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Abstract. The receptance function has been studied and applied widely since it interre-
lates the harmonic excitation and the response of a structure in the frequency domain.
This paper presents the derivation of the exact receptance function of continuous cracked
beams and its application for crack detection. The receptance curvature is defined as the
second derivative of the receptance. The influence of the crack on the receptance and
receptance curvature is investigated. It is concluded that when there are cracks the recep-
tance curvature has sharp changes at the crack positions. This can be applied for the crack
detection purpose. In this paper, the numerical simulations are provided.

Keywords: receptance, curvature of receptance, frequency response function, crack, crack
detection.

1. INTRODUCTION

The receptance method which was first introduced by Bishop and Johnson [1] has
been applied wildly in mechanical system and structural dynamics. Yang [2] presented
the exact receptances of non-proportionally damped dynamic systems. Based on a de-
composition of the damping matrix, an iteration procedure is developed which does
not require matrix inversion. Mottershead [3] investigated the measured zeros form fre-
quency response functions and its application to model assessment and updating. Gur-
goze [4] was concerned with receptance matrices of viscously damped systems subject to
several constraint equations. The frequency response matrix of the constrained system
was established in terms of the frequency response matrix of the unconstrained system
and the coefficient vectors of the constraint equations. Karakas and Giirgoze [5] pre-
sented a formulation of the receptance matrix of non-proportionally damped dynamic
systems. The receptance matrix was obtained directly without using the iterations as
presented in [1]. Albertelli et al. [6] proposed a method using receptance coupling sub-
structure method to improve chatter free cutting conditions prediction. Recently, Mus-
colino and Santoro [7] presented the explicit frequency response function of beams with
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cracks of uncertain depths in order to evaluate the main statistics as well as the upper
and lower bounds of the response.

The cracks can influence significantly the dynamic characteristics of structures such
as natural frequencies, mode shapes, etc. These dynamic characteristics have been inves-
tigated and applied wildly for crack detection of structures. Lee and Chung [8] studied
the change in natural frequencies of beams caused by a crack. Zheng and Kessissoglou [9]
investigated the relationship between natural frequency of a cracked beam to the depth
and location of the crack. The results in these papers showed that the natural frequency of
the cracked beam decreases as the crack depth increases. Gudmundson [10] investigated
the influence of cracks on the natural frequencies of slender structures using a flexibil-
ity matrix approach. Thalapil and Maiti [11] revealed the change in natural frequencies
caused by longitudinal cracks for crack detection. Khoa [12] proposed a method for moni-
toring a sudden crack of a beam-like bridge appeared during earthquake excitation based
on the instantaneous frequency extracted from wavelet power spectrum. Some authors
presented methods to calculate and apply the mode shape of cracked structures for crack
detection purposes. Caddemi and Calio [13, 14] presented the exact closed-form solu-
tion for the mode shapes of the Euler-Bernoulli beam with multiple open cracks. Lien et
al. [15] presented a mode shape analysis of multiple cracked functionally graded beam-
like structures by using dynamic stiffness method for crack detection purpose. One of
authors of this paper applied 3D finite elements to investigate the change in mode shapes
at the crack positions [16]. The results showed that the sharp changes in mode shapes at
the crack positions can be applied for detecting small cracks.

In most of the previous works the receptance of beams was derived discretely. In this
paper the exact formulas of receptance function and receptance curvature of a cracked
beam will be established. The receptance curvature is defined as the second derivative
of the receptance with respect to the coordinate of beam. The effect of the crack on the
receptance curvature of cracked beams is investigated. The result showed that the re-
ceptance curvature has significant changes at crack positions. This result can be used for
crack detection. The numerical simulations are provided in this paper.

2. DERIVATION OF THE RECEPTANCE FUNCTION OF A CRACKED BEAM

2.1. Intact beam

In this work, the undamped Euler-Bernoulli beam is considered. The forced vibra-
tion equation of undamped beam can be written as follows

9 v (5 t) | 4 Pv(t) _ 4
a—(:’zEl(éj)ai(:quL m(é)T—LP(g,t), (1)
where ¢ = % is the non-dimensional coordinate. The solution of Eq. (1) can be found in

the form
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where ¢ (x) is the k™ mode shape of the beam, Y(t) is the time-dependent amplitude
which is referred to as generalized coordinate. Substituting Eq. (2) into Eq. (1), mul-
tiplying both sides of the equation with ¢, (x) integrating and applying orthogonality
conditions of beam gives

1 1 1
L) [m@e @+ 0l [m@e@d= [¢@PEnd O
0 0 0
If the force P excites at a point § = g, Eq. (3) becomes
1 1
L) [m@@d+v el [m@Qa@de=e@PE). @
0 0

If the force is harmonic P(&,t) = Psin wt exciting at the point ¢, then we have Y, (t) =
Y, sin wt, where Y, is the amplitude. Multiply both sides of Eq. (4) by ¢, (¢), yields
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From Eq. (5) the following formula is derived
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2.2. Cracked beam

Although in general the change in mode shapes caused by the crack at the crack
position is small when the crack depth is small, the curvature of the mode shape at the
crack position can be significant since the mode shape is changed sharply at the crack
position. In this paper define the “receptance curvature” as the second derivative of the
receptance function with respect to ¢ variable as follows
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Here we consider the elementary case with m(x) set equal to constant m. The exact
closed form of the mode shape of a clamped-clamped beam with n cracks is adopted
from [13] as follows

¢(3) =C {2& Z/\ i [sinay (& — Goi) + sinha (& — &oi)] U (& — &oi) + sinzxkg}
+ {2; Z Ao [sinay (& — &) + sinhay (& — &;)] U (& — &) + cos akg}
- { i slek C COl) + sinh (g Csz)] u (C: _ éOi) 4 Sinhzxk@}

i=1
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&y is the dimensionless frequency parameter af = kEiI ; & is the position of the i'"

crack, where 0 < o1 < G2 < ... < Con < 1; U is Heaviside function. The terms y;, v;, {;,
n; are calculated recurrently by the following equations

pi= =Y Aipi [—sina (Eoj — €oi) + sinhay (Eoj — &oi)] — a* sinago;,
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In order to der1ve the exact formulas of receptance and curvature receptance as pre-
sented in Egs. (9) and (10), the second derivative of the mode shape and the integral of
the square of the mode shape need to be calculated.

For simplicity, the operator S (ax, §) = sinay (& — Co;) + sinh ay (& — Co;) is presented.
The second derivative of the mode shape with respected to ¢ can be obtained as follows

(su)" = s"u +su”’ +25'U'. (12)
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Applying the following properties of Heaviside function and Dirac delta function [17]

u'(g) =6(8), f(8)d'(¢)=—1 (8, (13)
yields
(SU)" = o [sinh e (& — Goi) — sinay (& — Gor)] U (& — o)
+ ay [cos ay (& — Goi) + coshag (G — Goi)] 0 (& — Goi)

From Eq. (9) and Eq. (14), the second derivative of the mode shape can be derived
as follows

(14)
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Applying the property of Heaviside function, we have
/f U (¢ — &) d¢ = /f )4 = F(1) = F (2, (16)
where F is the antiderivative function of f.
It is noted that
_x ey UG —=C), i>]
L R B S 17)
From Egs. (16) and (17) we have
/f — Goi) U (& — Goj) A& = (18)

( ) — F (Zoi) U (Goi — Coj) — F (8oj) U (&oj — Coi) + F (oi) 6

where ¢;; is the Kronecker delta.
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Analytical calculations show that the term F (¢o;) dij in Eq. (18) vanishes. From Egs.
(9) to (18), the following equation is obtained
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where
Ay = Clpipj + vivi + CI4ij + nimj + 2Cauivi — 2Ci il — 2Cpmj — 2C1vil; — 2vimj + 2C1Zmj,
Ay = Cipj+ Cyv; — Cig; — Cimpi, Az = Cipi+vi — C18i — 173,

Ay = —Ciui = Crv; + CiGi + Ciy, - As = —Capty — vi + Cigi + 17
(20)
Substituting Egs. (15) to (20) into Egs. (7) and (8) the exact receptance and curvature
receptance of the simply supported beam will be obtained.
Formulas of the receptance and receptance curvature of beam with other general
boundary conditions can be obtained by the same procedure as the mode shapes of beams
with general boundary conditions have been reported in [13].

3. NUMERICAL SIMULATION AND DISCUSSIONS

Numerical simulations of a clamped- Table 1. Five cases with cracks
clamped beam with two cracks is presented in of varying depths
this section. Parameters of the beam are: Mass
density p = 7800 kg/m?; modulus of elasticity Case Crack depth (%)
E=20x10"N/m* L=1m;b=002m;h=
0.02 m. Two cracks with the same depths are ; 100
made at arbitrary positions of 0.4L and 0.76L
from the left end of the beam. Five levels of i 58

the crack depth ranging from 0% to 20% have
been applied. These five cases are numbered
in Tab. 1. The first ten mode shapes are used to calculate the receptance and receptance
curvature. The receptance and receptance curvature matrices are calculated at 100 points
spaced equally on the beam while the force moves along these points. The Dirac delta
function is approximated by the following formula [17]

6(¢) = A SES 1)

The value of the damage parameter A; is determined as follows [12]

h
Ai=7C(B), 22)

_ B2-p) g
where C(B) = 09(—1) and g = T with d is the crack depth.
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3.1. Receptance of beam

In our simulation the forcing frequency of the undamped beam should not be equal
to the natural frequencies as the receptance will be infinitive, therefore we just investi-
gate the receptance at the forcing frequency which is close to the natural frequencies. The
difference between the forcing frequency and the natural frequency is Aw = 0.01 Rad/s.
Fig. 1 presents the 3D graphs of normalized receptance matrices at two forcing frequen-
cies close to the first two natural frequencies of the intact beam. As can be seen from
Fig. 1(a), when the forcing frequency is close to the first natural frequency, the receptance
increases and reaches the maximum when the response point moves from the ends to the
middle of beam. When the forcing frequency is close to the second natural frequency, the
receptance is minimum at the middle of the beam and becomes maximum at positions
L/4 and 3L/4 as depicted in Fig. 1(b). In order to show these receptance matrices in more
details, the receptance along the beam when the force acts at a fixed point is extracted
from these receptance matrices. Fig. 2 presents the receptance curves when the force acts
at 0.42L. As can be observed from this figure, the receptance curves are smooth except
the minimum position. These results imply that the responses of the beam can be esti-
mated by using the receptance matrices when the forcing frequency is close to natural
frequencies.
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Fig. 1. Receptance matrices of the intact beam
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When there are cracks the mode shapes will have sharp changes at the crack posi-
tions leading to the changes in the receptance at the crack positions. Simulation results
show that the changes in the receptance are small when the crack depth is small and they
only become significant when the crack depth is large as depicted in Fig. 3. The distor-
tions of the receptance matrix at the first natural frequency can only be observed when
the crack depth is up to 50% of the beam height. As can be observed from Fig. 3(b) the
distorted positions coincide with the crack positions at 0.34L and 0.65L.
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(a) Receptance matrix (b) Receptance with £ = 0.4L

Fig. 3. Receptance of the cracked beam, crack depth = 50%, w ~ w;

3.2. Receptance curvature of the cracked beam

When the crack depth is small, the receptance matrices have small changes at the
crack positions, however, the receptance curvature matrices might have significant changes
at the crack positions. Thus, in order t0 investigate the influence of the small crack on the
response, the receptance curvature of the cracked beam are applied. In this section, the
receptance curvature matrices of the cracked beam with the crack depths of 10% and 20%
are investigated. Figs. 4 and 5 depict the normalized receptance curvatures of the cracked
beam with different levels of the crack depth when the forcing frequencies are close to
the first and the second natural frequencies, respectively. As can be seen from these fig-
ures, there are sharp changes in the receptance curvature at crack positions. In order to
determine exactly the sharp peak positions, the receptance curvatures along the beam is
extracted when the force acts at a fixed position. The positions of these sharp changes can
be inspected clearly as shown in Figs. 6 and 7 when the force acts at the position of 0.42L.
As can be seen from these figures, the positions of the sharp changes are at 0.34L and
0.65L which coincide the crack positions. It should be noted from that for each level of
the crack depth, the heights of sharp peaks are greater when the crack position is closer
to the maxima of the receptance curvatures. Meanwhile, the heights of sharp peaks in
receptance curvature are smaller when the crack position is far from the maxima of the
receptance curvatures.
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These results mean that, the sharp peaks in receptance curvatures can be used for
crack detection. In order to detect the cracks, only one receptance curvature measured
along the beam when the force acts at a fixed point is needed. The sharp peaks in this
measured receptance curvature indicate the existence of cracks, the positions of these
sharp peaks point out the positions of cracks, and the heights of sharp peaks correspond
to the crack severities. In addition, the numerical simulations show that in order to have
better results for crack detection purpose, the force and the response should be applied
at maximum positions of the receptance curvature matrices. When the crack is located at
the minimum position of the receptance curvature, the crack cannot be detected. Clearly,
only the receptance curvature corresponding to the first mode shape can be used for
detecting arbitrary cracks on the beam since the first mode shape do not have any node.
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Fig. 4. Receptance curvature matrices of the cracked beam, crack depth = 10%
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Fig. 5. Receptance curvature matrices of the cracked beam, crack depth = 20%
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Fig. 6. Receptance curvatures of the cracked beam, crack depth = 10%
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Influence of the noise
In order to simulate the polluted measurements, white noise is added to the recep-

tance curvature obtained at the first frequency of the beam having two cracks at 0.34L and
0.65L with depths of 10%. The white noise vector is obtained as following formula [18]

(23)

. o?
notse = (SNR +In(10) ) *R,
exp —10

where 02 is the variance of the receptance curvature, SNR is the desired signal to noise
ratio and R is a standard normal distribution vector with zero mean value and unit stan-
dard deviation. The noisy receptance curvature is the sum of the simulated receptance

curvature and the noise vector presented in Eq. (23).
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Fig. 8 presents the noisy receptance curvatures at the first frequency with the SNR of
30 and 10. When the noise level SNR is of 40, the two peaks at the crack positions can be
inspected clearly as presented in Fig. 8(a). When the SNR equal to 20, the peaks at crack
positions are presented but they are more difficult to be detected as shown in Fig. 8(b).
These results suggest that, the proposed method can be applied efficiently to detect small
crack depth from noisy measurements.
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Fig. 8. Receptance curvatures at the first natural frequency, crack depth = 10%, £ = 0.42L

4. CONCLUSIONS

In this paper, exact formula of the receptance of a clamped-clamped cracked beam is
presented. The advantage of the exact receptance function is that the frequency response
at any point of a cracked beam can be easily predicted while the present receptance matrix
methods can only predict the response at specific points.

The exact receptance curvature functions of cracked beams are also derived. When
there are cracks, the receptance curvatures of the beam are changed significantly at the
crack positions. The sharp peaks in the receptance curvatures can be detected clearly
when the crack depth is as small as 10% of the beam height. This is an advantage of us-
ing the receptance curvature for early crack detection. The sharp peaks in the receptance
curvature is the indicator of the existence of cracks and the positions of the sharp peaks
show the positions of the cracks. The crack can be estimated by using noisy measure-
ments of the receptance curvatures.
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