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Abstract. In this paper, the reflection and transmission of a qP wave through an orthotropic
elastic layer sandwiched between two orthotropic elastic half-spaces is investigated. The
main aim is to derive the expressions in closed-form of the reflection and transmission
coefficients. These expressions have been obtained by using the transfer matrix for an
orthotropic layer. Based on the obtained expressions, some numerical examples are car-
ried out to examine the dependence of the reflection and transmission coefficients on the
incident angle, the wave frequency and the ratio of mass densities.
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1. INTRODUCTION

The reflection and transmission of elastic waves have long been an important
research subject in various fields such as geophysics, acoustics, materials science, oil and
gas exploration, design of ultrasonic transducer and so on due to its important role in
practical applications. Extensive review of works on this research direction has been
reported in well-known books on the elastic wave topic by Ewing et al. [1], Brekhovskikh
[2], Brekhovskikh and Gordin [3], Ben-Menahem & Singh [4], Nayfeh [5], Borcherdt [6].
Most of investigations on this topic devoted to the wave reflection and transmission in
isotropic elastic media.

The wave reflection and transmission in anisotropic elastic media have attracted the
attention of researchers only recently due to two reasons. Firstly, the anisotropic materials
are now widely used in various fields of the modern technology. Secondly, the problems
of wave reflection and transmission in anisotropic media is significantly different from
that in isotropic media, such as the wave velocity depends on the wave propagation
direction, for the longitudinal wave the direction of the displacement vector does not
coincide with the wave propagation direction and so on. It should be noted that, the
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main aim of the investigations of reflection and transmission of elastic waves is to derive
expressions in closed-form of reflection and transmission coefficients.

The reflection of elastic waves at a surface of an anisotropic elastic half-space was
studied by Chattopadhyay and Choudhury [7], Chatterjee et al. [8]. The reflection and
transmission of elastic waves at an interface between two anisotropic elastic half-spaces
was investigated by Rokhlin et al. [9], Chattopadhyay et al. [10-12]. The reflection and
transmission of elastic waves through a layer sandwiched between two anisotropic elas-
tic half-spaces, two inhomogeneous viscoelastic half-spaces [13], a more complicated
problem, was investigated by Paswan and Sahu [14] for a fluid layer and by Kumari
et al. [15] for an isotropic elastic layer. However, no investigation has been carried out so
far for the case when the sandwiched elastic layer is anisotropic, to the best knowledge
of the authors. Therefore, the main purpose of this paper is to consider the reflection and
transmission of qP waves through an orthotropic elastic layer sandwiched between two
orthotropic elastic half-spaces. In order to obtain the closed-form formulas for the re-
flection and transmission coefficients, the transfer matrix for an orthotropic elastic layer,
established recently by Vinh et al. [16], Tuan and Trung [17], is employed. Based on the
obtained formulas, some numerical examples are carried out to examine the dependence
of the reflection and transmission coefficients on the incident angle, the incident wave
frequency and the ratio of mass densities.

2. REFLECTION AND TRANSMISSION COEFFICIENTS

Consider an orthotropic elastic layer of thickness # sandwiched between two distinct
orthotropic elastic half-spaces Q" and ()~ as shown in Fig. 1. Here we use the orthogonal
coordinate system 0x1x,x3 in which the x,-axis is perpendicular to the layer. The layer,
the upper half-space Q" and the lower half-space ()~ occupy the domain 0 < x; < F,
x2 < 0and x, > h, respectively (see Fig. 1). The material constants, mass density of the
layer and two half-spaces are given by

c;]f,p+ for x <0
Cij, 0 = ci;,p’ for x»>h (1)
Cijs P for 0<x <h

It is assumed that the principal material planes of the orthotropic layer and of two
orthotropic half-spaces are identical and coincide with the coordinate planes. We are
interested in the plain strain so that

u; = ui(x1,x2,t), i=1,2, uz=0. (2)

Suppose that an incident quasi P wave (gP wave) with the amplitude Ro(Ro1, Ro2)
propagates in the upper half-space Q" and it is of the form [7,11,18]

(1) = (Ro) exvltoapmn + s e, 0
where 6 is the incident angle, pp1 = sinfy, po» = cos by are components of the unit

propagation vector, ¢y is the velocity of wave and kg = w/cy is the wave number, w
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Fig. 1. An orthotropic elastic layer sandwiched between two orthotropic elastic half-spaces

is the circular frequency that is given. The velocity ¢y of the incident 4P wave is given
by [7,11,18]
1/2
20c5 = (Mo + Po) + [(Mo — Po)* +4(No)?] "~ 4)
in which
Mo = el PG+ cgePie, No = (cos +cl)Porpoa,  Po = coPin + Pz ()
When the gP wave strikes the layer it generates reflected qP, qSV waves propagating
in the half-space Q" and transmitted qP, gSV waves traveling in the half-space Q)™ (see

Fig. 1). The displacement fields of these waves are of the form [7,11,18] as follows:
For the reflected qP wave with amplitude R; (R11, R12)

u R .
(ME> = (RE> exp|iki(x1p11 + x2p12 — 1t)]. (6)
For the reflected SV wave with amplitude Ry (Rp1, R22)
us1\ _ (Rm - B
<u22> = <R22> exp [iky (x1p21 + X2p22 — c2t) . ()
For the transmitted qP wave with amplitude R3(R31, R3;):
Uz R3 ‘
<u32> = (R32> exp [1](3(3(1]931 + Xop32 — C3t)] . (8)
For the transmitted gSV wave with amplitude R4(R41, Ra2)
O

where py1, pn2, (n = 1,2,3,4) are components of the unit propagation vectors of the re-
flected waves gP,qSV, the transmitted waves qP,qSV, respectively, see Fig.1, that are
determined by Singh et al [18], k;, ¢; are the wave numbers, the wave velocities whose
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relation is: w = kocp = k11 = kaca = kscz = kacs. The velocities ¢, (n = 1,2,3,4) are
determined as follows [7,11,18].
a) For the longitudinal waves (gP waves)

20¢% = (My + Py) + [(My — Py)? + 4(N,)?]
b) For the transverse waves (4SV waves)

2062 = (My + Py) — [(My — P)2 +4(No)]'%, n=2,4. (11)
The expressions M, Ny, P, for upper half-space (n = 1, 2) are

V2 =1,3. (10)

My = cfipin + Coslias Nu = (cds +co)Pmpn2,  Pu = cgoPin + b (12)
The expressions M,,, N, P, for lower half-space (n = 3, 4) are similar to (12) in which
the signs ” (4) ” are replaced by signs ”"(—) ”.
In Egs (6)—(9), the components R;;, R of amplitudes R; are needed to be determined.
In addition, they have relations [7,11,18]

Ril Ni ‘OJFC2 — Pz' .
"TRa pt— M N; Ri| = /Ry + R (13)

The reflection, transmission coefficients of reflected qP, SV waves and transmitted
qP,qSV waves are defined as

/ 2 / 2
Rp: ’Rl‘ _ 1+F1 ‘RIZ‘. RSV: |R2| _ 1+F2 |R22’ (14)
T R /1+ F2 Rz ! Rol /14 2 [Re2

for the reflected waves and

2 2
Tp— R3] _ 1+ F |R32| Toy = |Ry| _ V1T E Ry (15)
TR/ + 2 |Roz| f [Rol /1 4 2 [Re2

for the transmitted waves.

3. FORMULAS IN CLOSED-FORM FOR THE REFLECTION
AND TRANSMISSION COEFFICIENTS

In order to determine the reflection and transmission coefficients the transfer matrix
for an orthotropic elastic layer derived recently by Vinh et al. [16] is used.
From (3)—(7), the displacement field of the upper half-space Q7 is expressed as

uf = ugy + upy + uyy = 1M (Rygeopera) 4 Ryjelifapina) 4 Ry elikapnva)),
ug = uoy + rp + iz = €' (RopelM0P2x2) 4 Rypelipnaxa) 4 Rypeliharna)y,

where 7 is the horizontal wave-number.
Similarly, from (8) and (9), the displacement field of lower half-space ()™ is given by

Uy = Uz + gy = ol(nx—wt) (R31e(ik3pazx2) + R4le(ik4p4zxz)),

1y = up + gy = /7 (RapelFp23) 4 Rppeliapets))

(16)

(17)
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From Snell’s law we have the following identities [11,19]
11 = kopor = kip11 = kapa1 = kaps1 = kapar. (18)
The constitutive equations for orthotropic material are of form [20]
011 = C11U1,1 + C1al2p, 02 = CioU11 + CoUop,  O12 = CeplUpg + U12). (19)

From (16), (17) and (19), the stress components 07}, 075,05, and o0y7, 075,05, of the
upper and the lower half-spaces are derived.

We introduce a new unknown vector given by &(x2) = [u1, u2, 01, Uzz]T. By ¢',¢&
and ¢" we denote the corresponding values of & for the upper half-space, the lower half-
space and the layer respectively. Suppose that the layer and the half-spaces are perfectly
bonded to each other. Then, the displacements and stresses are required to be continuous
through the interfaces x, = 0 and x; = h, i. e.

§7(0) =8"0), & (h)=g"(h), (20)
where
I
§+(O) = 0.12+2(0) ;6 (h) = Ui(h) ’ (21)
02, (0) 05, (h)

and (we assign R = B;,i1 =0,1,2,3,4)

=

1(0) = By + FiB; + F:By;  u5 (0) = By + By + By,
015(0) = cgi(FoBokopoa + FiBikipiz + F2Bokapao + Bokopor + Bikipi1 + Bakapon),
035 (0) = i(ciy (FoBokopor + FiBikip11 + FaBakapor)
+ ¢35 (Bokopoz + Bikipiz + Bokop2n)),
uy (h) = F3Bz.exp(ikspssh) + F4By. exp(ikyparh),
uy (h) = Bz.exp(ikapsoh) + Ba.exp(ikaparh),
015 (h) = cggi(F3Bskapaa. exp(ikapsoh) + FyBakapan. exp(ikspash)
+ Bskspsi. exp(ikspah) + Bakapai. exp(ikaparh)),
0y (h) = 1,1 (F3Bskapai. exp(ikapsah) + FaBakapar. exp(ikaparh))
+ 5,1 (Bskapsz. exp(ikspaoh) + Bakapa. exp(ikspaoh)).

(22)

On the other hand, using the transfer matrix of an orthotropic layer we have [16]

g(0) = T (), (23)
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in which
" [7;che] —i[B; she] —[a;she]  —i[che]
] @ B]_ @Bl 7]
—i[¥; ashe] [ache; B —id1&y[che] —[ashe]
T— [7] xpl [@; Bl y
—[v; Bshe]  —iB1B2|che] [@; Bche] i[Bshe]
g WA wh W
—i91Y2[che] [B; yshe] —i[&; yshe]  [yche]
L [ @ B] [ B] (v

is the transfer matrix of orthotropic layer given by Vinh et al. [16] and

;8] := fag1 = figa, [f1:= fa = fu,
denote the jump of quantities inside bracket. Furthermore,
c=cop/sin(6y), k=kosin(6y), &=kh,
(€12 + Co6) by

K = ———"""—=, k:1,2, X:_Cz
k Ezzb]%—566+x P

|S++/52—4P 2 S — /8% —4P
1= - 5 s 2= - 5
2 2

(11 — X) 4 Ce6(Ces — X) — (C12 4 Ce6)?
B C22Ce6
5 (en = X) (e — X),
C22C66
,Bn - 566(571 - &n)/ '77! =C12 + C_ZZEn&n/ n= 1/ 2.

S

95

The components ¢;; of the transfer matrix T have properties [16]

t11 = t33, t1o = ta3, t1a = t23, tr1 = t3a, top = tas, t3p = t4.

Using (20), (23), and taking into account (21), (24), we have

uy (0) tin tiz tiz ta| [ug (h)
uy (0)| _ |tttz toa| |uy ()
775(0) i bt ta| |op,(h)
03(0) tn ta faz tu] |op(h)

(24)

(25)

(26)

(27)

(28)

Therefore, we have 4 equations for 4 unknowns By; By; Bs; B4 (taking into account

(22)), namely
a1B1 + aBy + a3Bs + a4B4 = as,
a¢B1 + ayBy + agB3 + agBy = ayp,
a11B1 + a12By + a13B3 + a14By = ags,
a16B1 + a17B2 + a18B3 + a19By = ayo.

(29)
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This equation system leads to

By ay  ax 4az a4 as

By| |as a7 ag a9 aio

B. | = , (30)
3 a1 a2 413 ai4 ais

By aie A17 a1 A19 a0

where
_ o R N PO S
a1 = —F;a, = —Fy;a5 = FoBo;ag = a7 = —1;a19 = Bo; a15 = ¢44iBo Fopoz + pot1),

a3 = (t11F3 + t1o + tiaCegika(F3paa + pa1) + tuaiks (e Fapa + copp
= (t11Fs + ti2 + t13cggika(Fapan + par) + traika(cp Fapa + coopa
= (t21Fs + to + tracggiks(F3paz + pa1) + taaiks (¢ Faps + corpa
(to1Fs 4tz + t1acegika (Fapaz + par) + taaika(ci Fapa + cpppa
a11 = cggikr (FiBip1z2 + Bip1n); a1z = ciyika(E2Bapan + Bopar),
m3 = (ts1Fs + tin + tuacggiks(B3paa + pa1) + tniks(cFspa + corp32)) exp(ikspah),
m1s = (t31Fs + 3o + tircggika(Fapan + par) + tnika(cpFapa + coopa2)) exp(ikapah),
)
(

(
)
) exp(zk4p42h
)) exp(ikspaoh
) exp(ikaparh),
(31)

116 = Cihik1 (FiBip1n + Bip1z); a1y = cika(B2Bapar + Bapaa),
mis = (t32F3 + tax + tocegiks(F3paa + pa1) + toika(cpFapa1 + crp)) explikspah),
a9 = (tsoFs + tar + t1ocggika(Fapan + par) + toika (¢ Fapa + coopa2)) exp(ikapaoh),

arg = ikoBo(CEFopol + C;zpoz).

For an incident gP wave, 6y is given and, therefore, cy(6y) is computed by (4). The
terms p;; = cosb;; pix = sinb;; k; and F; are computed by (18). The detail of procedure
for the calculation of other quantities is represented in papers [7, 11, 16]. Finally, the
reflection, transmission coefficients are calculated by (14), (15).

The formulas (14), (15), in which R;; = B; given by (30), are closed-form expressions for the
reflection, transmission coefficients.

4. NUMERICAL RESULTS AND DISCUSSION

In this section, the influence of incident angle, wave frequency, ratio of mass den-
sity on the reflection and transmission coefficients is illustrated. From (14), (15) we can
see that the reflection and transmission coefficients depend on dimensionless parameters
defined as

- +
ey — 1 ‘2 ‘12 ‘u, ‘2, ‘12
11 = +,€21— +,€31— +,€12— 7622 = ——;€3 = ’
Ce6 Ce6 Ce6 C66 C66 C66 (32)
‘11 C22 C12 [ Ce6 0 Ce6
1= 6= = _—r=""7I'y= "L = 7, = ,€= koh.
Ce6 Ce6 Ce6 Y Co [y P
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relative to any particular material) as

Reflection-Transmission coeeficinets

Fig. 3. The reflection, transmission coefficients

waves with respect to the wave frequency € when 6
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As an example, we choose a model with the dimensionless parameters (being not

e11 = 33.8333; 21 = 40.8333; e31 = 12.5000; e1p = 2.4787; exp = 2.9255,

es; = 0.8511;e1 = 2.9999; €2 = 2.9999;e3 = 0.9999; r = 1.5745;r, = 15.6667,
rp = 0.0017; 7, = 48.3750;€ = 1.

(33)

In Fig. 2, the modulus of amplitudes of reflected, transmitted waves against the
incident angle 6 for € = 1 are plotted. It can be seen from Fig. 2 that:

i) The modulus R;p is almost unchange for 6y < 50° then increases strongly when the
incident angle tends to 90°. Conversely, the modulus T;p decreases sharply at 6y = 45°

from value 0.85 to value 0.
ii) In domain of 20° < 8y < 70°, the reflected qSV wave is dominant over gP wave.

Reflection-Transmission coeeficinets

0 10 20

30 40 50 60 70 80
Incident angle in (degree)

90

Fig. 2. The reflection, transmission coefficients as a function of incident angles

as a function of wave frequency
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o
©
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°
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0.2 . .
0.2 0.3
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Fig. 4. The reflection, transmission coefficients

as a function of ratio of mass density

Fig. 3 depicts the variation of modulus of amplitudes of reflected and transmitted

7t/6. We observed that the



Reflection and transmission of quasi-P waves through an orthotropic layer sandwiched between two half-spaces 179

amplitude R;p increases in range 1 < € < 10 while T;p decreases. The modulus of
reflection, transmission coefficients of SV waves decreasein 1 < e < 10.

The dependence of amplitudes of reflected, transmitted waves on r;, with € = 1 and
8o = /3 is represented in Fig. 4. It is shown that in domain 0 < r; < 1 the reflected gP
wave is dominant.

5. CONCLUSIONS

In this paper, problem of the reflection and transmission of a qP wave through
an orthotropic layer sandwiched between two orthotropic elastic half-spaces is investi-
gated and the closed-form expressions for the reflection, transmission coefficients have
been obtained by using the transfer matrix for an orthotropic elastic layer. As an illustra-
tion of the application of obtained expressions, numerical results are carried to indicate
the dependence of the reflection, transmission coefficients on the incident angle, wave
frequency and ratio of mass density. It is shown that the reflection and transmission coef-
ficients depend strongly on the incident angle, wave frequency and considerably on the
ratio of mass density.
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