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Abstract. The paper develops a general framework to derive the effective properties of
quasi-periodic elastic medium. By using the asymptotic expansion method, the solution
is expanded to the second order by solving a sequence of minimization problems. The
effective stiffness tensors fields entering in the expression of the macroscopic energy are
obtained by solving several families of microscopic problems posed on the unit cell and
which bring into play only the microstructure. As an illustrative example, we consider
an anti-plane elastic case of a heterogeneous cylinder made of a bi-layer laminate and
submitted to the gravity. The unit cell being one-dimensional, all the associated elemen-
tary problems can be solved in a closed form and one shows that the effective energy of
the medium expanded up to the second order depends not only on the strain gradient,
but also on the gradient of the volume fraction 6 characterizing the repartition of the two
materials in the laminate.

Keywords: homogenization, quasi periodic, strain gradient theories, asymptotic expan-
sions.

1. INTRODUCTION

The aim of the homogenization theory is to derive the macroscopic behavior of a
system which is heterogeneous at the microscopic level. Homogenization has first been
developed for periodic structures by using two-scale asymptotic expansions. The main
assumption which justifies the scale separation is that the size of the period is small com-
pared to the size of the medium, their ratio being denoted by €. From the mathematical
foundations of the homogenization theory developed by Bensoussan et al. [1]; Murat and
Tartar [2]; Allaire [3], numerous works have been devoted to the effective behavior of ma-
terials in various applications like composite materials (e.g. Dumontet [4]; Francfort and
Murat [5]; Abdelmoula and Marigo [6]), heat diffusion (e.g. Marchenko and Khruslov [7])
or porous media (e.g. Hornung [8]).

The method is based on the construction of a “two-scale” asymptotic expansion of
the solution with respect to the small parameter €. If one considers the first order only,
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one obtains the classical homogenization theory. But in some applications it is necessary
to use higher-order terms of the expansion in order to obtain a better approximation of
the solution. The role of these higher-order terms in the asymptotic expansion has been
investigated in the case of periodic media by Gambin and Kroner [9], and Boutin [10].
But in many cases, this assumption of perfect periodicity of the heterogeneities is no
more valid and must be weakened by considering quasi-periodic media where the coeffi-
cients characterizing the behavior of the materials depends both on the macroscopic and
microscopic scales. Very few works have been devoted to such media, especially when
higher order terms are concerned. For example, the first-order homogenized solution of
quasi-periodic structures have been studied by Andrianov et al. [11]. In Su et al. [12],
authors propose to construct the second-order solution by adding a series of corrector
terms, which are calculated from the first-order solution, but the homogenized equilib-
rium equation remains the first order equation. Similar ideas can be found in the non-
periodic homogenization of the seismic wave equation presented by Guillot et al. [13],
Capdeville et al. [14]. In those papers, the authors seek for a “partial first-order solution”
which is corrected from the order 0 solution with the first-order corrector, thus it is not a
complete order 1 solution.

The aim of the present work is to provide a higher order macroscopic behavior of a
quasi-periodic medium. Specifically, the paper is organized as follows: in Section 1, we
set the problem and describe the variational-asymptotic procedure for constructing the
second-order macroscopic elastic energy of the quasi-periodic medium. In Section 3, the
method is developed in the general case, whereas Section 4 is devoted to the particular
case of a quasi periodic bi-layered laminate in an anti-plane situation which allows us to
obtain all the effective stiffness tensors in a closed form.

Throughout the paper, we use the following notation. The summation convention
on repeated indices is implicitly adopted. The vectors and second order tensors are in-
dicated by boldface letters, like u and o for the displacement field and the stress field.
Their components are denoted by italic letters, like u; and 0;;. The fourth order tensors
as well as their components are indicated by a sans serif letter, like A or A;j; for the stiff-
ness tensor. Such tensors are considered as linear maps applying on vectors or second
order tensors and the application is denoted without dots, like Ae whose ij-component
is Ajjxiex- The inner product between two vectors or two tensors of the same order is
indicated by a dot, like a - b which stands for a;b; or ¢ - € for 0jj¢;;. The symbol & denotes
the tensor product and © its symmetrized, i.e. 2e; ©® e; = e] ® ex + €2 ® e;.

As far as the regularity of the fields is concerned, we use the following notation: (i)
D(Q) denotes the set of infinitely differentiable (scalar) functions with compact support
in the open set Q) of R”; (i) H' (Q, R™) is the set of vector fields defined on Q) and with
values in R™, which are square integrable and whose first derivative is also square in-
tegrable; (ii) Hé (O, R™) is the set of vector fields which are in H! (Q; R™) and whose
trace on the boundary 9Q) vanishes; (iv) H} (Y;R™) is the set of vector fields which are
Y-periodic and which belong to H' (Y;R™).

As we make ample use of multiple scaling techniques, we adopt related notation. For
instance, x = (x1, x2, x3) always denotes a macroscopic coordinate while y = (1,2, y3)
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will represent a microscopic one. When a spatial (scalar, vectorial or tensorial) field de-
pends both on x and y, the partial derivative with respect to one of these coordinates
appears explicitly as an index: for example, d;,u(x,y) and d,,u(x,y) denote respectively
the partial derivative of u with respect to x; and y;, divxo and ex(v) denote respectively
the divergence of the stress tensor field ¢ and the symmetrized gradient of the vector
field v with respect to x, while divyc and &y(v) are the corresponding derivatives with
respect toy
diVXO' = axjaijei , diVy(T = ayj(Ti]'e,‘ ,

1 1
& (V) = (axivf + avai) , &ij(V) =5 (awvi + ayf”]’) ’
The mean value of a Y-periodic field ¢ is denoted (¢)

(
(0) = 3 [ oy)dy.

2. GOVERNING EQUATIONS

Let us consider a heterogeneous three-dimensional body () which contains a mi-
crostructure involving the micro-cell Y. We denote A® the fourth-order elasticity tensor
whose components A7y, are assumed to depend quasi periodically on the global coordi-
nates x = (x1,x, x3) in a sense which will be detailed later, see (6). At each point x, the
tensor A°(x) is symmetric

A (%) = Ay (x) = Ajig(x), Vi, k1
and positive definite in the sense that
A¢(x)e-e >0, (1)

for any symmetric tensor &, with an equality only if € = 0.

The body is subjected to body forces f(x) = (fi(x)), which are assumed to be in-
dependent of the microstructure, i.e. f does not depend on €. These forces f induce a
deformation of the medium, characterized by the displacement field u®(x) = (u{(x)). As
far as the boundary conditions are concerned, to simplify the presentation, we will as-
sume that all the boundary of the body is clamped and hence that the displacement must
satisfy the homogeneous Dirichlet boundary condition

u“=0 on JQ.
Accordingly, the problem characterizing the equilibrium of the body reads as

divy (A& (u®)) +£=0, inQ )
u® =0, on 0Q)
Here &x(u) is the linearized strain tensor associated with the displacement u
1
Sxkl (u) - E (axluk + axkul) 7 (3)

and the stress tensor o€ at equilibrium is given by
o€ = Ay (u°). (4)
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The problem (2) admits the following equivalent variational formulation

Variational formulation of the true problem. Find u® € Hj (Q;IR®) which minimizes the
energy functional ] over Hj (C;R?):

J¢(u°) = min )]e(v) with  J¢(v) = /Q (1A€ex(v) cex(v) —f£- V) dx. (5)

veEH} (OR3 2
As usual for the asymptotic homogenization approaches, the micro-cell Y€ is re-scaled
by introducing the “unit” cell Y so that Y = €Y and we assume that |Y| = 1. In the
quasi-periodic case, the properties of a point in the cell depends not only on its position
but also the position of the cell in the medium. Specifically, the local elasticity tensor A

in the unit cell can be represented by a function A;jx(x, y) which is assumed to be smooth
in the first variable x € Q) (Fig. 1) and Y-periodic in the second oney € Y

A (X) = Ay (x, 2) : )
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Fig. 1. A typical quasi-periodic medium considered in the paper, where the inclusions have all
the same size but a stiffness which varies smoothly with their location x in the domain

Remark 1. This type of quasi-periodic medium is a particular case of a more general class of
heterogeneous media where the microstructure varies smoothly. Indeed, here we assume that the
cell Y is always the same, independent of x. A more general case would consist in considering
that Y depends on x. For instance, one could consider that the dependence of the stiffness on the

position reads as
A%(x) = A <x, go(:)) ,

where @ is a smooth diffeomorphism. In such a case, assuming that A is still periodic with respect
to the second variable with period Y, the image of €Y by @' will depend on x.
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By using the traditional multi-scale method like in [1,15], the displacement field u®
is represented through an asymptotic expansion in terms of the small parameter €

u¢(x) = u’ (x,?) + eu! ( e) + e*u? ( :) + ¥’ ( 2) +... (7)

where each term u'(x,y) is a function of the two variables x and v, periodic with respect
to the “fast” variable y = (y1,2,y3) = x/€ with period Y. Accordingly, the stress field
o admits the same type of expansion

o (x) = o° (x,z) +eo! ( e) + €20 ( :) + e3¢0 ( g) +... (8)

Remark 2. From a reqularity point of view, the solution u® must be of ﬁnzte energy and hence
must belong to Hy (Q; R?). Therefore, one could expect that each term u' of the expansion has

the same regularity and hence that u' € H' (QxY; R? ). Moreover, the u'’s must be periodic on
Y and one requires that they vanish on 0Q) X Y. That leads to introduce the following set U at
which each u' a priori should belong

U= {v e H! (Q X Y;IR3) :v=00ndQ xY,visY-periodic }

However, we will see during the asymptotic procedure that, except u®, the subsequent u'’s are in
general less reqular than expected and that they can satisfy the boundary condition on 0Q) only
under particular conditions on the microstructure. We will make some comments concerning
this lack of reqularity, but the study of the boundary layer effects due to the loss of the boundary
conditions is outside the scope of the present paper, see Dumontet [4], Devries et al. [16] where
boundary layer correctors are calculated in the periodic case.

Inserting the expansion (7) into the energy functional /¢ (u), and taking into account
the following derivation et integration rules

1 1
0y = 3+ 20y, /Q( x>y [, ey 9)

Since |Y| = 1, the factor 1/]Y] in front of the integral may be omitted. The energy func-
tional J¢ (u®) becomes a series in €

J¢ (u) = T(u u', v’ >:=32]( + ]* Dipe®ype®yei@y o (10)

where

JP) = g (uo, N .,uvﬂ) , (11)

the functionals J¥) being defined for p = —2 by

VO) = / %Aey (VO) ‘ &y (VO) dxdy, (12)
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and for p > —1by
2 (vO,...,vP“) = ;mg_p/ﬂxYA [sx (v") + & (v’”“” : [sx (v") + &y (v”“” dxdy )
—/ f - vPdxdy.
QxYy

Accordingly, the minimization problem (5) leads to the following

Sequence of ordered minimization problems. Find, for i € N, the functions u' € U, which
minimize the energy functional

T (VO,Vl,"'> =Y e?J ) <V0,._.,vp+1> ,
p>-2

overall v € U.

In other words the formal asymptotic procedure leads to replace (5) by a sequence of
minimization problems which are detailed in the next section.

Let us note that the different terms of the stress expansion are related to those of the
displacement expansion by the following chain rule

ol =A <ex (ui) + & (ui+1>> , Vi>0. (14)
3. SOLVING OF THE SEQUENCE OF ORDERED MINIMIZATION PROBLEMS

31. ] (=2) and ] (~1) minimization problems

The field u” has to minimize J(~? (v’) over all v¥ € U. Since the stiffness tensor A is
definite positive, we have J(=2)(v’) > 0 with the equality only if &;(v’) = 0 and hence

only if v¥ is independent of y. Therefore, the minimization of J=2 requires that u’ is
function of the macroscopic variable x only

uw’ = u'(x), (15)

and hence u’ must belong to H} (Q;R?). In turn, considering v° such that v° = v%(x)
leads to ](_1) (VO, v1) = 0, regardless of v! Therefore, for such v°, the energy starts at the

order 0
76 <V0,V1,' . ) = ](0) (VO,Vl) +€](1) (VO,Vl,V2> +...
3.2. J© minimization problem
Considering v¥ independent of y, the energy | 0)(v9,v1) reads as
1
7 <v0,v1) = / A [sx (V) + & (vl)} : [ey (V") +& (vlﬂ dxdy — / f- v'dxdy.
Qxy Qxy
(16)

We have to find u’ € H}(Q;R%) and u' € U which minimize (). We proceed in two
steps:

(1) First, for a given v’ € H(Q;R®) , we minimize [ (v, ) over U.
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(2) The so-obtained minimum becomes a functional of v" that we minimize to ob-
0
tain u".

3.2.1. Minimizing with respect to v* at given v°

At given v, since i (0) (vO, vl) is a convex functional of v!, its minimizer, denoted by
v! and which depends on v?, is such that the first derivative of JO(¥0,.) vanishes. That
leads to the following variational equation for v*

/ A [sx (V) + &y (Vl)} -&y(v)dxdy =0, (17)
axy
which must hold for any v € U. Let us choose v under the form

vix,y) =w(xX)¢(y) with we D(Q)and ¢ € Hi(Y;R?).

Inserting this test function in (17) and using classic argument of calculus of variation, we
get (at almost all x € Q)

/{X}XYA [sx (v7) + &y (Vl)} -ey(p)dy =0, V¢ € Hy (V;R%). (18)

Since (18) brings into play the derivative of ¥! with respect to y only, ¥' is determined
at this stage up to an arbitrary function of x. Moreover, by linearity, ' can be written as
follows (where the convention of summation is still used):

V' (x,y) = expp (V) ()27 (x,y) + V(). 19)

In (19), V is the arbitrary function of x and the six! vector fields x" are solution of the
family of six elementary problems posed on Y and indexed by x, each one corresponding
to the response of the unit cell to a prescribed macroscopic strain tensor. Specifically,
at given x, the Y-periodic field y — x"(x,y) is solution of the following variational
equation

/{X}XyA lep Oeg+ ey (x)] - &y(¢p)dy =0, V¢ € Hy (V;R?), (20)

where © denotes the symmetrized tensorial product and e; stands for the i basis vec-
tor of the cartesian coordinates. Since (20) determines x"7 up to a function of x only,
the indetermination is removed by adding the condition that the average of x"1 over Y
vanishes:

(x") =0 with () :Dl/’/y-dy. 1)

Accordingly, V! corresponds to the average of ¥ over Y but remains undetermined at
this stage. Let us note that the fields x”7 do not depend on v° but depend on the quasi
periodic repartition of the microstructure only. To compare with what happens in the
case of a periodic medium, the solution of the cell problems now depends not only on
the microscopic variable y but also on the macroscopic one x.

IThe number of vector fields to be determined is reduced to six because of the obvious symmetry
P9 — 4P
X' =X
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3.2.2. Minimizing with respect to y°

Using (19), the energy ] (v%, V!) becomes the following functional 7(0) defined for
v? € H(O;R®) by

1w = [ %Aw)ex (v) - ex (+) dx — [ £-v0dx (22)
Q QO

In (22) A (x) is the (classical) homogenized stiffness tensor at x which is symmetric, pos-
itive definite and depends on x because of the quasi-periodicity assumption. Specifically,

owing to (20), the components of A(%) (x) can be written under the two following forms
Af(??r)lpq(x) = /{ }XyA len @ e+ ey (X™)] - [ep © &g+ &y (xP7)] dy (23)
X
= Aiqu [§Zm§]n + &yij (an)] dy. (24)
{x}xY
The symmetry and the positivity of A(?) appear more clearly from (23), but the form (24)

will be useful later. Therefore 7(0) is convex and coercive on H} (& 1R3). So its minimizer

u' is unique and such that

/ (A(O)sx (u°) - ex(v) — £+ v) dx=0, V¥veH)(BR?). (25)
Q

Accordingly, u° is the unique solution of the following linear elastic problem defined
on the “homogenized” body (that is to say, the body whose microstructure has been

removed and replaced by its effective stiffness A(%))

. 0) 0 _ .
div, (A & (u )) +f=0, inQ 26)
u’ =0, on dQ)

Once this problem is solved, u’ is known and we obtain from (19) that the second term
u'! of the expansion of u¢ can read as

w!(x,y) = expg (1) ()" (x,y) + (u') (x), 27)

its average value (u') only remaining unknown at this stage. Moreover, the first order
stress field o is also known and given by

*(x,y) = Al y) (ex () (x) + expy (1) (Dey () (x,9)) (28)
Let us note that ¢° depends linearly on the macroscopic strain &x(u®),
'(xy) =a’(x,y)ex (u°), (29)

where the fourth-order stiffness tensor field a” (sometimes called the stress localization
field) depends only on the microstructure

3kt = Aijit + Aijpgeypg (Xkl> ' (30)
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The macroscopic stress field of order 0 is the average value of ¢” on Y and, by virtue of
(24), is associated to the strain field of order 0 by the effective relation of order 0

(o) = AOg, (u°).

Therefore A is nothing but that the average value of a°: A0 = (30,
Let us make some comments concerning the regularity and the boundary conditions
satisfied by u' in the spirit of Remark 2.

Remark 3. (i) In order that u' is in H' ( 1R3), it is necessary that u® is in H*(Q; R®) which
is the case if the effective stiffness tensor A°) and the body forces f are smooth functions of x.

(ii) The verification of the boundary condition u' = 0 on 9Q x Y is more delicate. Indeed, in
general e;(u®) does not vanish on Q). Therefore, the unique possibility for u' to satisfy the
boundary condition is that the six fields xP1 vanish on 0Q) X Y (otherwise boundary layer effects
will appear). This is the case when the body is homogeneous in a neighborhood of the boundary,
i.e. when A does not depend on y when x is close to dQ). In such a case it suffices that (u') = 0
on dQ) in order that the boundary condition is satisfied.

In the sequel, we will assume that all the conditions are satisfied in order that u' actually belongs
to HY (O R?) .

3.3. Calculation of ](1) (uO, ul, uz)
By the definition (13) one gets
Jo (uo, ul,u2) = / (A [sx (u®) + & (ul)] : [sx (ul) + & (uZ)} —f- ul) dxdy. (31)
QxY

1

Using (18) with (uo, ul,uZ) in place of (VO,V ,V) one obtains

/ A [sx (u) + & (ul)} - &y (u?) dxdy = 0. (32)
axYy
Using (25) with v = (u') gives
/ (A(O)ex (u°) - &x (<u1>> —f- <u1>> dx = 0.
Q

Therefore, using the form (24) for A(?), the previous equality reads also as

Sy (Ao o) ey (w)] e ((0)) —£-(u') ) dxdy =0 33

Inserting (32) and (33) into (31) shows that ](1) (uo, ul, uz) depends in fact only on u’, but

not on (u!) and u?. Therefore, ],El) := ] (u® u', u?) can be considered as known at this
stage.

Furthermore, let us remark that the energy ]S) can be seen as a quadratic form of u’
which involves new homogenized stiffness tensors that we propose to identify. Indeed,
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since f does not depend on y, the last term in (31) can read as

/Qxyf~u1dxdy:/0f‘<ul>dx.

Then, using (28), (32) and (33), (31) becomes
& = / 0¥ - & (sz’j (u’) x” ) dxdy.
axy

For a future use, it is more convenient to make an integration by parts of the integrand to
obtain

axYy

the boundary term on 00} x Y cancelling by virtue of Remark 3. Using (29) and expanding
the derivative with respect to x lead to

divy 0¥ = 0y, (aqul) Exkl (u0> ey + aquzgxqu (“0) eps (34)

where gy(u) denotes the gradient of the symmetrized gradient of u (all the derivatives
are with respect to x) whose components are given by

1( 9%u; ou;
Sxijk(1) = 9y, (exij(u)) = 2 <8x]'axk " axia;") ' .

Inserting (34) into | S) leads to
]il) = / (A(l)sx (uo) - &y (uo) dx + B(O)gX (uo) - &y (uo)) dx, (36)
9

where appear the fourth-order tensor field A and the fifth-order tensor field B(®) de-
fined by

M (x) = 0\ i © (x) — 0
Aijkl(x) = - /{x}xYaxq <3qul) Xpdy, Bijqu(x) =— /{X}Xyaqul)(pdy. (37)

These two tensor fields depend only on the microstructure and can be considered as two

other effective stiffness tensor fields. Let us note also that A(!) has the minor symmetries,
not the major one (but its symmetric part only is involved in (36))

Aijkl - Ajikl - Ai]'lk’ Aijkl 7& Aklij’
and that BV has the following symmetries

©0) _ g0 _ )
Bijkim = Bjikim = Bijim-

It remains to determine (u'). It will be given by minimizing J2).
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3.4. J® minimization problem

Let us consider ](2) (uO,Vl,vz,v?’) with
v = ey (u) X7+ (v, (V') € H} (URY)

and v*,v° in Y. Note that y' differs from u' only by its average value and hence that
ey(v') = gy(u'). By virtue of (13), one gets

) <u0,v1,vz,v3> = / %A [sx <V1> + &y (Vz):| : [ex (vl) + &y (vz)} dxdy+

b [ Ale @) ey (u)] - e () 4oy (V)] dxdy — [ F-vdxdy.  (39)

Qxy axy

Using (18) with (uO, ul,v3) in place of (VO, Vl,V) one obtains
0 1\]. 3 _
/QxyA [sx (u”) + & (u )} gy (v°) dxdy =0, (39)
01

and hence ]( (u’,v V2,V ) does not depend on the choice of viinlU. By virtue of (25),
see also (33), one has

[ (Ao (00 ey (07)] e ((92)) — - () dndy =0,

and hence, since u’ is known and since &,((v*)) = 0, J@ (u°,v',v?,v*) only depends
on (v') and v* — (v?). Therefore, the problem consists in minimizing, for u’ given in

H(Q;R3) , the following quadratic functional 7(2) defined on H} (Q;R?) x Uy
]_(2) (<V>,W) = / A |:€x (110) + Expg <u0> &y (qu):| : ex(w)dxdy—i—

QxY

+ / ) + &y (W) + &« (equ (uo) XWH . [£X(<v>) + &y (W) + & (squ (u0> X””)} dxdy,
aQxYy
(40)
where U denotes the linear subset of ¢/ made of fields defined on () x Y whose average
value with respect to Y vanishes (almost) everywhere in ()

Uy={vel: (v)(x) =0x e O} (41)

The minimizer of 7(2) is ((u!),u?® — (u?)) (which means that u* will be determined up to
a function of x at this stage). To minimize 7(2), we proceed in three steps:

(1) First, for a given (v) € H}(Q;R?) , we minimize 7(2) ((v),-) over Up.

(2) The so-obtained minimum becomes a functional of (v) defined on H}(C;R?)

which involves six effective stiffness tensor fields.
(3) Finally, minimizing that functional gives (u') and hence u? — (u?).
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3.4.1. Minimizing with respect to w at given (v)

At given (v), since 7(2) ((v),w) is a convex functional of w, its minimizer, denoted
by W and which depends on u® and (v), is such that the first derivative of 7(2)(<v>, 3
vanishes. Using the relation (28) for ¢, that leads to the following variational equation
forw
0= / (A [ey(W) + ex((V)) + &x (xpg (u®) xP1)] - eg(W) + 0" - ex(w))dxdy,  (42)
axy

which must hold for any w € U. Because of the presence of the gradient of w with
respect to x in the last term of (42) we cannot directly use classical arguments to suppress
the integral over () for obtaining local problems posed at almost all points x of (). We
must before make an integration by parts of that term. So, integrating by parts the last
term of (42) gives

0= / (A [eg(W) + ex((V)) + &x (expg (u0) xP7)] - ey(W) — divee” - w)dxdy,  (43)
QxY
the boundary term on d() cancelling because w € U/. Let us choose w under the form
w(x,y) = ¢(x)¢p(y) with ¢ € D(Q)and ¢ € Hy, (Y; ]RB) ,

where Hj(Y;R?) denotes the Y-periodic fields with zero average value
Hio (;R°) = {9 € H} (%) = () =0} (44)

Inserting this test function into (43), we can now use classical argument of calculus of
variation to get (at almost all x € ()):

| A Ley () + ex(9) + ex (exgg (o) 60)] -y @)y = [ divee®- gy, (45
{x}xY {x}xY
which must hold for any ¢ € Hj(Y;R?).
Let us note that both & (expq(u®)x?7) and divyo” depend linearly on &x(u) and its

gradient gx(u”) . The dependency of the latter is given by (34) whereas for the former
one gets

1
Exij <€xkl (u°) Xkl> = e (u”) &yij (Xkl) t3 (gxkli (u°) X}d + gt (u°) Xﬁ‘d> : (46)
Using these properties of linearity allow us to decompose W as the combination of fields
depending on the microstructure only. Specifically, W depends linearly on the six (inde-

pendent) components of &, ((v)) , the six (independent) components of &(u") and the
eighteen (independent) components of g, (u’), and hence can be read as

W(x,y) = expg (V) ()X (%, ¥) + Expg (1) ()PP (X, ¥) + gxpgr (u°) ()P (x,y).  (47)

In (47), the quasi periodic displacement fields associated with &4(v) are the same fields
x"1 as those defined by (20) and (21), whereas the other ones, ®"7 and ¢F?", associated
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with the strain &,(u’) and its gradient g, (u®) respectively, are new quasi periodic fields
which are solution in U of the following problems defined on the unit cell {x} x Y:

Find 91 € Hj, (Y;R?) such that V¢ € Hy (Y;R%),

S P e (@7 e ()] - ey(@)y = [

0 .
gy O (361) 9ty (48)

Find & € Hjy (Y;R?) such that V¢ € Hy, (Y;R%),

[ Al @) os] @y -

(x}xY a?rpq(pbidY' (49)

Remark 4. Concerning the regularity and the boundary conditions satisfied by W:

(i) The existence of Y*7 and PT" is not quaranteed but depends on the regqularity of the fields xP7
on x and hence on the microstructure. This reqularity must be checked on a case by case basis. On
the other hand, the uniqueness is ensured once the existence is established.

(ii) Even if a solution pP7 and &PT" exists for each “elementary problem”, the field W belongs to
H'(Q x Y;R?) only if u® and (v) are smooth enough.

(iii) The verification of the boundary condition W = 0 on 9Q x Y is as delicate as for u'. Indeed,
in general neither ex((v)) , nor ex(u®) and nor g,(u®) vanish on Q). Therefore, the unique
possibility for W to satisfy the boundary condition is that all the fields xP1, "1 and Y7 vanish on
0Q) x Y. This is still the case when the body is homogeneous in a neighborhood of the boundary.

In the sequel, we will assume that all the conditions are satisfied in order that w
exists and belongs to H (Q; R?).

3.4.2. Expression of ] (2)

= 2
Inserting (47) into (40) obtains a functional | . of (v) defined on Hé (Q, ]RS). The

. =(2) . . . . e
functional | = contains several new effective stiffness tensor fields. Specifically, after
some tedious calculations which are not detailed here, one eventually gets

] ((v) = /Q (;A(O)ex(@) -ex((v)) + (A(l)ex (u) +B Vg (“0)> '€x(<V>)>dX
+/Q <;A(2)£x () - &x (1) + BDg,y (u®) - & (u?) + %C(O)gx () - g (u0)>dx,

where A, A and B() are the already defined stiffness tensor fields, see (23) and (37),
whereas A(z), B and C(© are the new stiffness tensor fields given by

= [ (re () () me(97) o () o
Sl = |, (3 () (1 000) e (9) & E))ox
Bl [ (A(00) (7 00) ey (67) o (£ ))v. 9

(50)
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Note that one must use the elementary problems giving the x"/’s, "’s and &"" to obtain
the expressions above. As the three previous ones, these stiffness tensor fields depend
only on the microstructure and admit the same type of symmetries. Specifically, one has

(2) _ A2 _ A2 1) _pl) _ gD 0  _ 0 _ 0
Aiit = Ak = Adiir - Biskim = Biikim = Bijtmr Cijmn = Cjiktmn = Cimmije

The properties of positivity of A} and C(%) do not appear clearly from the expressions
above. In fact, their positivity is not guaranteed as we will se in the example developed
in Section 4.

3.4.3. Minimizing with respect to (v)

= 2
Minimizing | @ leads to the following variational equation for (u')

[ (A ((ul)) + AW (u) + B (u') ) - ex(())dx =0, ¥(v) € H} (O, R?)
0

(54)
which admits a unique solution under the conditions stated in Remark 3. Accordingly,
(u') is solution of the following linear elastic problem defined on the “homogenized”
body which involves the three effective tensor fields A(O), A and B

{divX (A(O)sx (<u1>) + A(l)sx (uo) + B(O)gx (uo)) =0, inQ

<u1> =0, on d() =

Once this problem is solved, u! is entirely determined and we obtain from (47) that the
third term u? of the expansion of u® can read as

0 = ey (o)) 207+ vy (W) 977 4 g (W) 87+ (w2), (60

its average value (u?) only remaining unknown at this stage. Moreover, the value of the

energy ]£2) _ 7(2) <<u1>> is obtained from (50)

1= [ (20 () () (8 )85, 40) ()

1
s [ (GA e () e (o) + B0 (o) - (o) + 3O ) - ()
(57)
and the second order stress field ¢! is also known,
ol =A <sx (u1> + &y (uz)) . (58)
3.5. To summarize

At this stage, we have obtained the first two terms of the expansion both for the
displacements and the stresses, that is to say u’ u!, ¢? and ¢!. The next term u? of
the displacement expansion is known up to its average value (u?). Moreover the first

three terms | £O), ] il) and | iz) of the expansion of the energy at equilibrium J°(u®) are also
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known and we could prove that the next term ]£3) is also determined. All these determi-
nations require: (i) first, to solve three families of elastic problems posed on the current
unit cell {x} x Y whose solutions xij , tpij and @'ijk (with i, j and k running in {1, 2, 3}) de-
pend only on the microstructure at x; (ii) then, to calculate the six effective tensor fields
A0 A AQ) B(O), B(l), C9 defined on the “homogenized” domain (); (iii) then, to solve
the two macroscopic elastic problems whose solutions are u’ and (u'); (iv) finally, the
fields u’, u!, o® and ¢! are obtained by linear combinations of the previous ones and the

energetic terms ]io), ]il) and ]£2) are given by integral calculus. We could continue the
procedure to obtain the next terms.

4. AN ILLUSTRATIVE EXAMPLE

To illustrate the procedure described in the previous sections, we consider the case
of an heterogeneous cylinder made of a bi-layer laminate and submitted to the gravity.
Specifically, the cylinder is ) = S x (0, H) with height H and whose cross section S is
a bounded, connected open subset of IR> with boundary 8S. This cylinder is made of
a finely bi-layered composite, the two materials constituting the layers having the same
density p and being isotropically elastic with Lamé coefficients (A1, #1) and (Ay, y2) . The
spatial distribution of the layers is such that the stiffness A° depends on (x1, x2) only and
not on x3,

AS(X)ijkr = AS (x1,%2) 801 + p€ (1, X2) (61 + S ) - (59)

The lateral boundary of the cylinder dS x (0, H) is clamped whereas the sections S x {0}
and S x {H} cannot move in the transversal directions but are free to move in the axial
direction. Specifically the boundary conditions read as

u
(o

m—=m

0

_ onS x {0,H}.
s =

u® =0o0ndS x (0,H), {

w

This cylinder being submitted to the gravity —ges, the body forces are f(x) = —pges and
hence are uniform. Under these conditions, it is easy to show that the (exact) displace-
ment at equilibrium is anti-plane:

u®(x) = u§ (x1,x2) es.

Moreover, by linearity, its unique non-null component 5 can read as

us (x1,%2) = pgu‘ (x1,%2),

where 1€ is the unique solution of the following problem posed on the cross-section S

div (#*Vu¢) =1, inS§
v (V) (60)

u® =0, on dS

From an energetic point of view, u€ is solution of the following minimization problem

Variational formulation: Find u¢ € H{(S) which minimizes the energy functional J¢ over
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Hy(S)
J¢ (u€) = min J(v) with ]e(v):/s(;uer-Vv—v> ds. (61)

veHL(S)
Note that the solution depends only on the distribution of the shear modulus y€ in the
cross-section S. Concerning that distribution, one considers a quasi-periodic case charac-
terized by the following assumption

x
U (x1,x2) = (xl,xz,?l) with  p (x1,x2,y) = { Z; E 5'(@1;3)(]2’27;1 <1
(62)
where 6 is a smooth function of (x1,x2) with values in [0,1] and p is periodic with re-
spect to y with period 1. In other words, the two materials are layered in the direction 1,
in proportion 0 for the material 1 and 1 — 60 for the material 2, that proportion changing
smoothly in the cross-section. So, we are in a situation corresponding to what is studied
in the previous sections and even a little simpler. Indeed, here the body forces are con-
stant, the unit cell is one-dimensional and corresponds to the interval Y = (—1/2,+1/2),
the quasi-periodic repartition of the heterogeneities is characterized by the scalar func-
tion 6, the unknown is a scalar field and the domain S is two-dimensional. In order to
prevent boundary layer effects, it suffices to assume that 6 is equal to 0 (or equivalently
to 1) in a neighborhood of dS. We can follow the procedure described above to find the
tirst terms of the expansion of the solution with respect to €. Throughout this section, the
Greek indices &, 3,7, ... runin {1, 2}.

e 0 1 0
4.1. Determination of x*°, a2353, Ai3353, A§¢3)[%3 and B§c3)ﬁ37

Here all the displacement fields have only their third component which is not iden-
tically zero and hence can be considered as scalar functions defined on S x (—1/2,1/2)

X' (xy) =x" (x1,x2,y) 3.
Furthermore, 7(“3 = )(3”‘ only are to be determined for « = 1,2. Starting from (20) and
using the one-dimensional character of the unit cell, x'> and x** are Y-periodic and such

that
9 (1 (2P +1)) =0 13, (4(3,2)) =0
(7hex e, (e

One easily deduces that x** = 0 and that x!? is the following piecewise linear and odd
function of y with slopes depending on x := (x1, x2) , see Fig. 2

e [ 800 when  2]y| < 0(x)
W= 5@00) | o (TG —y) when oo <api<1
where
m(6) := (1 —0)u1 + Opa. (65)

Note that x'> = 0 in the homogeneous cases, i.e. when 1 = pp or 6 € {0,1}.
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Xl3
01}
y
-0.1}
~1/2 012 012 12
Fig. 2. Graph of '3 when 8 = 0.4 and pp = 33
We will use also the derivatives d,, x'° of x> which read as
— 2y when 2Jy| < 6(x)
1305 ) = 2~ 1) .
PX0) = 4 gy O { m (P ) when o0 <2yl <1 )

Note that they are discontinuous at y = £6(x)/2 and that they are proportional to the
gradient of 0. Note also that they are identically null when pq = p,, but not when 6(x) =
0 or1and 9, 6(x) # 0.

Using (30), one obtains the components a’, g3 (and those which are deduced by sym-
metry) of the stress localization tensor field:

3(1)313("/?) = m?;éf)), a(l)323(x,y) = 38313(x,y) =0, 38323(x,y) = u(xy). (67)

Then, their average value over Y gives the components of the effective stiffness tensor
A0)

Agis() = ity Al = Api() =0, AR = 0 + (1 =009,
(68)
which bring the harmonic mean value 1/(1/u) and the arithmetic mean value (p) of the
shear modulus into play. Since x'® is an odd function of y and since x** vanishes, it is
easy to deduce from (37) and (67) that all the relevant components of B(®) vanish

0 _RrO _RrO _ g0 _
Bisgsy = Baupsy = Baszpy = Baugpy =0 Vo By € {1,2}. (69)

The relevant components of AD are A,%a% (and those deduced by symmetry). From (37)

they read At%)m = —(8x7(323ﬁ3) x*®). Since x* = 0, one immediately obtains A%)B =
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A%)B = 0. Using (67) and noting that aJ5;; does not depend on y, A%)B becomes

A%)B = <am (3?313) X13> = —0y (3(1)313) <7(13> =0.

The calculation of A%)zs requires some attention. Indeed, by (37) and (67), A%)zs =

—(x"39x,1t) which brings the spatial derivative of y into play. But since u is piecewise
constant, that derivative must be understood in a weak sense. Since (y)(13> = 0 by
symmetry, one must read in fact Ag)% = (udr,x'%) where the derivative of x'* can be
considered in the classical sense because x'? is continuous and piecewise differentiable
in S x Y. Accordingly, since 9, x'® is an odd function of y and  is an even function of v,
one finally gets A%)B = 0. Therefore, all the relevant components of A in the present
anti-plane context vanish.

4.2. Determination of u°, 0%, (u'), ]io), ]S)

The first term u° of the expansion of u¢ depends on (x1,x;) only and is the unique
solution of the following linear problem posed on the “homogenized” cross-section

{ a3(1 <<1/;’l>7lax1u0) +ax2 ((]/l>ax2u0) =1 in S (70)
=0 on dS§

Therefore u° depends only on the repartition of the proportion (x1,x;) + 6(x1, x2) of the

material 1 in the section S. Moreover 1’ minimizes 7(0) over H}(S) with 7(0) given by
790 =1 / b - / 71
] (v) = 2 s <<1/ﬂ>axlvaxlv+ <y>avaava) ds SvdS. (71)
By standard arguments, on deduces that the minimum is given by
1O =TV () = —% / 10dS. (72)
S
Once 1 is determined, the first order stress field ¢ is obtained from (29) and (67)
1
0 0 0 0
Oa(X) = ————=0y, U (X), Ora(X, 1Y) = u(X, )0, U (X). (73)
13( ) <1/y>(x) 1 ( ) 23( y) ‘M( y) 2 ( )

Since all the relevant components of A and BO vanish, one immediately deduces from
(36) and (55) that

<u1> —o, JW=o. (74)
Therefore u' is given by
w(x,y) = 91’ ()x 7 (6 )- (75)

4.3. Determination of 1,0”‘3, &e3p, A§¢23)53' 815413)537’ ng)mx and | iz)

The goal of this subsection is to obtain ]iz), i.e. the term of the order of €2 in the
energy expansion. For that, one must solve the other elementary problems and calculate
the other effective stiffness tensors.
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4.3.1. Determination of p** and &*%F

Let us first note that the effective stiffness tensors A?), B(Y) and C(¥) bring into play
the gradients with respect to y of the fields 1/)”‘3, 5“35 only, see (51)—(53). Therefore, it is suf-
ficient to determine ay¢“3 and ay@""?’ﬁ, leaving undetermined the constant of integration
(which could be obtained by the conditions (**) = (F*3F) = ().

From (48) and (67), one sees that 1,013 must satisfy

(1 (99" +05,x"%) 0y) = (9uia0130) . Vb € HY(S), (9} = 0.

But since a’s;; does not depend on y and (¢) = 0, the right hand side of the above
variational equality vanishes and hence (p(9,9" + 9y, x'*)9,¢) = 0 for all ¢ € Hy(S)
such that (¢) = 0. Therefore y(d, 9" + 95, x'*) does not depend on y and one gets

PR (x,y) + 04X (x y) = yLz)((X)y)' (76)

with the constant a(x) to be determined. But since x'° is Y-periodic and since x'° is an
odd function of y, one has (9,9") = (3,,x'*) = 0. Hence (76) gives a(x) = 0 and one
finally obtains

8y¢13 _ _ax1X13, <1[J13> —0, 77)

which determines 1/713 with the help of (64).
The determination of *> requires some attention. Indeed, since xy*> = 0, using (48)
and (67), $* should satisfy

(H3y$™3y9) = (PIp), Vo € Hy(S), (9) =0.
But since y is piecewise constant, the derivative of # must be understood in a weak sense.

Specifically, let us consider that (¢dy,u) is a distribution, i.e. an element of the dual D’(S)
of D(S). Then (¢poy, 1) is defined by

(@0:m) (9) = = [ 1 y)¢(1)onp(x)dyds, g € D(S).

By Fubini theorem, one gets

(P, 1) () = —/S (m /2y<9(x)¢(]/)dy+ﬂz /G(X)decp(y)dy) dx, p(x)dS.

Now, owing to the assumed regularity of x — 6(x) , one can make the integration by
parts with respect to x, to obtain

(P9, 1) (@) = — /S % (2 = 1) 95,0() (9(—0(x) /2) + P(+0(x) /2)) p(x)dS.

Therefore ¥* must in fact satisfy the following variational equation (where the depen-
dence on x is not indicated)

1/2
[, 100y = =3 (i = ) 28(p(~6/2) + 9(+0/2),  (79)
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for all ¢ € Hy(S) with (¢) = 0. It can be solved in a closed form and after some calcula-
tions left to the reader one finally gets

A when 2Jy| < 6(x)

3B (xy) = (1 — 12) 9,000 { T} (79)
! i Y S hen a(x) < 20y] <1
H2 2pp

That determines * up to a constant which is fixed by the condition (¢*) = 0.
From (49) and (67), one gets that &3 is the unique solution of

&% e HY(S), <€131> -0
(1 (3,8 +x"%) ) =0, Vg € Hi(S),(9) =0.
Let us verify that &' given by

3y g3l = 13, < Cl31> —0, (80)

is solution. Indeed, ¢! given by (80) verifies the variational equation above. From
(x'?) = 0, one deduces that (9,¢"*') = 0 and hence that '*' is Y-periodic. The relation
8y§131 = —x'® determines #13! up to a constant which is fixed by the condition (B = .
In a same manner, one gets from (49) and (67) that ¢ 132 — #231 — 0. It remains to find
which is the unique solution of

{ 5232 c H;(S), <§232> =0,

(n0y%20y9) = (ug), V¢ € Hy(S), (¢) =0.

It can be solved in a closed form and after some calculations left to the reader one finally
gets

CZSZ

ﬂy when 2|y| < 6(x)

3,E2(x,y) = (2 — 1) JZ

H2

That determines ¢*°% up to a constant which is fixed by the condition (¢**?) = 0. Let us
note that the displacement fields ', ¢?*, #13! and #2*? enjoy the following properties:

(81)

51gr12(y) —y> when 6(x) <2|y| <1

(1) They are identically null when the medium is homogeneous, i.e. when 6 ¢

{0,1} everywhere or when pu; = p, but ¢'3(x) or ¥**(x) are not identically
null when the medium is only locally homogenous at x with 6(x) € {0,1} and

(93,0(x),9:,0(x)) # (0,0).
(2) They are even, periodic and piecewise quadratic functions of y, see Fig. 3.
4.3.2. Calculation of A‘%)[B, Bl%)ﬁ% and Ci%)m%
Using (51)—(53), the relevant components of these effective stiffness tensors read as

A%);SS = <7’laxgxa38xgxﬁ3 - Vay¢a33y¢ﬁ3> , (82)
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Fig. 3. Graph of '3, ¢%, ¢3! and &2 when 6 = 0.4, 4y = 31 and 9y, 0 = 9y,0 = 1

Blyps, = <V3x7x“3xﬁ3 — uay¢“3ayéﬁ37>, (83)
Copac = (x5, — pd,&%0,87%) (84)

where 6 denotes the Kronecker symbol. Since all the elementary fields are known, it
suffices to calculate the integrals over Y. Using (66), (77), (79) and (82), one gets for A®)

(42 — 1) papz (1= 0)%p1 + 0%2) .
1 (0x,0)°,
12((1 —0)uy + Ou2)
(2= m)? (1= 0)%u + )

(2) 135 1,23
Alzs = (1o d = 0y, 004,06, 86
1323 <P‘ X oY > 12((1-0)m +9V2)2 x1Y0x, (86)

Al = (Hux 0" ) = (85)

2
A = — (raggPay®) =~ 2T (1 gy g o) (0,07, @)
Hip2
For B, using (83) and the expressions for the elementary fields, one gets
1 1 1
Bi3is1 = Bisbs1 = Btz =0, (88)
2
M 135 13\ _ (2= 1)" pipab(1 —0)(1 — 26)
B — ax - ax G, 89
13132 <WC 2X > 12 (1= )11 + 002)° 2 (89)
2
W) /o135 03\ _ (2 — ) 0(1—6)(1—26)
Bas131 = <P‘X Ay > = 2((1— 0 1 Om) Ox,0, (90)
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(1) _ 135 <232 (2 — 1) 0(1—0) ((1—0)%uy — 6%2)
Bl = (#On*04E™) = 12 ((1 = 0)p1 + Opiz)” Pl O

(2 — 11)20(1 — 0) ((1—0)%u1 — s
B%)232 = — (uoyp=9,Z>*) = — 12V(1P‘2 )ax29. (92)

For C(9), using (84) and the expressions for the elementary fields, one gets that the unique
non null components are

0 _ 134 2232 (p2 —P‘1> 62(1—6)
Cizio = <14X 9yG > 12((1— 0)p + 0p2) (93)
292
— 0<(1—60)-(6u1 +(1—20
O = (xx) = (2= p1)"02(1 = 0)? (Bp1 + (1 = O)pi2) (04)

12 ((1— )1 + 0pa)’

Cég)zzg,z = - <P‘ay‘:2328y€232> = _mgz(l - 9)2 ((1 - 9)7/‘1 +0u2), (95)

and those which are obtained by symmetry.
4.3.3. Calculation of ]iz)

Inserting the expressions above into (57) gives the term of order €? in the expansion
of the energy,

1P = /S % (A1a011010 + 2A3)0110950° + AT 9:1°0u° ) dS

+ / 8%)13281”08%2”0 + B%)zszaluoagzuo + B%)l?,laﬂoa 1” + B§3)23282”0522” ) ds

0
"’/ Ci13207,1°0%,u° + 2C§3)1232811” 95,u° + C§3)22323%2u08§2u0> ds,

where 9,u’ and a§ ﬁu stand for axauo and 0y, (0 ﬁuo), respectively. Since the components
of A and BV contain the gradient of 6, it is more convenient to render this dependence
explicit by expressing ]iz) as

]£2) = /S % <1111 (81981u0)2 + 21)[12819811/{0829821/[0 + ax (829821/{0)2) ds

+ / bmazf)aluoa‘%zuo + b12281981u08§2u0 + bznazeazuoa‘%luo + bzzzazeazuoagzuo) ds

—|—/ cmzauu auu +2€1122811u 82211 + cz222822u08%2u0) ds. (96)

In (96) the coefficients a,g, byp, and c,p,; depend only on 6 and their expression can be
easily obtained from (85)—(95).

Remark 5. The second order energy term depends both on the second gradient of the displace-
ment and on the gradient of the characteristic parameter of the microstructure. It turns out that
the coefficients entering in the expression of this energy term have diffe rent signs: for instance,

A%)B, ng)1232 and ng)2132 are positive whereas Ag?% and ng)zmz are negative.
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5. CONCLUSION

In this paper, we developed a homogenization procedure based on the combination
of asymptotic expansions and a variational approach in order to construct the higher or-
der macroscopic energy of a quasi-periodic heterogeneous medium. The main assump-
tion used in this approach to describe the quasi-periodicity is that the properties of a point
in the cell depends not only on its position but also the position of the cell in the medium.
By using the asymptotic expansion of the strain energy, the minimization problem of en-
ergy microscopic becomes a series of successive minimization problems. The solutions
of each problems give the corresponding macroscopic elastic energies, the components
of these higher-order elastic energies are obtained by solving the cell problems where the
solutions of previous orders become the entries for the next orders. We have shown that
the effective energy density depends on the strain gradient and on the gradient of the
microstructure as of the second order.

Concerning the perspectives open by this work and what extensions could be inves-
tigated, let us mention the following ones:

- The method could be apply to obtain the effective thermo-mechanical properties of
thermo-elastic quasi-periodic media.

- It would be interesting to apply the same procedure for more general quasi-periodic
media like those mentioned in Remark 1.

- The method was applied here by assuming that the microstructure is given (and
fixed). It would be interesting to remove this assumption by considering that the mi-
crostructure depends on parameters that one has to optimize. For instance, we could
extend the study made in Section 4 by considering that the proportion 6 of the material 1
(which can be considered as the damaged material if 11 < p) is governed by a principle
of least energy like in [17].

- Another possible application would be to consider micro-cracked media where the
length and the orientation of the micro-cracks vary smoothly in the domain. We could so
justify some models of damage which are regularized by introducing gradient damage
terms like in [18-20].

- The analysis was made here by considering situations where there is no boundary
layer effects. Since these situations are more the exception than the rule, it would be
important to extend our study to the cases where boundary layer effects exist.

REFERENCES

[1] A. Bensoussan, J. L. Lions, and G. Papanicolaou. Asymptotic analysis of periodic structures,
Vol. 374. Elsevier Science, (1978).

[2] . Murat and L. Tartar. Calcul des variations et homogénéisation. Les méthodes
del’homogénéisation: théorie et applications en physique, 57, (1985), pp. 319-369.

[3] G. Allaire. Homogenization and two-scale convergence. SIAM Journal on Mathematical Anal-
ysis, 23, (6), (1992), pp. 1482-1518. https:/doi.org/10.1137/0523084.

[4] H. Dumontet. Study of a boundary layer problem in elastic composite materials.
ESAIM: Mathematical Modelling and Numerical Analysis, 20, (2), (1986), pp. 265-286.
https: //doi.org/10.1051/m2an/1986200202651.


https://doi.org/10.1137/0523084
https://doi.org/10.1051/m2an/1986200202651

348 Duc Trung Le, Jean-Jacques Marigo

[5] G. A. Francfort and F. Murat. Homogenization and optimal bounds in linear elas-
ticity. Archive for Rational Mechanics and Analysis, 94, (4), (1986), pp. 307-334.
https: /doi.org/10.1007 /bf00280908.

[6] R. Abdelmoula and J. J. Marigo. The effective behavior of a fiber bridged crack. Journal of the
Mechanics and Physics of Solids, 48, (11), (2000), pp. 2419-2444. https: //doi.org/10.1016/s0022-
5096(00)00003-x.

[7] V. A. Marchenko and E. Y. Khruslov. Homogenization of partial differential equations, Vol. 46.
Springer Science & Business Media, (2008).

[8] U.Hornung. Homogenization and porous media, Vol. 6. Interdisciplinary Applied Mathematics,
(1997).

[9] B. Gambin and E. Kroner. Higher-order terms in the homogenized stress-strain rela-
tion of periodic elastic media. Physica Status Solidi (B), 151, (2), (1989), pp. 513-519.
https: //doi.org/10.1002/pssb.2221510211.

[10] C. Boutin. Microstructural effects in elastic composites. International Journal of Solids and
Structures, 33, (7), (1996), pp. 1023-105. https: //doi.org/10.1016/0020-7683(95)00089-5.

[11] I V. Andrianov, ]. Awrejcewicz, and A. A. Diskovsky. Homogenization of quasi-
periodic structures. Journal of Vibration and Acoustics, 128, (4), (2006), pp. 532-534.
https: //doi.org/10.1115/1.2202158.

[12] F. Su, Z. Xu, J. Z. Cui, and Q. L. Dong. Multi-scale method for the quasi-periodic structures
of composite materials. Applied Mathematics and Computation, 217, (12), (2011), pp. 5847-5852.
https: //doi.org/10.1016/j.amc.2010.12.068.

[13] L. Guillot, Y. Capdeville, and ]. J. Marigo. 2-D non-periodic homogenization of the elas-
tic wave equation: SH case. Geophysical Journal International, 182, (3), (2010), pp. 1438-1454.
https: //doi.org/10.1111/j.1365-246x.2010.04688.x.

[14] Y. Capdeville, L. Guillot, and J. ]J. Marigo. 2-D non-periodic homogenization to upscale
elastic media for P-SV waves. Geophysical Journal International, 182, (2), (2010), pp. 903-922.
https: //doi.org/10.1111/j.1365-246x.2010.04636.x.

[15] E. S. Palencia. Non-homogeneous media and vibration theory, Vol. 127. Springer-Verlag Berlin,
(1980).

[16] E. Devries, H. Dumontet, G. Duvaut, and F. Léné. Homogenization and damage for com-
posite structures. International Journal for Numerical Methods in Engineering, 27, (2), (1989),
pp. 285-298. https: //doi.org/10.1002 /nme.1620270206.

[17] G. A. Francfort and J. J. Marigo. Stable damage evolution in a brittle continuous medium.
European Journal of Mechanics Series a Solids, 12, (1993), pp. 149-149.

[18] K. Pham and J. ]J. Marigo. Approche variationnelle de l'endommagement: . Les
concepts fondamentaux. Comptes Rendus Mécanique, 338, (4), (2010), pp. 191-198.
https: //doi.org/10.1016/j.crme.2010.03.009.

[19] K. Pham and ]. J. Marigo. Approche variationnelle de 'endommagement: II. Les modeles a
gradient. Comptes Rendus Mécanique, 338, (4), (2010), pp. 199-206.

[20] C. Dascalu, G. Bilbie, and E. Agiasofitou. Damage and size effects in elastic solids: a homog-
enization approach. International Journal of Solids and Structures, 45, (2), (2008), pp. 409-430.
https: /doi.org/10.1016 /j.ijsolstr.2007.08.025.


https://doi.org/10.1007/bf00280908
https://doi.org/10.1016/s0022-5096(00)00003-x
https://doi.org/10.1016/s0022-5096(00)00003-x
https://doi.org/10.1002/pssb.2221510211
https://doi.org/10.1016/0020-7683(95)00089-5
https://doi.org/10.1115/1.2202158
https://doi.org/10.1016/j.amc.2010.12.068
https://doi.org/10.1111/j.1365-246x.2010.04688.x
https://doi.org/10.1111/j.1365-246x.2010.04636.x
https://doi.org/10.1002/nme.1620270206
https://doi.org/10.1016/j.crme.2010.03.009
https://doi.org/10.1016/j.ijsolstr.2007.08.025

	1. INTRODUCTION
	2. GOVERNING EQUATIONS
	3. SOLVING OF THE SEQUENCE OF ORDERED MINIMIZATION PROBLEMS
	3.1. J(-2) and J(-1) minimization problems
	3.2. J(0) minimization problem
	3.3. Calculation of J(1)(u0, u1, u2)
	3.4. J(2) minimization problem
	3.5. To summarize

	4. AN ILLUSTRATIVE EXAMPLE
	4.1. Determination of 3, a330, A33(0), A33(1) and B33(0)
	4.2. Determination of u0, 30, "426830A u1"526930B , J*(0), J*(1)
	4.3. Determination of 3, 3, A33(2), B33(1), C33(0) and J*(2)

	5. CONCLUSION
	REFERENCES

