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Abstract. Buckling and postbuckling behaviors of Toroidal Shell Segment (TSS) reinforced
by single-walled carbon nanotubes (SWCNT), surrounded by an elastic medium and sub-
jected to uniform external pressure are investigated in this paper. Carbon nanotubes
(CNTs) are reinforced into matrix phase by uniform distribution (UD) or functionally
graded (FG) distribution along the thickness direction. Effective properties of carbon
nanotube reinforced composite (CNTRC) are estimated by an extended rule of mixture
through a micromechanical model. Governing equations for TSSs are based on the classi-
cal thin shell theory taking into account geometrical nonlinearity and surrounding elastic
medium. Three-term solution of deflection and stress function are assumed to satisfy sim-
ply supported boundary condition, and Galerkin method is applied to obtain nonlinear
load-deflection relation from which buckling loads and postbuckling equilibrium paths
are determined. The effects of CNT volume fraction, distribution types, geometrical ratios
and elastic foundation on the buckling and postbuckling behaviors of CNTRC TSSs are
analyzed and discussed.

Keywords: CNT-reinforced composite, toroidal shell segment, buckling and postbuckling,
mechanical load, elastic foundation.

1. INTRODUCTION

Since their authenticated introduction, nearly three decades ago, carbon nanotubes
(CNTs), a new class of advanced materials, have attracted huge attention of researchers.
Single walled carbon nanotube (SWCNT) consists of a single sheet of graphene rolled
seamlessly to form a cylinder having diameter of order of 1 nm and length of up to cen-
timeters. The researches of material scientists shown that CNTs have extremely high elas-
tic modulus, greater than 1 TPa and strengths 10-100 times higher than the strongest steel
at a fraction of the weight [1,2]. In addition to these extraordinary mechanical properties
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associated with CNTs, they also posses superior thermal and electrical properties. Due
to unprecedentedly excellent characteristics, CNTs are used as ideal fillers into isotropic
matrix phase to form nanocomposite known as carbon nanotube reinforced composite
(CNTRC). The CNT-reinforced composites can be fabricated by solution processing of
CNTs and polymer, bulk mixing, melt mixing or in situ polymerization [3]. Based on
idea of functionally graded material (FGM), Shen [4] proposed the concept of function-
ally graded carbon nanotube reinforced composite (FG-CNTRC) properties of which are
graded in the thickness direction according to functional rules to obtain optimal distri-
bution of CNTs and the desired response of CNTRC structures. Stimulated by Shen’s
proposal, investigations on static and dynamic responses of FG-CNTRC plates and shells
have been performed.

Linear static stability of FG-CNTRC rectangular and skew plates under mechanical
loads have been treated in works of Liew and co-workers [5,6] using numerical methods.
Linear mechanical buckling and free vibration of FG-CNTRC plates have been exam-
ined in works [7] and [8] employing semi-analytical and analytical solutions, respectively.
Buckling behavior of FG-CNTRC rectangular and skew plates under uniform tempera-
ture rise has been investigated by Mirzaei and Kiani [9] and Kiani [10] using Ritz method.
Employing first order shear deformation theory and differential quadrature methods,
mechanical buckling behavior of quadrilateral laminated plates composed of perfectly
bonded CNTRC layers with arbitrary boundary conditions has been treated in works of
Malekzadeh and Shojaee [11], Setoodeh and Shojaee [12]. Based on a two-step pertur-
bation technique, Shen and Zhang [13] studied the postbuckling behavior of FG-CNTRC
plates under thermal loads. Using Ritz method with Chebyshev polynomials as shape
functions, Kiani [14] dealt with thermal postbuckling problems of FG-CNTRC plates with
various boundary conditions. Zhang and Liew [15] used a mesh-free method to analyze
postbuckling behavior of axially compressed FG-CNTRC plates on elastic foundations.
Recently, the effects of tangential edge constraints on the nonlinear stability of thin FG-
CNTRC plates on elastic foundation under thermal, mechanical and thermomechanical
loads have been analyzed in works of Tung [16] and Trang and Tung [17].

Linear and nonlinear stability of FG-CNTRC cylindrical panels have been addressed
in works [18-23]. Nasihatgozar et al. [18] employed the analytical solution to study linear
buckling of FG-CNTRC cylindrical panels with piezoelectric layer under axial compres-
sion. Basing on a numerical approach with shell finite element, Macias et al. [19] analyzed
linear buckling of FG-CNTRC cylindrical panels under axial compression and shear. Us-
ing asymptotic solutions and a perturbation technique, Shen and Xiang [20] and Shen [21]
presented results for postbuckling analysis of FG-CNTRC cylindrical panels subjected
to axial compression and external pressure in thermal environments, respectively. Very
recently, Trang and Tung [22,23] used an analytical approach to investigate effects of
tangential constraints of boundary edges on the nonlinear stability of thin FG-CNTRC
cylindrical panels under axial compression and external pressure.

Based on a semi-analytical approach with asymptotic solutions and a perturbation
technique, buckling and postbuckling behaviors of FG-CNTRC circular cylindrical shells
subjected to axial compression and external pressure loads in thermal environments have
been analyzed by Shen [24,25] employing a higher order shear deformation theory. Shen



Nonlinear buckling of CNT-reinforced composite toroidal shell segment surrounded by an elastic medium and ... 287

[26,27] also analyzed the postbuckling behavior of FG-CNTRC cylindrical shells under
thermal and torsional loadings. Making use of analytical approaches with three-term
solution of deflection and classical thin shell theory, Ansari et al. [28] and Ninh [29]
considered the postbuckling behavior of FG-CNTRC cylindrical shells with piezoelectric
layers subjected to external pressure and torsional loads, respectively. Although post-
buckling behavior of ceramic-metal FGM toroidal shell segments has been addressed in
works [30,31], to the best of authors” knowledge, there is no investigation on nonlin-
ear stability of CNTRC toroidal shell segments. As important structural components,
CNTRC toroidal shell segments have potential applications in many different scientific
fields, especially in aerospace science and engineering [32].

This paper presents an analytical investigation on the buckling and postbuckling
behaviors of composite toroidal shell segments reinforced by single-walled carbon nan-
otubes, surrounded by an elastic medium and subjected to uniform external pressure.
Carbon nanotubes are embedded into matrix phase by uniform distribution (UD) or four
types of functionally graded (FG) distribution. Effective properties of carbon nanotube
reinforced composite (CNTRC) are estimated by an extended rule of mixture through
a micromechanical model. Formulations are based on the classical shell theory taking
geometrical nonlinearity and surrounding medium-shell interaction into consideration.
Three-term solution of deflection and stress function are assumed to satisfy simply sup-
ported boundary conditions, and Galerkin method is applied to obtain nonlinear load-
deflection relation from which buckling pressures and postbuckling curves are deter-
mined. Numerical examples are carried out to analyze the effects of CNT volume frac-
tion, distribution types, geometrical ratios and elastic foundation on the buckling loads
and postbuckling load carrying capacity of pressure-loaded CNTRC toroidal shell seg-
ments.

2. CNT-REINFORCED COMPOSITE TOROIDAL SHELL SEGMENT (CNTRC TSS)
SURROUNDED BY AN ELASTIC MEDIUM

Consider a toroidal shell segment of thickness /1 and length L formed by rotation of
a plane circular arc about an axis in the plane of the arc. The principal radii of curvature
of the middle surface of the shell segment in the meridian and circumferential directions
are denoted by a4 and R, respectively. The toroidal shell segment is surrounded by an
elastic medium modelled as a two-parameter elastic foundation and defined in a coor-
dinate system xyz origin of which is located on the middle surface at an end, x and y
are in meridian and circumferential directions, respectively, and z is perpendicular to the
middle surface as shown in Fig. 1.

For the middle surface of a segment of a toroidal shell, from Fig. 1, r = R —a(1 —
sin ¢) in which ¢ denotes the angle between the axis of revolution and a normal to the
middle surface of shell segment. For a sufficiently shallow segment in the region of the
equator of the torus, the angle ¢ is approximately equal to /2 and, as a result, sing ~ 1,
cos ¢ ~ 0, and r = R. Then, the form of the equations mentioned later is simplified by
setting dx = ad¢p and dy = Rdf where 0 is a circumferential coordinate of a point on
the middle surface. It is noted that the radius a is positive and negative with convex and
concave TSS, respectively.
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Fig. 1. Configuration and coordinate system of a toroidal shell segment (TSS) surrounded
by an elastic medium

In this study, SWCNTs are reinforced into isotropic polymer matrix by uniform dis-
tribution (UD) or four functionally graded (FG) distributions named as FG-V, FG-A, FG-
O and FG-X types. Specifically, the outer and inner surfaces of the TSS are CNT-rich for
FG-V and FG-A types, respectively. The middle surface of the TSS is CNT-rich in case
of FG-O type and both outer and inner surfaces are enriched by CNTs for FG-X type.
According to a micromechanical model, effective properties of composite materials may
be estimated based on the Mori-Tanaka approach or the rule of mixture. It is known that
rule of mixture is simple and efficiently applied to predict overall properties of compos-
ites, and an excellent agreement between Mori-Tanaka approach and rule of mixture for
buckling analysis results of FG-CNTRC shell panels has been proven in the work [19].
In the present work, extended rule of mixture is applied to determine effective Young
moduli and shear modulus of the CNTRC TSS as [4]

Ei = mVentESNT 4+ V, E™, (1a)

2 Vent | Vm
E722 - EEZNT + E7 7 (1b)

3 _ Vent | Vi

G GHNT ~ Gm’ o)
where EGNT, ESNT and GOVT are the Young moduli and shear modulus, respectively, of
the CNT, whereas E™ and G™ are Young and shear moduli, respectively, of the isotropic
matrix. Coefficients #;(j = 1,2,3), called the CNT efficiency parameters, are introduced
into Egs. (1) to consider the size-dependent material properties, whereas Vcnt and V,, are
the volume fractions of CNTs and matrix, respectively, and their relation is Venr+Vi = 1.
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The volume fractions Vcnr for five types of CNT distributions are assumed as

( VinT (UD)
2
1+ ) Venr  (FG-A)
2z
1—— )V FG-V
Vent = h) CNT ( ) )
2(1- 2;’) Viyr (FG-O)
2 2,'5‘) Venr (FG-X)
where
. w
Venr = Skl 3)

went + (pent/Pm) (1 —wenr)

in which wcnrt is the mass fraction of CNTs in the CNTRC TSS, pcnt and py, are the
densities of the CNTs and matrix, respectively. Poisson ratio is determined by

V12 = VENTVDT 4 V™, 4)

where vENT and v™ are Poisson ratios of the CNT and matrix, respectively.

3. FORMULATIONS
Based on the classical shell theory (CST), strain components are expressed as
€x = €x0 T ZXx s sy = syO + ZXy ’ ')/xy = ’)’xy() + ZZXxy ’ (5)

where strains of middle surface €50, €,0, 7xy0 and curvature changes xx, Xy, Xxy are re-
lated to displacements of middle surface #, v, w in coordinate directions x, y, z, respec-
tively, as follows

€x0 uy—w/a+ w,zx /2 Xx — W xx

2
€y = Uy — w/R + wy /2 ’ Xy = —Wyy , (6)
Yxy0 Uy + 0+ WxWy Xxy —W,xy

where subscript prime indicates partial derivative and von Karman—Donnell nonlinear
terms are maintained. Based on Hooke’s law, stress components in CNTRC TSS are ex-
pressed as

Oy Qu Qi 0 Ex
o | = Qu Qn 0 ey , (7)
Oxy 0 0 Qss Yxy
where
E E v E
Qu = U Q 2 = 2 Qe = G12. (8)

= —), = —, 2=
1 — vy 1 — vy — V12V21



290 Hoang Van Tung, Pham Thanh Hieu

Force and moment resultants in the CNTRC TSS are expressed as

(Nx, My) = (e11,€12) €x0 + V21 (€11, €12) €y0 + (€12, €13) Xx + V21 (€12, €13) Xy
(Ny, My) =112 (e21,€22) €x0 + (€21, €22) €40 + 112 (€22, €23) xx + (€22, €23) Xy , )
(Nxy, Mxy) = (e31,€32) Yayo + 2 (€32,€33) Xy

where coefficients e;; (i, j = 1+ 3) are defined as in works [16,17,22,23].

Based on the CST, nonlinear equilibrium equations for a TSS surrounded by an elas-
tic medium are [31]

Nyx+ Nyyy =0, (10a)
ny,x + Ny’y - 0 ’ (10b)
Mx,xx+2Mxy,xy+My,yy"I_wa,xx+2nyw,xy+Nyw,yy+Nx /a"—Ny/R“l'q_qf - 0 7 (10C)

where g is uniform external pressure and ¢ is interactive pressure between the TSS and
surrounding medium and represented by Pasternak model as

95 = kiw — kAw, (11)

in which k; is Winkler foundation modulus, k; is stiffness of shear layer in Pasternak
model and A = 9?/dx* + 9 /dy? is Laplace operator.
From Egs. (6) and (9), equilibrium equation of a CNTRC TSS is rewritten in the
form as
A11W,xxxx T A21W,yyyy + A31W xxyy + ﬂ41f,xxyy - f,yyw,xx + Zf,xyw,xy

(12)
_ﬁxxw/yy - @ - & - q + klw - k2 (w,xx + w,yy) - 0/

where f(x,y) is a stress function making Eqs. (10a) and (10b) identically satisfied accord-
ing to the following definition

Ny = f,yy 7 Ny = f,xx 7 ny = _f,xy ’ (13)

and coefficients a11, 421,31, a41 are given in the works [16,17].
Next, strain compatibility equation of a TSS is defined as [31]

€x0,yy T €y0,xx — Vay0,xy = w?xy — W W,y — Wy /a8 — Wi/ R. (14)
By virtue of Egs. (6), (9) and (13), the strain compatibility equation of a geometrically
perfect CNTRC TSS has the form

alZf,xxxx + 1122f,xxyy + a32f,yyyy + AW xxxx + as2W xxyy + a62W yyyy
Wyy | Wxx _ (15)
+ R 0,
where coefficients a;; (i = 1 =+ 6) have been defined in the works [16,17].
The present study considers simply supported CNTRC TSS with freely movable
edges and the associated boundary conditions are [30,31,33]

w=0, My=0, Ny=0, Ny=Ny at x=0,L (16)

2
— Wiy + W, xxW,yy +
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where Ny is prebuckling axial fore resultant and zero-valued in the present study. The
following three-term solution of deflection and stress function are assumed to satisfy
approximately boundary conditions (16) [31]

w (x,y) = Wo + Wy sin B,x sin 8,y + Wy sin? B,x , (17)
2

f(x,y) = A1 cos2Bux~+ Az cos 26,y + Az sin B x sin 6,y + A4 sin 3B,,x sin (SHy—aoyh% ,

(18)

where B,, = mmn/L, §, = n/R with m,n are numbers of half wave and full wave in

the axial and circumferential directions, respectively, Wy, Wi and W, are unknown ampli-

tudes corresponding to prebuckling, linear buckling and nonlinear buckling states of the

deflection, respectively. In addition, in Eq. (18), 0y, is average stress in circumferential

direction and A; (i = 1 + 4) are coefficients to be determined. Next, introduction of solu-

tions (17) and (18) into the compatibility equation (15) gives the coefficients A; (i = 1+ 4)
as follows

1 4 ‘BZ W2
A = — (SZWZ 16 2 W _ *W , A — m 1 ,
1 3201262, ( 2Wi + 164428, Wa R\2 5 3207307
Az = Wi i+ﬁ—a42[84 _ﬂ52,32 52_“6254—/32(52W2 . (19)
a12B%, + anp?,02 + azdt \ R a m mOn n ~ 04
B2,62 W1 W,
Ay

- 81a12/3»‘},1 + 9&22,3,2”5% + ﬂ325% )

Subsequently, solutions (17) and (18) are placed into the equilibrium equation (12),
then applying Galerkin method on whole region of the TSS (0 < x < L,0 <y < 27R) to
the resulting equilibrium equation yields the following expressions

h W
Goy e = 4+ k1 (W0+22> =0, (20a)
a13 — apWh + Ll33W12 + LZ43W22 — O'Oy]’l(S% =0, (20b)
h
kiWo + a14Wp — {124W12 + a34W12W2 + ‘TOyE —q= 0, (ZOC)

Zlv'hege coefficients a3 (j = 1 +4) and ax4 (k = 1+ 3) are displayed in Eq. (A1) in Appen-
ix A.
For the TSS, the following circumferential closed condition must be satisfied [34]

2R L o

/ /—vdxdy = 0. (21)
9%

0 0

From Egs. (6), (9) and (13), v, is expressed in terms of partial derivatives of w and f.
Then substituting the solutions (17), (18) into the v, and putting the obtained result into
Eq. (21) yield the following relation
(52

1
ooyh = (1 —vizv21) ex [R (Wo + 2> — gwf] : (22)
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Introduction of 0y, from Eq. (22) into Egs. (20) gives the following system of equa-
tions

— -2
b11 (2W0 -+ WZ) — bzlwl —q= O, (23)
— — —2 —2
bip — bnnWo — bxoWo + bypW7 4 b5 W, = 0, (24)
b1sWo + bpsWo — bysWy + bisWiWo —q =0, (25)
where
S 1
(WO/ Wll WZ) = E (WOr W]/ WZ) ’ (26)

and the details of coefficients by (i = 1+2), b (j = 1+5) and bys (k = 1 +4) can be
found in Egs. (A2) and (A3) in Appendix A.

Solving Egs. (23) and (24) for Wy and W? yields

— — —
Wo = big + bogWo + b3y W5 — buaq, (27a)

— — —
W7 = bi5 + bosWy + bas W, — bysq (27b)

where coefficients bjy and b;5(i = 1 +4) are displayed in Eq. (B1) of Appendix B.
Now, putting Wy and W% from Egs. (27) into Eq. (25) gives the following nonlinear
relation
1

7= (b16 + basWo)

where coefficients bjs (i = 1+ 6) can be found in Eq. (B2) of Appendix B.
By setting W, = 0, buckling pressures of CNTRC TSSs are obtained as

(b% + bygWo + b56W§ + b66W§) , (28)

bse

_ D6 29
qp bre (29)

and critical buckling pressure g, is the smallest value among values of g, with respect to
numbers m, n.
It is obvious from Eq. (17) that maximum deflection of the CNTRC TSSs is

Winax = Wo + W1 + Wa. (30)

Combining Egs. (27) and Eq. (30) leads to the following expression of non-dimensional
maximum deflection

— — —2 — —2 1/2
Wiax = Wmax/h = bia+(bpa+1) Wo+b3s W, —basag+ (b15+b25W2+b35W2—b45q> . (31)

Egs. (28) and (31) are used for postbuckling analysis of CNTRC TSSs under uniform
external pressure.
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4. RESULTS AND DISCUSSION

This section presents numerical results for CNTRC TSSs made of Poly (methyl
methacrylate), referred to as PMMA, as matrix material and reinforced by (10,10) SWC-
NTs. The properties of the PMMA are E™ = 2.5 GPa, v = 0.34 and those of the
(10,10) SWCNTs are ESNT = 5.6466 TPa, ESNT = 7.0800 TPa, G5;¥! = 1.9445 TPa and
vENT = 0.175 at room temperature (300 K) [13,24,35]. The CNT efficiency parameters
11j (j = 1+ 3) are estimated by matching the Young moduli Ej1, Ez; and shear modu-
lus G1p of the CNTRC determined from the extended rule of mixture to those from the
molecular dynamics (MD) simulations and given in the works [13,24,26] as (11, 172, 173) =
(0.137,1.022,0.715) for case of Viyr = 0.12, (1, 12,113) = (0.142,1.626,1.138) for case of
Vint = 017 and (171, 112, 113) = (0.141,1.585,1.109) for case of Vi = 0.28.

As reviewed above, there is no investigation on buckling of CNTRC TSSs in the
literature. Therefore, the buckling behavior of pressure-loaded CNTRC cylindrical shell,
a special case of CNTRC TSS as meridian radius tends to infinity (@ — o0), is considered
to verify the present study. The critical buckling pressures of simply supported CNTRC
cylindrical shells with movable edges and without elastic foundation are shown in Tab. 1
in comparison with Shen’s results [25] using asymptotic solutions and a perturbation
technique. It is evident that a good agreement is achieved in this comparison.

Table 1. Comparison of critical buckling loads g, (in kPa) of CNTRC cylindrical shells under
uniform external pressure (R/h = 100, R/a = 0, K; = K, = 0)

Vint = 0.12 Vénr =017 Vénr = 0.28

L/R Source
UD FG-X UD FG-X UD FG-X
1 Shen [25] 42.68 49.48 70.06 82.76 84.34 109.42
Present 42.83 49.11 70.28 82.26 84.67 109.67
V3 Shen [25] 23.40 25.60 38.98 43.83 45.11 55.84
Present 23.45 25.53 39.06 43.76 45.22 56.35
V5 Shen [25] 18.48 19.91 30.81 34.15 35.56 43.24
Present 18.51 19.88 30.85 34.11 35.62 43.65

Buckling mode (1, 1) = (1,10) for L/R =1, (m,n) = (1,8) for L/R = v/3 and (m,n) = (1,7) for
L/R = /5.

The remainder of this section presents numerical results for buckling and postbuck-
ling analyses for CNTRC TSSs under external pressure. Tab. 2 shows the effects of CNT
volume fraction, distribution types and ratio of principal radii R/a on the critical buck-
ling pressures of CNTRC TSSs.

It is obvious that critical buckling loads are considerably increased as CNT volume
fraction VZyr and/or R/a ratio increase. For the most part, FG-X and FG-O types of
CNT distribution give the highest and lowest critical buckling pressures, respectively,
and UD type gives average value of critical buckling pressure. Particularly, for small
values of V& and R/a (for example Viyr = 0.12 and R/a = 0.1), buckling pressure of
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Table 2. Effects of CNT volume fraction, distribution types and R/a ratio on critical buckling
pressures q¢, (kPa) of CNTRC TSSs (L/R =2,R/h = 100,K; = K, = 0)

Viyr R/a UD FG-X FG-O FG-V FG-A
012 01 61.82(1,10) 6423(1,10) 57.16(2,11) 64.33(2,11) 57.07 (2,11)
02 9341(2,12) 99.60 (2,12) 8836 (2,12) 97.45(2,12) 86.72(2,12)
05 192.19 (3,15) 206.65 (3,16) 173.03 (4,16) 199.38 (3,15) 174.46 (4,16)
017 0.1 101.92(1,10) 10821 (1,10) 9391 (2,11) 106.44 (1,10) 95.69 (2,11)
02 155.00 (2,12) 168.37(2,12) 14592 (2,12) 16245 (2,12) 145.68 (2,12)
0.5 318.02(3,15) 347.07 (3,15) 282.43 (4,16) 328.85 (4,16) 288.34 (4,16)
028 0.1 12069 (1,10) 137.60 (1,9) 10696 (2,11) 126.66 (2,11) 116.61 (2,11)
02 181.08(2,12) 213.12(2,12) 168.32(2,12) 192.03 (2,12) 177.19 (2,12)
0.5 374.33(3,16) 44043 (3,15) 331.82(4,17) 393.32(3,15) 360.21 (3,15)

Numbers in parentheses indicate buckling mode (m, n).

FG-V TSS approximately equals to that of FG-X TSS. Furthermore, numbers of waves in
the buckling mode (m, n) are increased when R/a ratio becomes larger. Next, effects of
geometrical ratios L/ R, R/h and surrounding elastic media on critical buckling pressures
of FG-CNTRC TSSs are given in Tab. 3.

Table 3. Effects of geometrical ratios and elastic foundations on critical buckling pressures
ger (kPa) of CNTRC TSSs (FG-X, Vi = 0.17, R/a = 0.2)

L/R (K K R/n
/ (K, K2) 60 80 100 120

1 (0,0) 50298 (1,10) 26663 (1,11) 16837 (1,12) 117.86 (1,13)
(300,0)  560.26 (1,10) 28531 (1,11) 17620 (1,12)  121.68 (1,13)

(300,3)  600.01 (1,10) 301.52 (1,11) 184.34 (1,12)  126.33 (1,13)

15 (0,0) 47732 (1,9) 28351 (1,10) 18474 (2,13)  122.08 (2,14)
(300,0)  541.56 (1,10)  303.50 (1,11)  192.04 (2,13)  125.59 (2,14)

(300,3)  579.32(1,10)  319.04 (1,11)  200.44 (2,13)  130.37 (2,14)

2 (0,0) 50298 (2,10) 26663 (2,11) 16837 (2,12) 117.86 (2,13)
(300,0)  560.26 (2,10) 28531 (2,11) 17620 (2,12)  121.38 (2,13)

(300,3)  600.01(2,10) 301.52(2,11) 184.34 (2,12)  126.33 (2,13)

Numbers in parentheses indicate buckling mode (m, n).

As can be seen, critical buckling pressures are significantly enhanced as CNTRC TSSs
are surrounded by elastic foundations, especially Pasternak type foundations. It is noted
that buckling pressure is decreased when L/R increases from 1 to 1.5 for thicker TSSs
(i.e. R/h = 60) and buckling pressure is increased when L/R increases from 1 to 1.5 for
thinner TSSs (i.e. R/h > 80).
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In what follows, postbuckling behavior of CNTRC TSSs will be analyzed graphically.
Fig. 2 considers the effects of CNT distribution types on the postbuckling behavior of CN-
TRC TSSs under external pressure. It is clear that FG-X and FG-O TSSs have the strongest
and weakest postbuckling strengths, respectively. In addition, FG-V type of CNT distri-
bution gives relatively high equilibrium path in small region of postbuckling response.
In general, CNTRC TSS with UD type has only average level of postbuckling load carry-
ing capacity. Subsequently, the effects of volume fraction V¢ y of carbon nanotubes on
the postbuckling behavior of CNTRC TSSs are analyzed in Fig. 3. As can be observed,
buckling load and postbuckling curve are rapidly enhanced as V¢ increases from 0.12
to 0.17, then, these are slowly increased when V¢ yr varies from 0.17 to 0.28. Furthermore,
it is noted from Fig. 3 that intensity of snap-through response (i.e. difference between bi-
furcation value and the lowest value on pressure-deflection curve) becomes more severe
with higher values of CNT volume percentage.

10 |

R Venr =017, R =2, Ria= 0.1, Rl = 100 -V, ;=0.12 (mn)=(1,10)

(K, K,) = (0,0), (mn) = (1,10) [

100

90+
100 - 1
5 80" T
o £ 80 N
=3 = N .
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Fig. 2. Effects of CNT distribution types on Fig. 3. Effects of CNT volume fractions on post-
postbuckling behavior of CNTRC toroidal shell =~ buckling behavior of CNTRC toroidal shell seg-
segments under uniform external pressure ments under uniform external pressure

The effects of R/a ratio and foundation stiffness on the postbuckling behavior of
CNTRC TSSs under external pressure are considered in Figs. 4 and 5, respectively. Fig. 4
indicates that buckling pressure is smaller and postbuckling pressure-deflection response
is more stable (i.e. more benign snap-through phenomenon) when CNTRC TSS is more
shallow (i.e. smaller value of R/a ratio). In contrast, buckling pressure is remarkably
higher and snap-through instability is more severe as R/a ratio become larger. It is in-
teresting that, although CNTRC cylindrical shell (R/a = 0) is buckled sooner, its load
carrying capacity in the deep region of postbuckling response is better.

Finally, it is recognized from Fig. 5 that buckling pressure and pressure-deflection
curves of CNTRC TSSs are pronouncedly enhanced due to surrounding elastic media.
Specifically, load carrying capacity of CNTRC TSSs are considerably improved as non-
dimensional stiffness parameters K; and K, are increased, although intensity of snap-
through response is almost not reduced.



296 Hoang Van Tung, Pham Thanh Hieu

500 160

-=R/a=0,(mn)=(1,10) | FG-X, V’CNT =017 F -=-(K K))=(0,0) |FG-X, V;)NT =0.17
—“=R/a=0.1, (mn)=(1,11) N - (K K,) = (300,0)

400 F|-~R/a=0.2, (m,n) = (1,12) » 1 140 2 (K,.K,) = (200,1)
—+-R/a=0.3, (mn)=(1,13) 2 (K K,) = (3003)

300" _.120
e &
¢ £
© 200 - <

100

L/R = 1.5, R/a = 0.1, R/h = 100, (m,n) = (1,10)

. 60
0 2 4 6 8 10 0 2 4 6 8

W__/h W__/h

max max
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5. CONCLUDING REMARKS

Buckling and postbuckling behaviors of CNTRC toroidal shell segments surrounded
by elastic media and subjected to uniform external pressure have been presented in
this paper. An analytical approach with three-term solution of deflection and Galerkin
method are used for formulation. From above analysis, the following remarks are reached:

1. CNT distribution has significant influence on buckling and postbuckling behav-
iors of CNTRC TSSs. In general, FG-X type of CNT distribution gives the highest buck-
ling pressure and the strongest postbuckling strength of CNTRC TSSs. In particular, for
shallow and CNT-poor TSS (i.e. smaller values of R/a and V¢ yr), FG-V type of CNT
distribution gives relatively high buckling load and load-deflection curve.

2. Buckling load and load-deflection curve are rapidly enhanced when CNT volume
fraction increases from 0.12 to 0.17 and then these are slowly increased as CNT volume
fraction varies from 0.17 to 0.28. However, increase in CNT volume percentage results in
more intense snap-through response.

3. Critical buckling pressure of CNTRC TSSs is considerably enhanced as R/a ratio
is increased. However, this increase in buckling pressure is accompanied by a relatively
severe snap-through instability in the postbuckling region.

4. Buckling load and postbuckling load carrying capability of pressure-loaded CN-
TRC TSSs are pronouncedly improved due to surrounding elastic foundations, although
intensity of snap-through response is almost unchanged.
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APPENDIX A
The coefficients a;3 (j = 1+ 4) and ax4 (k = 1+ 3) in the Egs. (20b) and (20c) are

a3 = a11,831 + ﬂzl(Sﬁ + a31,8%1(5,% + ki + ko (,3%1 + 55)

+ ! (,3%1_'_5%_”42’34 —{152ﬁ2 52—1162(54)(1141,32 (524—'812"4—5%)
a12ﬁ;;n+a22’3%15%+a325% R a m m%n n mon TR P
a3 = Pt {2%" + Zﬁ + (aq1 — as2) Bd5 — A4z — %254}
a12ﬁ%1 + 022‘3%15% + a32(5,% R a men " "

52 (4 2
2
* T6a1, (R 6a12Bin |/

o B G
3= T6az, | 16ay (A1)
Bindn B

A4z = + ,
® a1fh, + anP2,02 4+ ady - 8laph + 9axnp2,02 + azdy

3 1 1
a1y = 4&111;3%,1 + Ekl + ,B,anz — m (4&142‘3%” — R) ,

B3.0% Ba 6 4 2 2 4 5
— m-n =m n o _ 5 _ 5 n
2473 (a12B%, + axp%,02 4 azdy) ( R 2 A42Pm — A5zl ~ 62 n) N 16a12R
B B

= —+ .
2 (a12By, + a2 f3,0% 4+ axdy)  2(8laypfl, + 9a2p3,0% + azndy)


https://doi.org/10.1016/j.tws.2017.11.027
https://doi.org/10.1061/(asce)em.1943-7889.0000964
https://doi.org/10.1016/j.compstruct.2015.11.044
https://doi.org/10.1016/j.paerosci.2014.05.002
https://doi.org/10.15625/0866-7136/34/3/2356
https://doi.org/10.15625/0866-7136/34/3/2356

300 Hoang Van Tung, Pham Thanh Hieu

The details of coefficients bj; (i = 1+2), b (j = 1+5) and by (k = 1+ 4) in the
Egs. (23)—(25) are defined as follows
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APPENDIX B

The details of the coefficients bj; and b;5 (i = 1+-4) in Egs. (27a) and (27b) are defined
as follows

1
(D14, boa, b3a, bag) = — (b12ba1, b11bay — ba1b3p, ba1bsy, bao) ,

bsy
1 (B1)
(b5, bas, bss, bys) = bes (2011012, b11b2n — 2b11b32, 2b11bsp, b)),
bsy = bss = by1by — 2b11byo.
The coefficients bjs (i = 1 + 6) in Eq. (28) are determined as follows
big = 1+ b13bag — b3zbss ,  bog = byzbss,  bze = bizbig — bzsbys, (B2)

bye = b13bpg + boz — bzzbos + bisbyz , bse = bizbag + bosbas — basbss , bee = b3sbys.
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