provided by both
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Fig. 5. Scattering by a circular object. (a) Geometry of the problem. (b) Balls in a finite sphere system over region
), and along its boundary 0Q), = I'; , UT. (c) Balls in a finite sphere system covering ()1 and 90}y = T'; 5. (d) Balls
in a finite sphere system covering the interface I' »
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Fig. 6. Scattering by a circular object. (a) Real part of the meshfree solution throughout the computational domain.
(b) Imaginary part of the meshfree solution. (c) The modulus of the meshfree solution

methods agree with each other, and the MFS solution reproduced the discontinuity in the gradients
accurately. No oscillations are observed, according to our objective in the MFS formulation.
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Fig. 7. (a) Real part of meshfree and FEM solutions along the segment 0.81¢ < x < 1.2A¢,y = 0 (shown in white in
Fig. 6(a)). (b) Imaginary part of meshfree and FEM solutions along the same segment (shown in white in Fig. 6(b))

9. DEMONSTRATION OF THE INF-SUP TESTING

For a given discretization characterized by length /, Sections 5-7 showed that the discrete problem
(23) is well-posed (its solution exists, is unique, and depends continuously on the data) if the inf-sup
conditions (31) and (44) are satisfied. In order to verify if these conditions hold, we observe that

ol Ab
inf  su — — = \/Omin(H, f), 45a
w M Vempeverps Y mnS) (452

mER
540

~T
u
inf =\/T (45b)
ue]Rézg“yh . ]RZdlth Vil \/UT min

where 0,,;, (h, f) and T, (h) are the smallest eigenvalues in the problems
AD'ATw; = 5;Dr,, (46a)
I_BX’ll_BTﬂi = Tl']l\_/[ﬁi, (46b)
see [6]. These smallest eigenvalues depend on the discretization length h. The matrix A in (31) is given
in terms of the matrix A in (24a), which is the discrete representation of the bilinear form 4 in (19a). This
bilinear form involves the wavenumber k, which is calculated as k = w/c (see Sections 2 and 8). Since
w = 27tf, it follows that the matrix A depends on the frequency f of the incident field. The smallest
eigenvalue 0,,;,, in (45a) therefore depends on both /1 and f.

The idea behind the inf-sup test is to evaluate the behavior of these smallest eigenvalues as the
discretization is refined, i.e., as h becomes successively smaller [28]. If these eigenvalues stabilize at a
value larger than zero, the inf-sup test is passed for the discretization scheme used. If in this way both
inf-sup tests are passed, we can conclude that the discrete problems retain their well-posedness and
hence the MFS formulation results in stable solutions for any h.

We demonstrate now the stability of the scattering problem considered in Section 8. Further dis-
cussion and more examples are given in [10]. We consider a sequence of 15 pairs of meshfree spaces
Xy, and )Y, from the coarsest to the finest. For each pair, the discretization length & is established as
follows: for each ball in the discretization, we calculate the distance between its center and that of its
closest neighboring ball; then / is defined as the largest of these distances. The number of balls over (),
varies from 57 to 401, the number of balls over (), varies from 227 to 1473, and the number of balls over
I'1» varies from 25 to 69. Since region ()1 is simply connected (see Fig. 5(a)), it follows that the region
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interior to curve I'1 5 is the region )y, i.e., '] , = 1. We thus reuse the finite sphere systems over (); as
the finite sphere systems over I'] , (see Section 7.2).

In Section 8, the incident plane wave has a frequency of f = f; = 100 kHz, so that the wavenumber
of the problem is k = kp = 416.11 rad/m. For the first inf-sup condition, we first consider a frequency
f = 50 kHz, so that the wavenumber of the problem is k = w/c = 27tf+/p2/Ky = 208.06 rad/m, and
calculate the smallest eigenvalues o,,;,, (h,50 kHz) in (45a) for the sequence of 15 discretizations. Next,
we consider the new frequency f = 60 kHz, determine the new wavenumber k, and proceed to calculate
the smallest eigenvalues 0y,;;, (1,60 kHz) for the sequence of 15 discretizations. This process is repeated
until f = 300 kHz (i.e., we consider increments of 10 kHz in the frequency). Using these results, we

plot the graph corresponding to the values 4/ 0y, (1, f) in Fig. 8(a). We notice that for each frequency f,

the values /0y, (h, f) are positive and stabilize around a positive value (i.e., they neither increase nor
decrease with k). This implies that for each fixed frequency f, the test for the first inf-sup condition (31)
has been passed. At any given f there is a negligible variation with & in Fig. 8(a), hence the figure shows
a profile with parallel lines along the / axis. The inf-sup values may appear to be small but what really
matters is that they do not decrease with £, i.e., they stabilize as the discretization becomes finer, see
also [46,47]. Hence we see that the inf-sup test is passed for all frequencies considered. Fig. 8(b) shows

the values |/ T, (h) for the second inf-sup condition. We observe that they are all positive and stabilize
at a positive value, so that the test for the second inf-sup condition (44) is also passed. We conclude
that for this example and this range of frequencies (which are reasonable to consider in finite element
analysis) the proposed MFS procedure is stable and yields reliable solutions.
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Fig. 8. The inf-sup values, scattering by a circular object (Section 8). (a) First inf-sup condition, log; 1/ Oin (h, f) as

a function of log; i and f. (b) Second inf-sup condition, log;, 1/ Tuin (1) as a function of log;, 1

10. CONCLUDING REMARKS

We provided a derivation of the method of finite spheres equations for solutions of acoustic pres-
sure fields in nonhomogeneous media. Lagrange multiplier fields arise naturally leading to a mixed
formulation. Using the solution scheme, the well-posedness of the discrete problems is governed by
two inf-sup conditions. These conditions are difficult to work with, particularly the second one, due
to the H1/2 dual norm. We presented an analysis able to cover the most general case when the bilin-
ear forms may assume complex values. Our result is that we obtained stronger conditions, simpler to
deal with and written entirely in terms of real-valued matrices and vectors. These conditions pave the
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way for use of the inf-sup test, an application of which is given in Section 9. The goal of this test is to
numerically verify the stability of the mixed formulation.

The analysis presented uses the geometrical setting given in Fig. 1 as an example, which is general
enough to treat the scattering of waves in simply connected regions (such as (3) and also in not simply-
connected regions (such as ()). Of course, the discussion can be adapted to any geometry, as long as
the assumptions made still hold.

The ideas presented here can also be developed and built upon to analyze the inf-sup conditions
of scattering problems posed in domains in which the interfaces between media of different material
properties are open curves (see for example [10]). Furthermore, the development given also provides a
basis for use with other meshfree methods and for use in analyses using the overlapping finite element
schemes [7,14].
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APPENDIX A. THE TRACE THEOREM
The complete version of this theorem is discussed in detail in [40,48].

Theorem A.1. Let D be a bounded and open subset of R? with a Lipschitz continuous boundary dD. The trace
operator yap : H' (D) — HY2(3D), which is linear and continuous, admits a right inverse, i.e., there is a
linear and continuous operator 7y, : H'/2 (D) — H' (D) such that for any g € H/? (aD),

vop (130(8)) =8 (A1)
and there is a positive constant Cp > 0 such that for any ¢ € H/? (aD),
||73D ||H1 < CDHg”Hl/Z(aD) (A.2)

APPENDIX B. THE SPACE H'/2

Let D be an open and bounded subset of R? with Lipschitz continuous boundary aD. A function
t € L% (9D) belongs to the fractional Sobolev space H'/? (D) if the Slobodeckij seminorm

1
def [t(x) — t(y)? )2
|t|H1/2(aD) — </8D /BD ||X _ y”z dedFy ’ (Bl)

is finite, where dI'y and dI'y denote the length measure on dD parametrized by x and y, respectively
[15-17]. The norm in H'/? (3D) is given by

N|—=

def

[t mnr2opy = (HfHLz aD) +|t|%41/2(aD)) : (B.2)

Among the properties of the space H'/2, we list:

1. The space H 172 (dD) is a Hilbert space, and it is the image of the trace operator yyp introduced
in Appendix A.

2. For any t € H'/2 (aD) and for any subset Iy C D (with nonzero measure), it follows from (B.1)
that the restriction of ¢ to Ty belongs to H/2 (Tp), i.e., tr, € HY2(Ty).

APPENDIX C. THE THEOREM 3.2

Proof (1). The linearity of E;, 5 is obvious. We check for boundedness. Assume that w € H V2 (g) is
arbitrary. It is clear that E;, g0 (w) € L? (3Q), since

E Pt [ g *ar
H 0,00 (@) req) /m‘ [ak,ao](w)‘
c 5 , , (C.1)
=3 [ |Emany@)| dr = [ fwPdr = o), <.
i=170i Ok
The Slobodeckij seminorm of Ej,, y] (w) is
2
P / g0 (©)) ()~ (Biony (@) W)
(o0 \W H1/2(30) 30 )0 [x — y]2 xly
2
iy / [ |(Baony@) @~ (Bpn @) 0
i=1j=1 [l — yl|? Y 2
[w(x) — w(y)? 02 '
- [0) = W) gr ar, + / 7111“ dr
R P Z o ey
¢ 10— w(y |0— 0|2
Y[ 2drdry+22/ ey
= o Jo; x—yll i— 1] 1 o |lx
ik k £k
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where we used the extension rule from (9a). The first term at the right side of the last equality in (C.2)
is just \w\%p /2(¢,) according to (B.1). Since the connected components ¢y, ..., o¢ lie at a certain distance
from each other, it means that forany i,j = 1,...,c, if i # j, then

[|x —y|| > dist (;,07) >0, forall (x,y) € 0; X 0j. (C.3)

Moreover, since w is a function defined on oy, (C.2) becomes
2
2
< |w
Hl/Z(aQ <| |H1/2 (%)

c 1 (C.4)
f o [ (o) £ ([ o),
Z dlst (Tk, 0j | I Y Edlst ((T,,O’k)z (Tk| W) 0 ¥ Y

=1 j
itk
The term within the parentheses in the first integral above is Hw||%2( ) whereas the term within paren-

‘ Ejy, 000 (w)

theses in the second integral is just the length of ¢;, denoted by |c;|. Expression above becomes

C

2 || |l
E w < |wl|? ot % i (C.5)
’ 0 () H'/2(00) [ H2(a I HL2 (%) ,21: dist (O'k,O']) o dist (07, 03.)*
j#k :

C

Clearly, C in (C.5) is a positive constant depending only on the geometry of the boundary 0Q). It fol-
lows from (C.5) that the Slobodeckij seminorm of E;, 50 (w) is finite, and thus E|,, 5 (w) belongs to

H'Y2(3Q) (see Appendix B). Moreover, according to (B.2),

2 2
B 01 @) 12 0y = B0 @) [ 2 gy, + B0 @)
< [[0l22 gy + Cllwol gy + 101720,

(C.6)
<a +c> (||WHL2 o) 10 B20)
= 1+ Ol )2,

where we used (C.1) and (C.5). Since the constant 1 4 C depends only on the geometry of 9(), it thus
follows that E,, 50 is a bounded operator from H 12 () into HY/2 (9Q)). |

Proof (2). Let 4 € H~'/2 (3Q) be arbitrary. We define the functional fij as

_ def
= <H | E[%Bﬂ](w)>Hl/z(aQ) , (C.7)

fir(w) =

for any w € H'/2 (0}.). Linearity of fiy is obvious. Boundedness follows from

) = | (1| B0y )

H1/2(30)

<l 172000 || Efe o) (@) 1200 (C8)
< \/1+7C||V||H71/2(an) ||wHH1/2(‘7k)’

D

due to (C.6). The positive constant D is independent of any particular choice of w. Since the functional
fi is linear and bounded, it belongs to the dual space H~12 (0}.). We can therefore represent the action

of fir on elements of H'/? (cy.) as ( fiy | w VHI/2(0)) = ]/lk( w), for any w € H'/2 (). So for each y €
H~1/2(3Q)) there exists a corresponding fiy € H~'/? () such that

(k| 0) (g = <74 | E[ak,an}(w)>H1/2(aQ) , (C9)
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for any w € H'/? (0}). We can thus introduce an operator Apog H™ 2 (00) — H 2 (¢}) and

make Apog,) (1) def fix. The result in (9b) then follows. |

Proof (3). Let u € H /2 (9Q)) and g € H'/2? (9Q) be arbitrary. For eachk = 1,--- ¢, 8le, € HY2 (o)

(see Property 2 in Appendix B). Therefore, for each k, we have E;, 5 ( g Vk) € HY2(30) (see Conclu-
sion 1 of this theorem). This motivates our writing

C

= Z E[(Tk,aﬂ] (g|‘7k) 4 (ClO)
so that
C
(11 &) mrea) = <u | Z Efo,00] (glak) >Hl/2 ; <A[ao ol (1) | glak>H1/2(Uk), (C.11)
(002)
due to the linearity of y and to (9b). ]

APPENDIX D. THE THEOREM 7.1

Since X is a simple closed curve in IR? (see Fig. A1), its complement R? \ T is comprised of two
connected components, the interior (denoted by X°) and the exterior (denoted by ext ), such that X is
bounded and 0X° = 9 (ext £) = X (see Jordan Curve theorem [49]). Let 6 be an arbitrary nonzero ele-
ment of H~'/2 (£). Since H'/? (9£°) is a Hilbert space (Property 1, Appendix B), Riesz’s Representation
theorem [42] asserts the existence of an operator R : H™1/2 (92°) — H'/2 (3£°) such that

(0 t) g2 (azey = (£, R(0)) /2 (a50)s (D.1)
for any t € H'/2 (92°), and
HeHH—l/Z(aZO) = HR(O)HHl/Z(aZa)/ (D.2)

where (-, ) j1/2(350) denotes the inner product in the space H /2 (3%°). The spaces H! (£°) and H'/? (9%°)

are Hilbert spaces. The trace operator 750 : H! (£°) — H'/? (9Z°) is continuous (Theorem A.1), and
therefore it admits an adjoint operator 1y, : H/? (92°) — H! (£°) defined as [42]

(’)/820 (w), g)Hl/Z(azo) = (ZU, 7520 (g)) HI(50) , (D3)

forany (w,g) € H' (£°) x H/? (9x°), where ( -, ") i1 (z0) denotes the inner product in the space H (20).

Letw € H! (£°) be arbitrary. Since the trace 750 (w) belongs to H/? (92°), we make t = 550 (w)
in (D.1) and conclude that

(0 | voxe (w)) /2oy = (Yoo (W), R(0)) /2 (350 « (D4)
for any w € H' (£°). We now make ¢ = R () in (D.3) and conclude that
(1o (), R(6)) pagass) = (0,735 (RO) (D5)

forany w € H* (X°).

Let 7550 * H 1/2(92°) — H' (X°) be the right inverse trace operator, according to Appendix A.
Since R (8) € H'/? (9X°) (see (D.1)), it follows that 755, (R (8)) € H' (2°). We make w = 755, (R (8))
in (D.5)

(')/82" (7520 (R(Q))) rR(G))Hl/Z(a):o) = (7520 (R(G)), ')/aTZO (R(G))>Hl(za) . (D~6)

But Yoz (Y550 (R (0))) = R (0) (make D = £° and g = R () in (A.1)), so that (D.6) becomes

(R(0), RO p2(age) = (Yoo (RO Vsa(REO))) (D7)

HL(x0)
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ext 2

dlextX) —

@) (b)

Fig. Al. The geometrical setting for the application of Theorem 7.1. (a) A simple and closed Lipschitz continu-
ous curve ¥ in R2. (b) The bounded region X° corresponds to the interior of curve ¥, whereas the region ext &
corresponds to the exterior of the curve. It follows that 05° = 0 (ext£) = &

or, by the definition of norms in Hilbert spaces [42]

1RO r2am) = (Vs (RO, 10 (ROD) o (D8)

The left-hand side of (D.8) is a nonnegative real number, and so is the right-hand side. In this way,

(v (RO A (R(O))) = ‘(’Ya_zo(R(g))r’YaTzv (R(6)))

H1(x0) HIE)
< | 73m0 (73(9))”141(20) ‘%TZ”(R(G))‘ H1(=0) (B9
< Cao [IR(O)] 12 a50) ”YBTZ“ (R(e))‘ H1(z0)”

where we used Cauchy-Schwarz inequality, and made D = X% and ¢ = R (6) in (A.2), so that Cxo is a
positive constant (depending on the geometry of region X°). From (D.8), (D.9), and (D.2), we obtain

iz (R(6))]

, (D.10)

HGHH*UZ@Z“) S CZO Hl(zo)

since we assumed 6 different from zero. The operators R (Riesz) and ’yaTZD (adjoint trace) were shown to
exist, and so the image of the compound operator 'ygzo o R must therefore exist in H! (£°). In order to

find the element (’ygzo o R) 0 = 7150 (R (0)), we observe from (D.4) and (D.5) that

(20 70 (RAOD) ) = O | 70 (@) 2650 (D.11)

for any w € H' (X°). The unknown 715, (R (6)) thus satisfies the equality
L [0 9 (v (R(0)) + 0 (v (R(0)) ] 402 = (0 | 7052 () 120z (D.12)

for any w € H!(Z°), after we expanded the inner product for the (complex-valued) Hilbert space
H' (Z°) in (D.11). If we define fq def (’yaTZD (R (9)))* and recall that 0X° = X (see Fig. A1), (D.12)
becomes

/zo (Vw - Vfg+wfe)dQ = (0 | y2(w)) i), (D.13)
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for any w € H' (X°). This equality can be interpreted as a problem in weak form; if 6 is given, then we
can solve for fy. After we find fy, we make

follg o) = || (Ve (R(O)) )

and the inequality (D.10) becomes

i (D.14)

e = |1 (RO)

101l 125y < Coo [l foll g (o) - (D.15)

where we again recalled that 92° = . (see Fig. A1). Since § € H~!/2 (%) is arbitrary, and since the con-
stant Cso does not depend on any particular choice of 6, the conclusions (33a) and (33b) in Theorem 7.1
follow from (D.15) and (D.13), respectively.
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