
T~p chi CO HQC, t~p XV, 1993, sS 1 (5 - 9) 

' ')... ' ...... 
VA CH~M CUA HAl THANH DAU HINH CAU 

(0 < t < 2lz/az) 

NGUYEN THUC AN, NGUYEN DANG TO 
" ' . 

NGUYEN HUNG SON 

Tr€n ccr sit l:Y thuy~t s6ng m<;.t chieu v&i nghi~m ella DALAMBE m9t s5 tic gilt d5. nghi€n 
cli-u bli toin ve Slf va ch~ cUa hai thanh d'au phing [1], [2]. 

Trong bli bio niy cic tic gib. se giai bli toin ve va ch<;tm d9c ella hai thanh d.l.n hOi t1J do 
v&i Cfau hinh c'au. Sa dO bii toin chi din tren hln.h ve: 

Vw 

0 j~·=======f=,~~~~·l--~~~~~~~f·~~~========~~ 
x, x, 

1. THilh LJ\P BAI TOAN 

Gilt srl· thanh 1 chuygn d9ng t~h tie'n v&i v~n tOe Vw va va ch~m vZw thanh 2 dU·ng yen, klch 
thu&c va v~t li~u cUa hai thanh khic nhau v&i gii thie't 2£1/a 1 < 2R.2 /a2 v.l. ch9n h~ qui chie'u nhrr 
hlnh ve, t~i thCri di~m va ch~m thl hai d'au thanh va ch;;tm c6 t?a d9 XI = ll) x2 = £2. Phrrang 
trinh chuy~n d(]ng ella thanh lfl: 

trong d6 i = 1, 2 ai = ..JEJP:- v~n t5c truy'en s6ng trong thanh. 
Di'eu ki~n d'au ella ba.i toin v&i t = 0 thl . 

.au, - v · u, = o·, at - 10
' 

au2 at =0; U2 = 0; 

Di'€u ki~n bien ella bli toin: 

au, 
-=0 ax, 
auz 
-=0 axz 

T<?-i hai d'a.u thanh khOng b! va. eh~ la tv do, ta e6: 

au 
-

1 (t o) = o· a ' . ' x, 
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auz 
-(t,O) = 0 axz 

(1.1) 

(1.2a) 

(1.2b) 

(l.3a) 



au, au2 )n 
E,F,- = E2F2- = -k(U, + U2 

8x1 Bxz 
(1.3b) 

Vl ll!c tie'p xuc vi trl P ph~ thuqc vao djch chuy~n ttnmg d5i (U, + U2) > 0 theo ly thuy~t 
bi~n d~ng ctla HEC P = -k(U, + U2)3f2 v&i n = 3/2. 

Nghi~m tilng quat cda (1.1) theo DALAMBE 

U; = <p;(a.;t- x;) -t.p;(a;t+x;) vai i = 1,2 

2. xAc DJNH HAM SONG TRONG cAc THANH 

Theo di~u ki~n d"a.u 

Suy ra 

aau, (0, x,) = -<p~ (- x,) + .p~ (x,) = 0 x, 
Ket hqp v&i h~ thli'c tren ta c6 

trong dO 0 < Xt < £1. 

Tuang t\1' d:Oi v&i tharth hai ta. c6 

trong d6 0 < Xz < ~. 
Til- (2.1) va (2.2) k€t hqp v&i di~u ki~n bien (1.3a) ta c6 

, (Z) _ V10 'Pt 1 -
2a, 

v&i - f, < z, < £1 

'P~(Z2) = 0, vai - {2 < z2 < £2 

trong d6 Z1 = x1, Zz = xz. 
Til- di~u ki~n bien (1.3b) ta c6: 

a[- <p~(a,t- f,) + .P~(a,t + f,)] = -<p~(a2t- f2) +.P~(a2t + £2) 

-<p; (a,t- t,) + .p; (a1t + t,) = -J3[1",(a1t- £,) + ,P,(a1t + f 1)+ 

+ 1"2(a2t- £,) + .P:i(a2t + £2)]3/2 

, E 1F1 . k 
trong do a=~-; f3 = ~-· 

E2F2 E1 F1 

Til- (b) ta c6 [- ~(-1"; + .P;}]
213 

= 1"1 + .p, + 1"2 + .P2 

Vi phin ding th&c nay theo thCri gian ta c6: 

6 

(1.4) 

(2.1) 

(2.2) 

(2.3) 

(a) 

(b) 

l 
' 

.. 

f 

l'i 

·,: 
! '! 

~ 



2[ 1( , ·'·'l]-1/3( " ")( 1) (, ') az(, ·'") 3 - p -<p, + '<'1 -<p, + ¢, - p = '1'1 + ¢, + a, 'Pz + '<'2 

Tir (a) ta c6 

D11-o ham (9) theo thlti gian t ta c6: 

Thay ¢\ va ,P~ vao (2.4) va rut g9n ta c6 

trong d6 

A( ' ·'")-1/3( " ·'·") 2 I B ' C·'·' .. - 'Pz + '<'2 - 'Pz + '<'2 = '1'1 + 'Pz + '<'2 

A=~(- .!:.)2/3(.!:.)2/3 02 ; 
3 f3 a a 1 

B = .::_az"'a"-----'a"'' ; 
aa1 

(2.4) 

(2.5) 

(2.6) 

G9i T1 = U,; T2 = 2lz Ia chu ky dao di)ng cda 2 thanh. GilL sd- Tz = iT1 + qTr v&i i 2: 1, 
~ ~ . 

0 s q < 1. Ta xac djnh cac ham song: 'P~(a,t- x,); 1/JUa,t + x,); 'P~(azt- xz) va ,P~(azt + xz) 
trong kho!mg thlti gian 0 < t < T2 . 

Xet It chu kY dliu cda T, v&i 0 S t S U,ja,, th\ <p~ = 0, <p~ = 0, theo (2.3) ta c6 

( , ) _. V,o 
'P1 1 - 2a, 

Phrr<mg tr\nh (2.6) c6 d~ng 

T k • h" d¢z .1.' '· Z f. h ' h • d ·" a y u;m -d = '~'Z = y vo1 = a2t + 2, p uong trm tren rrqc VIet: z . 

Tich phiin (2.8) ta c6: 

' 1 (c + vlO) 1/3 y=- y -y 
A a, 

- - _3_ [-1- . y2/3- C,y'i• + C{ 2y'is- C, - (- _1_)] Z Zo - 101n ( 113 )2 + arctg 10 arctg 10 C.C1 2v3 y + C1 y3C1 y3 

d • cs vlO trong o 1 = -. 
Ca, 

Theo (2.5) ta c6 

( ') (') 1(') Vw 1 1/J, 1 = '1'1 1 + - 1/!z 1 = 2- + -y 
a . a1 a 

(2. 7) 

(2.8) 

(2.9) 

(2.10) 

Xet It chu ky hai. thanh 1 v&i U,ja, S t S 4l,ja,. 
Ta kf hi~u (,;,;}

1 
= y1 va (t/J~) 2 = Y2, cic chi s5 ngoai in6c dan chi sO thtl- tv- chu k)r dao 

d<)ng thanh 1. Chu ky hai bitt dliu khi song ('1'~) 2 xu~t hi~n tl).i vj tri va chl).m: Theo (1.3a) ta c6 

('Pi)z = (¢;),. 

7 



a chu ky hai dao dqng cda thanh 1 thl 'P~(azt- lz) = 0 va l"~(azt- lz) =a. Tlr (2.6) ta c6 

' 1 1/3 [ ( ') c l Yz = AYz 2 1"1 2 + Yz 

Ly lu~n trrcmg t'! v&i chu ky i cua dao di)ng thanh 1 ta c6: 

'- 1 1/3[2( ') c l Y,: - AYi so1 i + Yi 

trong d6 ( r,oD i = ( 1/JD 1_ 1 di xic dinh. 
Theo (1.3a) ta c6 (10;), = (1/i~),_ 1 , ke't hqp v&i (2.5) ta c6: 

Ta c6: 

V~y (2.12) drrqc vie't 

( ') ( '") 1 PI i = SOl i-1 + ~Yi-1 

( ') Vto 'Pt 1 = -2 a, 

(
') V10 1. 

PI 2 ::=" 2al + ;;;Yl 

i-1 

( ') Vto 1" P1 i =--2 +- L..t Yn 
al a n=l 

trong d6 Yn v&i n = 1, 2, ... , (i- 1} d5. bie't. 
Phrrang trlnh (2.14) c6 th.! gi!U bhg phrrcmg phap sai phiin hii:u h~n. 
Cic gi<i tri Yi & d"au chu k:Y i se bang gii tri cda. n6 & cuO'i chu k:Y ( i - 1). 

·Tlr (9) ta c6 . 

( ') ( , ) 1 . Vto 1 ~ 
1/;1 i = P1 i + -yi. = 2 + - 0 Yn 

a: al a: n=l 

CuOi cling ta xet trong khoing iT1 < t < T2 = iT1 + qT1. 
Trong khoing nay p~ = o, <p~ = 0. 
Tlr (2.6) ta v~n c6: 

trong d6 y = ,P~. 

Tlr (1.3a) ta c6 'PUa1t) = ,P~(a 1 t) Vt. 

'Pi= l"',(a1t- it)= ,P',(a,t -£,) = ,p;lt'=t-T, (,P;)li 

Nhrr v~y trong (a) l"i Ia ham da bie't. 
Gi!U phrrang trlnh (a) ta tlm drrqc y = ,P~, con ham ,P~ drrqc xac djnh tlr (2.5). 

' ' 1 ,, = 'Pt + -y 
" 

(2.11) 

(2.12) 

(2.13) 

(2.14) 

(2.15) 

(a) 

(b) 

Khi t < lz/az trong thanh 2 chua xuit hi~n s6ng phlut cp~(azt- XzL cbn ca.c s6ng <p1
1, tP2 va. 

.p; drrqc xac djnh tlr (2.13), (2.14) vii. (2.15). Khi f 2 /a2 < t < 2£2 fa2 thll"~(a2t- fz) =a, nhrrng 
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l"~(a2 t- x2) da xu~t hi~~ & thanh 2. Trong kholmg thi:ti gian nay ta Juan c6 0 < a,t- x2 < 2£2. 
Khi 0 < a 2t- Xz < t, thl10~(a2t- x2) = 0. 

D~ xic dinh 1"2(a2t- x2) khi l2 < a2t- "2 < 2£2 ta tign himh nhrr sau: 
Tir (1.3a) taco l"~(a2t) = .P~(a2t) hay 

(2.16) 

· Trong cac brr&c di trlnh bay & tren ta dii. xac dinh du9'c gia tri ella ham .p;(a2t + t,) = {Yn} 
v&i n = 1, i trong to an b\i kholmg thi:ti 'gian 0 < t < iT, hay trong kholmg thi:ti gian l 2 < a2t + l2 < 
iT1a2 +l2. Ngu d~t a2t+ £2 = z thl ham ,P~(z) dii drr9'c xac dinh trong kho/mg t2 < z < iT1 a2 + £2. 

Theo tren Tz = iTt + qT1 suy ra: 
12 = i'Il + qTr < ZiT1, do dO iazT1 > lz. 
Suy ra: iT1a2 + lz > Z£2. 
V~y kholmg lz < z < iT1a2 + t, Juan chU:a khoing t, < a2t- x2 < 2£,. 
Do v~y v6i z & trong khoing £2 < z < 2£2 thl ham .p; ( z) hoan to an xac dinh. 
Theo (2.16) t.hl,;(a2t- x2) d1l'9'C xac dinh. . 
va ll)'c nen va ch~m p se la.: 

P = EzF2Yn khi (n- 1)T, < t < nT1 

" A KET LU~N 

(2.17} 

Bii toin va ch~m d?c ella hai thanh tv- do d'S.u hlnh diu di du-q·c x€t v&i thCfi gian trong 
kholmg 0 < t < 2l2/ a2. 

Trong khoing 0 < t < 2l2/a2 dva vao cite cong thU:c (2.13), (2.14) va (2.15) ta xac dinh drrqc 
cic s6ng if~, 1/J~, 1/;~ va so;= 0. 

Trong khoing l,fa2 < t < 2l,ja2 d\'a vao cic cong thu·c tren va (2.16) ta tim drrqc cac ham 
s6ng <p~, '¢~, ,P~, ;p~. 

Tlr d6 ta xiic dinh drrgc die bie'n d'!-ng, ll-ng su5:t, v~n t5c t~i m6i tie't di~n cU.a thanh va 1\I'C 
nen va ch<_lm p. 

COng trlnh nay drrgc hoan thinh v&i Sl].' til.i tn;r ella Chuang trlnh N ghi&n cU·u CO' b3.n trong 
linh Yl!c Khoa hc;K tv- nhien 

Dia chi: Nh~n ngay 2/11/1992 
Dq._£ hqc ThiLy Lqi 
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SUMMARY 

LONGITUDINAL SHOCK OF TWO ELASTIC BARS WITH ONE SPHERICAL END 

In this paper, authors researched a problem about longitudin'al sho.ck of two free elastic bars 
with one ~pherical end in interval 0 < t < 2~/ a2 • Authors defined wave function in the bars, 
~tress, strain and velocity of every section. 

Also authors defined the force of compression caused by shock of two bars. 
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