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Abstract. Taylor expansion is one of the many mathematical tools that is applied in Me-
chanics and Engineering. In this paper, using the partial derivative of a matrix with respect
to a vector and the Kronecker product, the formulae of Taylor series of vector variable for
scalar functions, vector functions and matrix functions are built and demonstrated. An
example regarding the linearization of the differential equations of an elastic manipulator
is presented using Taylor expansion.
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1. INTRODUCTION

Taylor expansion is one of the many mathematical tools that is applied in Mechanics
and Engineering [1-4]. Taylor series for multivariate scalar functions has been well doc-
umented in mathematics textbooks [5]. Recently, the partial derivatives with respect to
a vector variable of vector functions and matrix functions using the Kronecker product
have been studied [6,7]. This type of derivative has been used in dynamics of multi-body
systems [8-11].

In the field of dynamics of many elastic objects, equations of motion have very com-
plex forms. The simplification of these complex equations is essential. On the other hand,
it is also desirable to get the solutions quickly and handily for the applications in opti-
mum design, real-time control or optimal control. Therefore, in many cases the solutions
of nonlinear partial differential equations are not desired directly; instead, appropriate
techniques are used to convert them into more suitable forms which not only still ade-
quately describe the important characteristics of the true systems but also are easier to
deal with. One of these techniques is the Taylor expansion. However, applying common
Taylor expansion formula for scalar functions of one or many scalar variables to the prob-
lems of multi-body systems where matrix functions of vector variables are widely used,
one witnesses the inconvenience of cumbersome formulations.
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In this paper, using the definition on partial derivative of a matrix with respect to a
vector and Kronecker product [7-9], the formulae of Taylor expansion according to a vec-
tor x for scalar functions, vector functions and matrix functions will be built and demon-
strated. An applied example regarding the linearization of the differential equations of
an elastic manipulator will be presented.

2. SOME DEFINITIONS AND PROPERTIES: A REVIEW

2.1. Single variable Taylor series

Let f (x) be an infinitely differentiable function in some open interval around x = xy.
Then the Taylor expansion of f (x) at x is [5]

n (k) (y
f(x)=f(x0)+ Z fkkg 0) (x — xo)k +0 {(x — xo)”H} , (1)
k=1 :

where O [(x - xo)nﬂ] is the remainder.

2.2. The Kronecker product and the Kronecker exponentiation

Definition 1. Let A = [a;] € R™"",B = [b;] € R"*. Then, the Kronecker product of A
and B is defined as the matrix [6]

allB auB .. alnB
1121]3 a22B 7 5] B

A®B=| o T e rmrns, )
anB ampB ... a,,B

Some properties of Kronecker products [6-10]

(AB)®C=A® (B®C), 3)
(AoB)" = AT @B, (4)
(A®B)(C®D) = (AC) ® (BD), (5)

(Ep @ Xnx1)Apxmdmx1 = (A® E,)(d ®x), (6)
dp1 @ Xux1 = (d @ Ey)x. (7)

From Egs. (6) and (7), we have
(En®am><1)bn><1 = (bn><1 ®Em) Ay x1- (8)
It is possible to prove

amabl ;= (b ®E,)(E, ®a). 9)
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Indeed, using Eq. (5), we have
(b" ® En)(Es @ a) = (b"E,) © (Epa)

albl Ellbz e albn
_ bT 2a— a2b1 a2b2 . azbn _ abT (10)
amb] Elmbz oo ambn

In the above formulae, E;; denotes the m x m identity matrix.

Definition 2. The k"-Kronecker power of the matrix A (k is an integer larger than 1) is
defined as follows

A =A@ (A H=ZA®RA®...QA. (11)

k copies

If k =1, we have
APl = A, (12)
2.3. The partial derivative of a matrix with respect to a vector

Let scalar a(x), vector a(x) € R™ and matrix A(x) € R"*? be functions of vector
variable x € R".

Definition 3. The first order partial derivatives with respect to vector x of scalar a(x),
vector a(x) and matrix A(x) are respectively defined by [7, 8]

ox Jdx  ox ox
- = = R" 1
x| o 9 o, | S (13)
[ 0ap ] [ da1 day - dag ]
Ox dx;  0xo Jx,
9 8112 aﬂz a{lz aa2
a odz g%z 9w
== a:x = 33‘61 33‘62 . aﬁ‘cn e R™*", (14)
m Oy Oy~ O
ox | L dx;  dxp ox, |
day - 9an dmp - 9my
0 oxy,
L T T g
ox ox ox aa.ml . Ba.ml aa.mp aa;,1p
ox1 Xy ox;  0x,
(15)

Definition 4. The k"-order partial derivatives with respect to vector x of scalar a(x),
vector a(x) and matrix A(x) are respectively defined as follows (k > 2)

oWy 9 [ok1y =1 /Ju "
ox®) — ox (ax(k—l) = ox(—1) (ax> R™, (16)
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_ % -
aWa 9 [ok-a g X
_ _ k
X~ ax \ o ) = | | ERTE (17)
oka,,
L oxk
1xnk 1xnk 1xnk
—~ =~ A~ —~
8"1111 8"1112 akalp
oxk oxk T oxk
kA 9 [olk-DA : e -
A _ d _ : : : pn
Xk ax (axa«l) ; L | ERTT 8
1xnk 1xnk 1xnk
— = —~
a1 Faun akamp
L oxk oxk T oxk

Property 1. For the product of two matrices A(x) € R"*7 and B(x) € RP*®, we have the

following property [8]
d oA oB
g(A(x)B(x)) = g(B@EH) +AS—. (19)

Corollary. Using Eq. (19) for matrix A(x) € R™*? and matrix of constants C € RP**, we
have

ad 0A
g(A(x)C) = g(C ®Ey). (20)
Deriving the above expression with respect to the vector x successively, we get
o o1 /0A k2 [9’A o2 oA ok
Property 2. Taking k"-order derivative of the identity
m
a(x) = Zeiai, (22)
i=1
where e; is the i column of the unit matrix with an appropriate size, one obtains
ok m gk m ok
5% = l; ok (&) = ;eiﬁai- (23)

Property 3. Taking k'-order derivative of the identity

A(x) =) aje;, (24)

I
H
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and noting (21) yield
a—kA(x) = i a—k(a'eT) = i a—ka'(eT ® EZk) = i a—ka'(eT ® E ) (25)
oxk SO oxk T T gk T T T gk T nt

3. TAYLOR EXPANSION FOR MATRIX FUNCTIONS OF VECTOR VARIABLE

3.1. Taylor series for scalar functions of vector variable

Let scalar « (x) be a function of vector variable x € R", namely
a=wa(x)=wa(xy,x2...,%).

The Taylor expansion with respect to vector x for « (x) in the neighborhood of x = x
is defined as follows

1 & 9
a (x) =~ a(xo) + I lz_:l o, a (xo) (xi, — Xiy0)
1 & & 02
+ 57 1 X e g (x0) (xiy = Xipo) (i, — Xin0)
Cip=1ip=1 91 9%
1 n n n 83 (26)
T3 Z; i; i; 9%, 9 (x0) (xi; — Xij0) (i, = Xiz0) (Xiy — Xiz0) +- .-
1 M n n ak
+ F 11Z::1 l; lkZ:l aleaxlz axik 14 (Xo) (xil — Xilo) (xi2 — xizo) e (xik — xiko),
where
X = [ X110 X220 -.- Xno ]T.
Lemma 1. The following expression holds
non n ak ak ok
—_— = X = xi0) ... (X — xi0) = — A%k
i12=:1 i; ikzzl 0x;, 90X, . . . axik“ (o) (xiy = o) (¥ = Zo) - (i, = %i0) axk” (x0)
(27)
where
A = x — xp. (28)
Proof. It can easily be shown that Eq. (27) is true when k =1
(%1 — x10)
LI d d d (x2 = x20)
o, OO B =) = 5 a (o) Gabo) e ) ;
(Xn — Xno)
0
= &lx (XO) A®1
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Assuming that Eq. (27) is correct with k = j
o/ @
o (x0) (xi, — xiy0) (X3, — Xip0) - - (xz xzjo) =5 a (x0) A (30)
we just need to prove that Eq. (27) is true with k = j + 1.

n n aj+1
Z 2 ' Z —axl (x0) (xi1 - xilo) (xiz - Xizo) (xi]- - xi]-O) (Xi]-+l - ximo)
ij=1 ij=1lij1=1 (31)

= ——a(x) A¥TL

Consider an integer value ;.1 such that 1 < i;;; < n. From (30) replacing « by

0x 1/+1
we have
L 1 / ou a] o .
Xi, — X Xi, — X; oL Xg X = — A®].
z'lz::1 g 8x118x12 Ox X, <axij+1> x0< 1 10)( 2 20) ( j /0) ox/ (axij+l> %
(32)

Multiplying both sides of the above equation with (xij X +10> , we get
n n j o
i; ; axllaxl2 -0x; \ 9,

B 1 ou
ox/ axi]. 1
(33)

Assigning values from 1 to n to ij,1 and adding all expressions (33), we have another
representation of the left side of (31) as follows

(xi, — Xiy0) (i, — Xip0) - - - (xij - Xgo) (xim - xwo)

O (. _
A <x1j+l x1j+10>'

Xo

ol o ®i
Z ox/ (E)x-. ) (xif“ N xif“o) AY
Z]+1 Lit1 X0

9 d [ o o

« o [ oa o
_| 9 [ox _ o _ j
aX] (a 1> X0 ((X1 xlO) En) o ax] <ax”> X0 ((xn an) En) ] A (34)
RS ENES A
- 8x7 ox1 /)|, ox \9xy (x0) :
0 0 (xp —x,0) E

0 [om o]
o <ax> x (A ®Ey AT
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Using Eq. (7) and Eq. (16), Eq. (34) can be rewritten as
=9 du . gitt -
.Z dx;, <8x]> (xijﬂ - xij+10> AT = Oxd 1 “(XO)A®]+ .
tit1 j+1 X0

Thus, (31) holds and therefore (27) is true.
Substituting Eq. (27) into Eq. (26), we get a compact formula as follows

a (x) (xo —l—zf'?zx xo) A®!

3.2. Taylor series for vector functions of vector variable

Consider a vector function of vector x € R”

a(x)=[a1(x) a2(x) ... Ze,al, a(x) e R™.

343

(35)

(36)

(37)

Using Eq. (36), we have the Taylor expansion with respect to vector x for scalar func-

tion a; (x)in the neighborhood of x = xg

. ‘
a; (x) =~ a; (xo) +j—21 i axfal (x0) A¥,i=1,m,
which leads to
m k 1 o o
a(x) ~ l;e, a; (xo) —i—jZ; ]—'@ucl (x0) A
m m k 1 o o
:Zezal(x0)+2ei Z]'a]ocl(o)A J
i=1 i=1 j=1
k m 1 a] ®j
—a (XQ) + ]21 1:21 j—!eigtxl (Xo) A
k1 (& 9
=a(x)+ ), = | Y eisai(xo) | A
at\E X
Applying (23), we have

o/ .
Zela] (x0) =50 a(xp),j =1k

Substituting Eq. (40) into Eq. (39), we get

( X() +Z7$a X() A®]

(38)

(39)

(40)

(41)

Eq. (41) is the Taylor series for vector functlon a(x) in the neighborhood of x = xo.
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3.3. Taylor series for matrix functions of vector variable

Consider a matrix function of vector x € R"

ann (x) anp(x) ... a4y (x)
Ax) = a21.(x) (122‘(7() azp.(x)
ant (x) awa (x) -y (X) (42)
=[a(x) a2(x) ... a(x)]= iaie?-

i=1

Using Eq. (41), Taylor series for column vector a; € A in a neighborhood of x = xg
has the following form

10 »
a; (x) ~ a; (xo) +]; ﬁﬁai (x0) A¥,i=1,p. (43)

Substituting Eq. (43) into Eq. (42), we have

k1o :
(Z i (x0) A ) ef (44)

Applying Eq. (9), we have

A®iel = (eiT @Enj) (Ep ® A®f) i=T1,p,j =1,k (45)
Eq. (44) can be written in the following form

A (x) +iil,aa]] o) (eF ©E,) (EBy %)
j=li= 1/

k

j=1

0+ 5 (£ e o (28| (Br007),

Using Eq. (25), we have the Taylor expansion with respect to vector x for matrix
function A (x) in the neighborhood of x = xg

(46)

r ,
A(x)~ A(xo)+ Z ;a)iA (x0) (Ep ® A®j). (47)
=



Taylor expansion for matrix functions of vector variable using the Kronecker product 345
3.4. Linearization of the matrix function of vector variables

If the quadratic or higher terms in the Taylor series (47) are negligibly small, we have
the linearization formula

A(x)~A(xp)+ E)axA (x0) (Ep @ A). (48)

For matrix functions with two vector variables x € R" and y € R", we can apply
(48) twice in succession as follows

Axy) ~ A (oY) + A (x0y) (B ® (x - x0))

ox
0
~ A (XO/YO) + afA (XOrYO) (Ep ® (y - YO)) +
) y (49)
o A (x0,y0) (Ep ® (x —x0)) +

+ ag)xaayA (x0,30) (Ep @ (x = x0)) (E, @ (y — y0)) -

Note that the last term of (49) is a nonlinear term. The final linearization formula for
a matrix function of two vector variables is

0
A (x,y) = A (xo,y0) + @A (x0,y0) (Ep @ (y — yo)) 50
50

d
+ &A (Xo,Yo) (Ep & (X — Xo)) .

A special case but very common in the dynamics of multi-body systems: we need to
linearize the product of a matrix function and one of its vector variable

)
A(xy)y~ |A(xo,y0) + gA (x0,y0) (Ep ® (y —yo)) +

+aaxA (x0,¥0) (Ep @ (x —x0)) | (yo+ (¥ — ¥0))

0
~ A (x0,y0) yo + s (x0,y0) (E, ® (y —yo)) yo+
y (51)

+ %A (x0,¥0) (Ep ® (x —x0)) yo + A (x0,¥0) (y — yo)+
+ aayA (x0,y0) (Bp ® (y —yo)) +

+aaxA (x0,y0) (Ep ® (x =x0)) | (yo + (y = y0))-
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Ignoring the nonlinear terms and using Eq. (8), we have

A(%3)y ~ A (x0¥0) Yo+ <A (x0,¥0) + aayA (x0,¥0) (0 ® En>) (v - yo) +

3 (52)
+ 5 A (x0,¥0) (Yo ® En) (x = x0)-
As a corollary, one can write
d
A(X)y = A(x)yo+A(x)(y—yo) + 5-A (%) (yo ® Ex) (x = x0). (53)

ox

4. LINEARIZATION OF THE MOTION EQUATIONS OF AN ELASTIC
MANIPULATOR

In this section, we apply the Taylor expansion for matrix functions to linearize the
motion equations of a flexible manipulator moving and vibrating only in a vertical plane
as shown in Fig. 1. Flexible link OE is assumed to be long and slender enough for the
Euler-Bernoulli beam theory to be applied. The stationary frame is denoted as Oxgyo.
If the elastic vibration is ignored, the link move exactly the same as the moving frame
denoted Oxy. The link has Young modulus E, second moment of areal, volumetric mass
density p, length I, and cross-sectional area A. T(t) is the driving torque.

Using Lagrange’s equations of second kind and the Ritz-Galerkin method, we can
establish the system of differential equations of motion of the system considering only
the first mode shape, assuming that the other mode shapes are negligible.

In this example, the general coordinates of the manipulator are selected as follows

s:[q”}, (54)

w

where ¢, is the rotation angle and w is the elastic displacement of the link.

Fig. 1. A single-link flexible manipulator

The motion equations of the flexible manipulator have the following form [11]
M(s)§+C(s,8)$+g(s)=1(t). (55)
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Here we use the following notations

s(t)=s®(t)+As(t) =s"(t) +y (1), (56)
5(8) =85 () +as(t) =85 () +y (1), (57)
§() =88 (1) +A8(t) =88 () +§ (1), (58)

where superscript R denotes the basic motion — the motion of the manipulator if the link
is rigid
R R R .R
Rp— | 90 () | _ | qa () Ry — | o () | grpy — | da (F)
R N e A A O R A O K L
Applying (53) to the first term of the left-hand side of (55) results in
M(s)§ ~ M (s®) 8" + M (s®) y + 881:[ R @ E,)y. (60)
R
Using (52) for the second term of the left-hand side of (55) yields
aC

(@ E)y+ <C (s®,s%) + e
S IR

C(s,8)8 ~ C(s® s%)s® + ?)S

Finally, noting (43), we have

(" ® E)) y.  (61)
R

g

g(s) ~g(s")+ 32| v (62)

R
Substituting Eqgs. (60), (61) and (62) into Eq. (55) and ignoring the quadratic small
quantities, we have

ML (1) +Dy () y+Kp (H)y=hy (t), (63)
where
hy () =7(t) — [g (sR) +M (sR) R+ C (sR, SR) SR] , (64)
M (t) = M (s}), (65)
Dy (t) = C (s®,s®) + E;C (" ®E), (66)
S R
KL<t>:ZZ‘R@R@E,”HZSR@RMHZER, ©7)

or, more specifically,

1
1+ mElz + ngElz pADl + melXy (l)

M; (t) =
mElX1 + pADl mEX% (l) + pAm11

, (68)

, mopglsing® . .
Ky () = [ —mggl smqf} - % —megXi (1) smqg - ygsmqufCl ] /

. : R\ 2 R\ 2
—mpgXq (I)singR — pgsingiCy  —me (%) X3 (1) — pA (48)" my1 + Elky
(69)

DL(t):[g 8} (70)
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mogglcosgR

1
hy () = T — (]1 + mgl® + 3moglz> GR — mpgl cosgR — — 5 |. (71)
— (mglXq + pADy) iﬂf —mggXi () cos qff — Mg cos qf}Cl

The appearance of gX in the above expressions implies that, if the link exhibits peri-
odic basic motion, (63) is a linear system of ODE with periodic coefficients.

5. CONCLUSIONS

By using the Kronecker product of two matrices and the derivatives of matrices with
respect to vector variable, the paper proposes the Taylor expansion formula for the matrix
of vector variable in a general way. This formula is expected to ease the programming
process for the equations establishment of many mechanical problems. In the applied
example, the Taylor expansion was used to linearize the differential equations of motion
of a flexible manipulator around the basic motion and led to a linear system of ODE
with periodic coefficients. Compared with the known linearization method, the proposed
method gives similar results with a shorter computer time.
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