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Abstract. The paper presents a performance analysis of global-local mean square error
criterion of stochastic linearization for some nonlinear oscillators. This criterion of sto-
chastic linearization for nonlinear oscillators bases on dual conception to the local mean
square error criterion (LOMSEC). The algorithm is generally built to multi-degree of free-
dom (MDOF) nonlinear oscillators. Then, the performance analysis is carried out for two
applications which comprise a rolling ship oscillation and two-degree of freedom one. The
improvement on accuracy of the proposed criterion has been shown in comparison with
the conventional Gaussian equivalent linearization (GEL).
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1. INTRODUCTION

One popular class of methods for approximate solutions of nonlinear systems under
random excitations is GEL techniques, which are most used in structural dynamics and in
the engineering mechanics applications. This is partially due to its simplicity and appli-
cability to systems with MDOF, and ones under various types of random excitations. The
key idea of GEL is to replace the nonlinear system by a linear one such that the behav-
ior of the equivalent linear system approximates that of the original nonlinear oscillator.
The standard way is that the coefficients of linearization are to be found by the classical
mean square error criterion [1,2]. Although the method is very efficient, but its accuracy
decreases as the nonlinearity increases and in many cases it gives very larger errors due
to the non-Gaussian property of the response. That is reason why many researches have
been done in recent decades on improving GEL, for example [3-11]. One among them
is LOMSEC that was first proposed by N. D. Anh and Di Paola [10], and then further
developed by N. D. Anh and L. X. Hung [11]. The basic difference of LOMSEC from the
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classical GEL is that the integration domain for mean square of response taken over finite
one (local one) instead of (—oo, o0) in the classical GEL. As LOMSEC can give a good im-
provement on accuracy, however, the local integration domain in question was unknown
and it has resulted in the main disadvantage of LOMSEC. Recently a dual conception was
proposed in the study of responses to nonlinear systems [12,13]. One remarkable advan-
tage of the dual conception is its consideration of two different aspects of a problem in
question allows the investigation to be more appropriate. Applying the dual approach
to LOMSEC, a new criterion namely global-local mean square error criterion (GLOM-
SEC) has been recently proposed L. X. Hung et al. [14, 15]for nonlinear systems under
white noise excitation, in which new values of linearization coefficients are obtained as
global averaged values of all local linearization coefficients. This paper is an additional
research to aim at evaluating the improved performance of the proposed criterion; herein
we analyse two more applications, which are a rolling ship oscillation and two-degree-
of-freedom one. The results show a significant improvement on accuracy of solutions by
the new criterion compared to the ones by the classical GEL.

2. FORMULATION

Consider a MDOF nonlinear stochastic oscillator described by the following equa-
tion

Mg+ Cq + Kq + ®(q,9) = Q(t), (1)

where M = [m;;] C = [c],.,» K= [kij] ., are n x n constant matrices, defined as

the inertia, damping and stiffness matrices, respectively. ® (g,4) = [®1, Do, ..., d>n]T isa
]T

nxn’
nonlinear n-vector function of the generalized coordinate vector g = [q1,42,...,4x) and
its derivative § = [41,d2, . ..,ds] . The symbol (T) denotes the transpose of a matrix. The
excitation Q(t) is a zero mean stationary Gaussian random vector process with the spec-
tral density matrix Sg(w) = [Sj (w)]  where S;j (w) is the spectral density function of
elements Q; and Q;.

An equivalent linear system to the original nonlinear system (1) can be defined as

Mj+ (C+C) g+ (K+K)q=Q(t), )

nxn

where C* = [ij] K= [kfj} are deterministic matrices. They are to be determined
nxn nxn

so that the n-vector difference ¢ = [e1, €, .. .,sn]T between the original and the equiva-
lent system is minimum. In the classical GEL shown in [16] by Roberts and Spanos, the
matrices C¢, K¢ are determined by the following criterion

E {sTe} Sming g (i=12,...,n), 3)

where E{.} denotes the mathematical expectation operation and cj;, kj; are the (7, j) ele-
ments of the matrices C¢, K® and

e = (q,4) — Cof — Kef. 4)
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Using the linearity property of the expectation operator E{.}, criterion (3) can be
written as

E{e} »mingp (x=12...,n). 5)
The necessary conditions for the criterion (5) to be true are
9 0
E{el =0, E{Zl =0, (i,j=12,...,n). 6
ot {ea) 7 {ei} (i, ] n) ©)

Combine (4) and (6), after some algebraic procedures, one gets the equivalent lin-
earization coefficients as follows

e 0d; e od;
cij—E{aqj}, kij—E{aqj}, %

where ®; is the (i) element of ®(g, §). The spectral density matrix of the response process
q(t) is of the form

Sq(w) = [Sqiq;(w)], (L,j=12,...,n), (8)
where Sg,q.(w) is the (i, j) element of Sy (w).
Using the matrix spectral input-output relationship to linear system (2), one gets

$4(w) = a(w)Sq(w)a’ (w), )
where a(w) is the matrix of frequency response functions. It is known as
w(w) = [~ M+ iw(C+C%) + (K+K°)] . (10)
The mean values of the response can be calculated by the following equations
E{qiq;} = / Sqgj(w)dw, E {qu} = / a(—w)Sg(w)a’ (w)dw,

o (11)
E{qu} = /wzzx(—w)SQ(aJ)th(w)dw

A set of nonlinear algebraic equations (2), (7), (9)—(11) allows to find the mean values
of response. Denote p(q) the stationary joint probability density function (PDF) of the

vector q = (41,92, -, qn) T The criterion (5) can be written in the following form

—+00 —+00
E {si} = / / e2p(q)dq1dgy ... dg, — mincfjlk;»], (a,i,j=1,2,...,n). (12)

As the above-mentioned that the basic difference of LOMSEC from the classical GEL
is that the integration domain for mean squares of response are taken over finite one
(local one). Thus, LOMSEC requires

+qo1 +qon
E [si} = / / e2p(q)dq1dgs ... dg, — mincz_,k;;]_ (a,i,j=1,2,...,n), (13)

—4qo1 —fqon
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where 401, 902, - - -, qon are given positive values. The expected integrations in (13) can be
transformed to non-dimensional variables by qo1 = 1051, qo2 = 1042, - . ., on = 104, With 7
a given positive value; 01,0, . . ., 04, are the normal deviations of random variables of
q1,92, - - -, qn, respectively. Thus, criterion (13) become

+qu1 -‘rl’O’qn

E [eﬂ = / / e2p(q)dg1dgs .. .dg, —>mincfjlk§j (a,i,j=1,2,...,n), (14)

—1041 —10gn

where E[.] denotes the local mean values by LOMSEC. These values of random variables
are taken as follows

+rog +rogn +rog 4rogn

E[]= /.../(.)p(q)dqldqz...dqn Fore:mpleE [9i9j] = /.../qiqu(q)dqldqz...dqn.
—1051 —T0gn —1051 —T0gn
(15)

For zero-mean stationary Gaussian random variables, The classical GEL indecates
that all odd-order means are null, all higher even-order means can be expressed in terms
of second-order mean of the respective variable. These characteristics are also kept in
LOMSEC and presented in the appendix.

In GEL, the values Oq1,0q2, - - -, Ogn aTe considered to be independent from clj, kf] in
the process of minimizing (14). Crlterlon (14) results in conditions for determining CZ], kf]
as follows

ﬁE[eﬂ:Q akeE[] 0, (ai,j=1,2,...,n). (16)

It is seen from (14) to (16) that the elements of cz], kf] are functions dependmg on the

local mean values of random variables and also depending on r (i.e. ¢j; = cj;(r), ki =

kS, ( )), which is not explicitly expressed here. Egs. (2), (15) and (16) allow to determme

the unknowns cj;(r), kj;(r) and the vector q(f) when r is given. However, is that the
local domain of 1ntegrat1on namely in our case the value of r, is unknown and the open
question is how to find it. Using the dual approach to LOMSEC, it is suggested that
instead of finding a special value of r one may consider its variation in the entire global
domain of integration. Thus, the linearization coefficients cj;(r), kj;(r) can be suggested
as global mean values of all local linearization coefficients as follows

¢ = <cfj(r)> = lim1 cij(r)dr,  ki; = <kfj(r)> = lim — ! ki (r)dr (17)

5—00 § S—0o0 §
0 0

where (.) denotes conventionally the average of operators of deterministic functions. Ob-
viously, Egs. (2), (15), (16), (17) allow to determine the unknowns without specifying any
value of r and the new criterion may be called global-local mean square error criterion
(GLOMSEC).



Performance analysis of global-local mean square error criterion of stochastic linearization for nonlinear oscillators 5

3. APPLICATIONS
3.1. Rolling ship oscillation

The rolling motion of a ship in random waves has been considered by Roberts [17],
Roberts and Dacunha [18], David et al. [19]. The governing equation of motion, for ex-
ample in [19], is

¢+ B +ag|¢|+w’p+ 59> = V2Duw(t), (18)

where ¢ < 35° is the roll angle from the vertical, w is the undamped natural frequency
of roll. The parameters B, «, § are constant. The random waves is described as zero mean
Gaussian white noise excitation, which is denoted by w(t), and v/2D is the intensity of
the white noise excitation. Note that equation (18) is only valid for ¢ < 35°. This, in turn,
requires that 6 and D are small such that the probability for the response trajectories to
depart from the region of stability in the phase plane is extremely small. Under such con-
ditions, for practical purpose, then it is reasonable to assume the existence of stationary
random rolling motion.

In order to obtain some simple analytical results, consider case with § = § = 0 so
that the rolling ship oscillator reduces to a quadratically damped linear stiffness oscillator
as follows

¢ +ag|g| +w’p = V2Dw(t). (19)
The exact solution of the system (19) does not exist; however, an approximate prob-

ability density function obtained by equivalent non-linearization (ENL) method follow-
ing [19] or [20].

2 3
P(g, ) = 3 ( Bu ) P oo (WP e?)? (20)
2\ \9nD
2nl ()
where I (.) is the Gamma function.

Generally, ENL gives solutions with rather high accuracy and in many cases it agrees
with Monte Carlo simulation (MCS) [20]. Thus, the solutions given by ENL can be used
for evaluation of accuracy of ones obtained by other approximate methods, for example
GEL.

Consider the system (19) with w = 1. Denote E {¢*}, , E {¢”}; the square mean
responses of displacement and velocity determined from the probability density function
(20), respectively. Additionally, when w = 1, we have E {9}, = E{¢*},,. Thus, the
results are

2
2 2 D\3
E{¢* by = E{¢"}y, = 0765 (a) - (21)
For GEL, the nonlinear system (19) is replaced by a linear one as follows

é+ ¢+ ¢ = V2Dw(t), (22)



6 Luu Xuan Hung, Nguyen Cao Thang

where ¢ is the linearization coefficient, for LOMSEC ¢¢ = ¢°(r) as known by (16) as

follows 3 5
2 _ . S e 2 _
E[&] = =E |(ag 9| - ¢)*| = 0. (23)

Expand (23) and utilize (A.8)—(A.9), one gets

E(r) = m/E{gi)Z}?f’:, (Ttsm - / By(t)dt, Ty, = / tzn(t)dt> . (24)

0 0
For the linear system (22), the mean square responses by LOMSEC are

(vip)"  p D

E{o’} L =E{¢"}, = == = : (25)
2c¢(r ce(r - Tp,
RGN
With r — oo, (25) gives the solutions by the classical GEL as follows
2
E{¢*}.=E{¢*}.=0732 Dys, (26)
C c P

Apply (17) for (24), one gets the linearization coefficient by GLOMSEC as follows

S S
T
¢ = (c(r)) = lim (1/c€(r)dr) = aE{¢2}1/23Lr£10 (1/ Yff’:dr) ~ 1.49705aE{¢*}1/2.
0 0 ’

(27)
The limitation element in (27) can be approximately computed to be 1.49705. The solu-
tions obtained by GLOMSEC are

2 .2 D D "
E{o* o, =E{9" )= = = 1497054 E{¢2}172 076415 (06) ' )

Denote Err(c), Err(gr) the relative errors of (26) and (28) to (21) respectively, one gets

E{¢*}.—E{¢? 732 — 0.
Errio = {9} i * 100% = 0.732 — 0.765 * 100% = 4.314%
© E {2} 0.765
P°rNL . 29)
E{¢*};; —E{¢*} 0.764 — 0.765
Errigr) = GL NL| 4 100% = |~ =221 4 100% = 0.130%
E{¢*}n; 0.765

2/3
Note that since (21), (26) and (28) all contain the same factor (a) , so this factor

is reduced in the expression (29).

The result in (29) shows that the solution by GLOMSEC agree with the one by ENL
because of negligible differences between these solutions. In addition, these solutions
contain the similar factor in their formulas. This means that GLOMSEC gives a significant
improvement on accuracy of solution in comparison with the classical GEL.
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3.2. Two-degree-of-freedom nonlinear oscillator

Consider a two-degree- of-freedom nonlinear oscillator governed by the equation [20]

X1 — ()Ll — oqx%) X1+ w%xl +ax>+b (x1 — XZ)3 = wl(t), (30)
Xy — ()Ll — Ay — 0625{%) Xy + W%XQ +ax;+b (Xz — X1)3 = wz(t),

where a;,a,b, A, w;i(i = 1,2) are constant. w1 (t), wy(t) are zero mean Gaussian white
noise and E {w;(t)w;(t + 7)} = 27S;6(7) (i = 1,2) where (1) is Delta Dirac function,
S1, S, are constant values of the spectral density of wy(t), wy(t), respectively. The equa-
tion (30) can be rewritten as follows

£ — Ak 4 wixy 4 axa + % + b (1) — x2)° = wy(t),
X — ()\1 — )\2) Xo +axq + w%JQ + 0&25(% +b (x2 — x1)3 = wz(t).

Eq. (31) can be expressed in matrix form as follows
1 0 X1 —/\1 0 X1 C(J% a X1
b [l Lot ] B[ &l B+
Following Eq. (1), denote
_ |10l ~_ "M 0 N [ B
M=o = [0 = [3 B
The linear equation to (32) is taken in the form of (2) as follows
1 0| [% + —M + ¢y o X1 n Wik, a+k, ] v _ w1 (t)
0 1] |%2 51 =AM+ Ay 45 %2 a+ky Wikl |x wa(t) |’
where cf]-, k’f]-(i, j =1,2) are the linearization coefficients.
According to (4), the difference between (32) and (34) is
g =®(x, %) — C°X — KX (35)
R D R N PO ) U
aX3 +b (xg —x1)° | 1 C)’ X2’ 21 kx|’

- et
X2 i)
Use (16) for determining cj;(r), ki;(r)(i,j = 1,2)

O[] _ e proay o) @E 3] +b(E [¥] +3E [xixdin] - 3E [xhxptr] | _
Y = 2c},E []] -2 3] P , ; . : =0,
11 —E [x3%1]) — ¢, [¥1%2] — k§4 E [x11] — k§o E [x04]

(31)

06156% +b (x1 — XZ>3 _ [wl(t)}
Dézfcg + b (Xz — x1)3 ’

0% +b (v — x)° o [xl}
0% +b (v —x1)° '

-3 3 e . e . e e
a1x] + b (x) — xz)3 — X1 — X2 — k§x1 — kSpx2
a%3 + b (xg — x1)° — ¢4y — oo — kx1 — Kspx2

oF [
dci,

a1 E [2332] + b(E [x712] + 3E [x123%2] — 3E [xix2%y) } —0

__n.e 221
o 2C12E [xﬂ 2 { —E [x%xz]) — CilE [5(1562] — kilE [xle] — kiZE [XZX2]
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OE [€3

| 2] _2{ woE [1331] + b(E [x311] + 3E [x3x2%1] — 3E [x733%1] } 0
acgl 21 1 —E [x%xl]) — CEZE [J'C1X2] — kglE [xlfcl] — kEZE [Xzi‘l] !
OE[] _ 2 g (1] -2 ©E €8] + b(E [x3%2] +3E [xa2] - BE [x1232] } 0
aCEZ —E [X%XZ]) —cE [561352] — k5 E [X1X2] — k5, E [JCzJ'Cz]
E[E] _ e 2o [ wE [nif] +b(E [xt] +3E [:3] - 3E [xix2] } 0
akil —E [ 2]) — CnE [xlxl] — ClZE [leCQ] — kle [X1x2]
OF 2] 2 E [3] 2 a1 E [#3x2] + b(E [x]x2] + 3E [xlxz} — 3E [x3x3] 0
oki, 2 —E|x3|) = ¢s E [t1x2] — ¢{pE [x22] — ki, E [x122] '
OE [£3] — 2k, E [x] 2 wE [x133] + b(E [x321] +3E [xjx2] — 3E [x7x3] —0
oy AT —E [x]) = i ntr] — chF [at] — Ky [ax] [~

oE [es%] _ ok, 3] - 2{ aoE [x2%3] + b(E [ ] +3E [x}x3] — 3E [x1x3] } _o.
oK —E [X?XZ]) — ¢ E [¥122] — ¢ E [x222] — ki E [x107)]

(36)

In order to simplify the calculation, assume that x;, xo are independent from each

other. As known that if is a stationary Gaussian random process with zero mean, so

is %(t). Besides, a stationary random process is orthogonal to its derivative, so x1, x>

are independent from X1, X,, respectively. Use (A.3), (A.6) and (A.8) in the appendix to

determine the local means in (36) and note that E [xz”ﬂx]zm“} =0 (i # j). Thus, (36)

gives the following result

-] ) T
cia(r) = ¢ (r) =0,

o) =oa o] = maF (33} 72,

() = b +§?x[§ﬂ Ela _ (E{ ) = s 2+ 3E {13} T“> -
e (1) = p EL] —SE[M] B[] _ ( E{ Z}Tzr 3E | 2}T1r>

k31(7>:b_E [x%] —3E xﬂE[x%} ( E{ 2} Iz, 3E{ 2} Tlr>
e = pE 2l +3E [ E[x3] _ LY.
22(7’)—b E[ 2] - (E{ X2 } )

X3




Performance analysis of global-local mean square error criterion of stochastic linearization for nonlinear oscillators 9

In (37), let r — oo, it gives the linearization coefficients by the classical GEL as follows

¢§; = 3a1E {x%} , =05 =0, ¢ =3aE {x%} ,

(38)
Ky =k =3b(E{xi} + E{x3}), ki, =k = —3b(E{x7}+3bE{x3}).
The following factors are defined and replaced in (38)
ty(t)dt 2y (t)dt
e 0 Tio 0 L ep
% — — 3’ 4 — = 1, t = —€ .
e % To,e0 T 1) V2
/t2;7(t)dt /n(t)dt
0 0
Apply (17) to (37), one obtains the linearization coefficients by GLOMSEC as follows
S
27 1. 1 [Ty
o ) e i i (! o).
0L
1T
. . 2,
¢ = (cp(r)) = ;E {x%}slggo (s/ ledr) /0l =31 =0,
5
0
1T 17T
. 2, . 1,
Ky = (K (r)) =b (E{x%}slggo (S/ Tl,:dr) +3E{x§}515§o (S/To;dr) ,
0 0 (39)

y S
. 1 T2, . 1 TL
12 = (Kia(r)) = = (E{x%}}g’é‘o (s Tlidr) +3E {x{} lim (S dr ) :
1T 15T
. 2, ) ,
2=k (r)) = —b (E {xf} lim (S/ Tl’dr) +3E {13} lim (S/T(l):dr ) ,
s ,
0 0

S S
1 1T 1 [T
e _ /1 _ 21 1; - 2r 21 1 L) i
Ky = (Kop(r)) = b (E{xz}slglgo (S / Tlrdr) +3E {}} lim (S/Tordr) ,
(U 0o
where the limitation factors can be approximately computed to be
1 [T 1T
lim | - / 2 dr | ~2.41189, lim | - / Ydr | A 0.83706.
s—o0 | S T, s—oo | § J Tor
0

Consider the white noise spectral densities of w1 (t), w»(t) respectively are S; = S, =
So, the spectral density matrix S, (w) of w(t) is defined by

Sul(w) = [ v } - (40)
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The frequency response function to linear system (34) is

w(w) = [~ M+ iw(C+C%) + (K+K°)] . (41)
The matrices in (41) ware defined in (33) and (35) to be

10 —-M 0 w? a c§; f K5, kS
M = C= K= |“ ce= |11 12| ke — Y11 Y|
b le=lot b= =4 -l
After some matrix operations, the frequency response function (41) is defined as follows

[ P iw(—A ) + w? K iweSy +a+ K, -
“(w) - - e e 2 s e 2 e :
1(1.)C21+ﬂ+k21 w +ICU( )\1+)\2+C22)+W2 +k22
(42)
In order to have a close equation system determining the unknowns, all the E {x7},
E {xlz} ,(i = 1,2) must be defined. Use (11), (40) and after some matrix operations
one gets

+00
_ w11 (W) (—w)+ap(w)ap(—w)  an(—w)a (w)+ap(—w)an(w)
Tt o it o B Bt W o s o o) 2

,roo -
E{x}} :SO/<M11(¢0)|2 + ]alz(w)|2) dw, E{x3} =Sp / (]oc21(w)|2 + |oc22(cu)|2)dw,

+oo
T\ a1 (w)ay (—w) +ap(w)ap(—w) a1 (—w)ag (w)+a12(—w)axn(w)
E {xxT}_SO wz{aﬂ(w)oci(—w)jtag(w)ocg(—w) txi(w)omfl—w)+tx;§(w)«xzziz—w)]dw’

+o0 +oo
E {x%} =S [w? <|a11(w)|2+|a12(w)|2>dw, E {x%} = So/wz <|zx21(w)\2+|azz(w)\2>dw,

(43)
where the elements «;; are defined from (42). Eq. (43) is solved either together with (38) or
(39) to define the unknowns by the classical GEL or by GLOMSEC, respectively. In order
to solve the above equations, it is needed to utilize computationally approximate meth-
ods, for example, an iteration method is applied as follows: (i) Assign an initial value
to the mean square responses of (43); (ii) Use (38) or (39) to determine the instantaneous
linearization coefficients by the classical GEL or GLOMSEC, respectively; (iii) Use (42)
and (43) to determine new instantaneous value of the responses; (iv) Repeat steps (ii) and
(iii) until results from cycle to cycle have a difference to be less than 10~%.

For purpose of evaluating the accuracy of solutions while the original nonlinear sys-
tem (30) does not have the exact solution, one can use an approximate probability density
function given by ENL method that was reported in [20] as follows.

. . 2 . .
P(xL %1, %2, 552) — Ce_(%‘si) {3%(0614-062)(%3(%—!—%3(%—!—11) +(%A2—A1)(%x%+%x%+u)}/ (44)
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where U (x1, x2) is the potential energy of the system.

1 1 b
2w1x1 + 2w2x2 +axixn+ 7 (x1 —x2)*, (45)

and C is the normalization constant defined by

U(xl,xz)

-1
o [/ / NESIEY zx1+a2)(%x§+%x§+U)2+(%ArA1)(%x%+%x§+u)]ﬁdxidxi | 48)

i=1

The mean square responses E {xzz} v Obtained by ENL are

E{x}y = C/ / 2o~ G [t () (Ma-a) (b +u)] [T dxids.

i=1
(47)
Consider two cases of the given parameters. Tabs. 1 and 2 show the mean square
responses of x1, x> as well as their relative errors to solutions by ENL method (see also
Figs. 1 and 2).

Table 1. The mean squares of x1, xp versus & (7 = ap = «) while A} = Ay =
w1:w2:a:b:80:1

5 5 Errc ) Errgr 5 Errc 5 Errgr

lxl’lsz{xl}NLE{xl}C % E{xl}cL | %] E{ }NLE{XZ}C | %] E{xz}cL %]
0.1 1.57273 1.21597 22.684 1.40692 10.543 1.57273 1.15079 26.829 1.32675 15.640
1 0.49622 0.42145 15.068 0.48835 1.586 0.49622 0.36966 25.505 0.41930 15.501

5 0.25327 0.21986 13.191 0.25395 0.268 0.25327 0.20466 19.193 0.23409 7.573
10 0.19437 0.17091 12.070 0.19735 1.533 0.19437 0.16233 16.484 0.18625 4.178

Table 2. The mean squares of x1,xp versus b while A} = Ay = w) = wy =
a=wn1=0ap=5y=1

2 2 ET’T’C 2 ET’I’GL 2 2 ET’FC 2 EVI”GL
b E{xl}NL E{xl}c |%] E{xl}GL | %] E{xz}NL E{xz}c %] E{xZ}GL | %]
1 049622 0.42145 15.068 0.48835 1.586 0.49622 0.36966 25.505 0.41928 15.505
10 0.36492 0.29566 18.980 0.33460 8.309  0.36492 0.29040 20.421 0.32769 10.202

50 0.33076 0.28086 15.086 0.31644 4.329 0.33076 0.28048 15.201 0.31597 4.472
100 0.32340 0.27930 13.636 0.31453 2.743 0.32340 0.27920 13.667 0.31440 2.783

From the relative errors of the approximate solutions with respect to the ones by
ENL, it can be seen that GLOMSEC gives a significant improvement on accuracy of solu-
tion in comparison with the classical GEL, especially when the nonlinearity is strong.
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4. CONCLUSION

This paper presents the proposed criterion with its algorithm built to MDOF nonlin-
ear oscillators under Gaussian white noise excitation. The mode of formulating algorithm
is also mainly based on the classical GEL. However, a key problem is to determine the
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matrix of equivalent linearization coefficients in which the constant linearization coeffi-
cients are defined as global mean values of all local linearization coefficients. The paper
is an additional research to our previous ones [14,15] to aim at evaluating the improved
performance of the proposed criterion; herein we analyse two applications, which are a
rolling ship oscillation and two-degree-of-freedom one. The results show a significant
improvement on accuracy of solutions by GLOMSEC in comparison with the ones by the
classical GEL.
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APPENDIX

Suppose that the components of the vector x = (x1,xp,..., xn)T are zero-mean sta-
tionary Gaussian random variables. Denote E{.} global mean values of random variables
taken as follows

(e —+o0
E{)= / / () p (x)dxidxa . ... dxw, (A1)

where p(x) is the stationary joint probability density function. For the Gaussian random
processes with zero mean, one has the following general expressions for expectations [2]

E{xixa... %0511} =0, E{x1x2...x0,} = ) (HE {xixj}>, (A.2)

all dependent pairs \ i#]
where the number of independent pair is equal to (2n)!/(2"n!) For example,
E{x1x2x3} =0,
E{x1xpx3x4} = E{x1x2} E{x3x4} + E {xox3} E{x1x4} + E{x1x3} E {x2x4}, (A.3)
E {x1x2x3x4x5} = 0.
If x;and x; (i # j) are uncorrelated, i.e. independent, then E{x;x;} = 0, and

E{xiZnJrlx]ngrl

E{sair} = E{E (] = @D (ER)" @n-nu (E{5})", @

where n and m are natural numbers. Denote [.] the local mean values of random variables
taken as follows.

} = 0. Besides, formula (A.2) results in the following consequences

+r0y +7r0x,
E[]= / / ()p(x)dxrdxs . .. dxy, (A.5)

—T0x1 —T0xn
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where 0y1,0x7 . ..,0x, are the normal deviations of random variables, respectively, and
r is a given positive value. Due to the symmetry of the expected integrations in (A.5),
hereby (A.2) are also applied to the local mean values. If x; and x; (i # j) are uncorrelated,

i.e. independent, then E [x;x;] =0, and E {x?"“xzmﬂ} = 0. All higher even-order local

]
means E [xznszm} can be expressed in terms of second order global means E {x7} and

E {sz} as follows [16].

B[] = B[P E[2"] =21, (E{2}) 2T, (E{2})",  (A0)
where . .
1 2
Ty, = /tZ”;y(t)dt, Ty = /tzmn(t)dt, n(t) = ——e /2, (A7)
5 " V27T

Ifn=0,m#O0orn # 0,m = 0, then (A.6) leads to the following results, respectively

E [xox } = 2Ty, 2T, (E {xf})m, E [x2”xﬂ = 2T, (E {x?})" 2Ty, with T, :/riy(t)dt

(A.8)
If r — oo, (A.5) and (A.7) will give the same result as (A.4) of the classical case.
Alocal mean of x7 |x;| that arises in an application of the paper was presented in [15],
the obtained result as follows

+r0y; +roy
E [xf lxi|] = / X2 | x| p(x;)dx; = 2 / 3p(x;)dx;
— 10y 0

e %/ Wigdt =203, / £y (t)dt, (A.9)

E[2|x|] = 2Ty, (E{x2})*?, T, /t3

If x = (x1,X2,...,%,)T is the displacement vector, then x = (%1, %, ..., %) is the ve-
locity vector and we also obtain the same formulas, respectively, for the random variables
of velocity.
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