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TINH U'NG SUAT PHANG TRONG TAM CO GO' 

VU MANH LANG 

§ 1. D~T VAN :o:f; 

TKM mong c6 ga thtr<'Yng duqc SIT dl}ng d~ xily d~rng cac cong trinh, phuang ti~n phl,lc 
V~l giao thOng (ctiu, tau thuy. may bay v.v .. J. Trong qua trinh tinh toan d~. thii!t 

M cac lo~i c6ng trinh, phuang ti~n d6 din phili xac djnh d¢ ben cua tam c6 ger trong 
truong hqp ket cau Hun vi~c keo (nen). Bai nay gi6·i h:;m trong vi~c tinb trng suM phftng 
cua tam c6 go, ttrc la xet sg lam vi~c cua tam c6 ga chju• tac cll;mg cua ngo:;ti l~rc nam 
trong cling rn¢t m~t phiing · 

B~ tinh trng suat ph£ng ciia d~ng ket cau nay, a day da dui1g phuang .pMp phlin 
tiT hun h~n (PTHH), Iibam kh3.c pht}c m(>t so kh6 khan g~p phiH khi tinh theo cac 
phtrang pha.p khac. Khi sir dl,lng phuang phap PTHH dli. quan tiim di!n vi~c chQn gi3. thiet 
ve ham chuy~n vj thich hqp v&i hili toan; xiy dvng cac ma tr~n ctrng cho cac lo~i phan 
tiT tuang trng va cu6i cling neu len mi}t phtrang thtrc t~p hqp cac phan ti'r l~p nen h~. 
Nhung van de khac duqc th~rc hi~n theo cac l~p lu~n cua phuang phap PTHH se khong 
trlnh My o day 

§ 2. CHQN GIA TRitT v:f; HAM CHUYEN Vi 

Ket cau gom biln ph5.ng c6 tang cuong cac go theo m¢t ho~c hai huang dugc chi 
thanh cac phan tiT Htm va phiin tiT ga. Cac phan til: nay noi v&i nhau t:;ti cac di~m nUt. 
a mi"ii nut xet cac chuy~n vj u va v theo hai huang ciia mf;it phiing ket cau. Gia SIT lu&i 
chia song song v&i cac go, doi v&i phan ti'r g<':t t:;ti nut chi xel chuy~n vj theo m<)t huang­
huang d9c theo tn,JC ciia go; con doi vai phan ti'r Him xet chuy~n vj theo hai huang t~i 
mi"ii nut. Vi~c bo tri go· theo m(lt huang nham tang cu&ng S\1" lam vi~c theo huang do. 
Ngoai vi¢c xet cac chuy~n vi t:;ti nllt, xet them cac chuy~n vi trung binh dQc theo bi~n 
ciia phan til: Him va phan ti'r go; di~u nay lam tang them tinh lien dai lam vi~c gifra 
phan til: tam va phi:l.n ttl: go·. Ham chuy~n vj doi v6i cac phll.n til: tam va phan til: g& 
se du:qc chQn sao cho soh~ so tt}: do phiii bang so chuy~n vj can xac djnh, han nfra ham 
chuy~n vt can pMi thoa man cac di~a ki~n d~ bai toan hi)i tt} [1] 

Boi vai phan t-Lr g& (hlnh l.a), t:;ti moi nut xet cac chuyen vj dQC theo tr\lC, xet 
tMm chuy~n vi trung binh dQc theo philn ti'r gifra hai nut. Ch9n gia thiet v~ ham chuy(\n 
~n~uu: · 

U = Ul + a2x + U3X
2 

(2.1) 

Tru&ng hqp tiim co go· theo m<)t hu6·ng, a nut cua phan til: t:'(m xet cac chuyen 
vj theo hai huang, ngoai ra con xet tMm cac cl1t1y'~n vi trung binh d9c bi!ln theo hu&ng 
c6 tang cuong go (hinh 1b). Gia thiet ve ham chuy~n vj du:qc ch9n : 

2 2 
u = a1 + azx + a3x + y(a4 + a5x + a6x ) (2.2) 

V = b1 + b2x + bsy + b4xy 
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Tuang tt.r xet phan ti'r tam trong HI cfiu Him c6 go theo hai lnr6ng (hinh 1c). 
chqn gia thiiH ve ham chuy~n v! : 

" 2 ) u = a1 + a2x + a:1x- + y(a4 + a5x + a5x ) (2.3 

v = b1 + lny + b3 y:.: + x(b4 + boy t b6y2) 

11., 

I-llnh 

Ham chuyen vi doi v6i phan tlr Him chQn a tren ·phi'm anh dieu ki~n Hun vi~c t~i 
·. bi~n gan gi6ng nhu ga · 

§ 3. oXAY DVNG MA TRi}.N CUNG 

D~ c6 the thanh l~p dugc thu~t loan tinh· theo phu:ang phap phan tu hfru h~J.n, 
phiti xay dvng dugc nhfrng rna tr~n cung can thiet cho cac lo~i phan tu khac nhau. Dl!a, 
vao nhfrng gia thiet nfm a phiin tren se tien hanh xay d-gng cac rna tr~n cung cho cac 
phiin tir go va t!m theo cac thu lt.fc cua phucrng pMp phlin tir hfru. h~J.n. 

a.1. Phan tir ger: Xet phan til· g& c6 di~n tich tiet di~n la F. m6 dun dan hoi E 
ya d¢ dili L. Dva theo gia thiet ve ham chuy'lin vi (2.1) se thiet l~p quan M gifra lvc va 
chuy~n vj qua rna tr~n cirng Ka. f)~ xay· dvng ham nl)i suy xet cac gia tri U (;t;} t~i hai 
dan CUa phan tir va gh'l trj trung binh d9c thE'O chien d:ii cua phan tir, 

Uo =at ' 
L 

1 f L L
2 

Uot = L U (x) dx = at + :12 2 + a3 -
3

- (3.1) 

0 

U1 =at+a2L+a3L
2 

Luc d6 U (.r) c6 th~ viet du6·i dl,lng: 

~ ( · 4.~: 3x
2

) ( 6x 6x
3 

) ( 3x
2 

2x ) l ( Uo 
UCr) = l 1- L + L2 L ~ IY J::2 ··- L ~ ? ~~~ (3.2) 

Xay dvng cac rna tr~n can thiiH theo cong tht'rc tinh rna tr~n ct'rng cua phuang 
phap PTHH, sau khi tinh toan nh~n dugc rna trt;t,n cU:ng KG cua phan ti'r g&: 

2EF 2 -3 1 
KG=-- -3 6 -3 (3.3) 

L 
1 -3 2 -

3.2. Phan tiY tam trong ket ce:h.11 co ga theo m~t hu-6-ng. 

. . .xet phau tir Lim' (hlnh l.b) theo h1r6ng chuy~n vt u 13. hu6ng se lam v1~c lien 
d&l VO'l cac g6 tang ctr6ng. CTia thiet ve ham chuyh vj duqc chQn theo (2.2). Phan tir 
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Ul.m c6 kich thll:6c la a, b, mr:> dun dan hOi E, h$ so v~t li$u v, d¢ day t. Cac chuy~n vi 
U2 Va U5 la cac chny~n vj trung binh dQC theo bien UUQ'C XaC d!nh theo cong th\fc; . 

a 

lltb = -1
-· Ju (x, y) d:r, 
a 

0 

Sau khi tinh gia tri dw hi11n ehuyen vi lBi cac di~m nut va gia frj truqg biiil;~ 
ciia chuy~n vj u(x) a bien song song vai trt.lc Y, ham chuy~n vi u(x, y) va v (x,y) dtrgc, . 
bih di~n qtia cac chuy~n vj dii biet. .Ma tr~n c(mg ciia phan ti'r KIJl duqc tinh theo [1].' 
Gia tri cv the ciia rna tr*n Kut xem trfm bang 1. 

3.3. Phon tt¥ Him trcng ket c:Ciu co ger theo hai hu6-ng: 

Xet phan ti'r tam trong ke't cau c6 g<':r theo hai huang (hinh lc) xu at phat tl! dieu 
ki~n lam vi~c, gEt thiet ve ham chuyen vt du·gc chQn theo (2.3). 

Qua trinh xay d\rng rna tr~n cung duqc thvc hi~n tuang t\f, gia tri c~1 the ciia 
wa tr~n KB2 xem hang 2. 

§ 4. XA Y .DVNG Ht PHUO'NG TRiNH, TINH TOAN 

Sau khi c6 cac phlir:: ti'r ciia rna tr~u ctrng. vi(;c t~p hqp cac pban tir d~ l~p nen h¢ 
phuang trinh co biin ciia to,itn h~ th6ng dugc thvc hi~n theo each ghep chuy~n vj. Trong 
tinh toan · vi~c xay dvng b~ phuong trinh ca him ciia toan h~ lit rn¢t qua trinh ph ire t~p. 
ti rni, c6 the thqc hi~n theo cac thu~t toan khac nhau. Thu~t toan trinh bay duai day 
xet cho lnr<'rng hgp ket cau rnong c6 go b6 tri theo m(lt huang con truang hc;rp g<':r b6 
tri theo hai huang suy ra tuang .1\r. 

y 

oL------------------x~ 

Hinil 2 

Toan b¢ ket d.u duqe chia thanh n diU D1 , D2, D3, ... Dn. M6i dai c6 nm phll.n ti'r 
tam, cac phan li'r ga duqc b6 tri gifta cae phan tir Him er va er+l· IVIa 'lr~n elrng ciia 
phan ti'r tam cho tren bang 1 du9·c viet duai dl;mg kh6i nhu sau: 

(4.1) 

Trong d6 Kr la ma tr~n (10 X 10) 
r r 

K11 va 1< 33 !a ma tr~'tn (4 X 4) 

r 
r-:. 22 lr\ ma tr~n U X 2) 

l 



I 
I 

I 
I' 
J 

-c_,--, 

'l"Bl 

I 
4 1-V -+-

3m 15m 

v 
2 

2 1-V 

3m 15m 

v 
2 

1-'\' 
-2m---

Et I 2.0m 
= ---

t -v2 
1-'\' 

-m+ 20m 

2 1-V -----
3m 60m 

0 

m 1-V -.-+ -,-
3 oOm 

0 

1 1-V 
--+--m 
3m 6 

4 1-V 

+ tCI 
. • 6 • 

;-o--~ f-. 7 ~-7 
2 a 

m:!. 
<11. 

v 
2 -m+--

3 15m 
BOI X1}NG 

., 
1 1-'V v 1 hl-v --+-- --3m 12 m -+--m 

2 3m 6 

1-3V 1-V 1+" 3(1-v) -- -m+-- 4m+--4 20m 4 5m 

l+V 1-V 1-3\1 3(1--V) 3(1-V) --- -2m--- - --- 2m----4m+---
4 ' 20m 4 5m 5m 

0 
1 1-V 
-m+--
3 60m 0 

1-V 1-V 4 1-'V 
-2m--- -rn+-- -m+--

20m 20m 3 l5 rn 

1 1 __:" 1 1-V 1-3V l+v ----m 0 --- " 2 · 6m 6 6m 12m 4 4 

l . 

3m+ 
1-v 
--m 

6 

2 1-v 
0 -m---

3 60m 0 
1-V 1-V 2 1-V 

-m+-- -2m----m+--
20m 20m 3 15m 

v 
2 

4 1-V 
3m+ 15m 

1 1-V 
-----m 0 

6m 12 

·1 1-V 1+V 
----m ---
6m 6"' 4 

1-3'\' 

4 

v 

2 

· 1 1-V 
--+--m 

3m 12 

v 

2 

Bang 1 

1 1- v 
-.-+--m 
3m 6 



-!:l1> 

Et 
KH2= ·-

1
--') 

-- v· 

-+--
1

4 1-V 

3m 15m 

! 
I v 
l 
I 
f -V 

4 t-V 
-+--
3m 15 

m 

2 t-v 4 3(1-v) 
-----m -+---m 

m 20 m 5 

4 1-V 12 1-V 
1-m-­
\3 15m 

{) v -m +--1r1 
3 15 

2 1-v 
1 

I 
0 ----m 

I 1-v 

1
-2m--

20m 

1- \' 
-rn---

20m 

!2 1-V 
!"3m- 60rr 

I 

3rn £0 

-v 

0 

[) 

" " 1 -- \1' 

m 20 m -v 

1 +v 1-V -- -m+--
2 20m 

1+V 1-V --- -2m---
2 20m 

0 
m 1-'V 

--+-
3 60m 

l 2 1-V 1 1-'\J 
0 -- --m --+-- m 

:Jm 15 m 20 
0 

I 

4 1-V -+-m 
3m 15 

0 3 (1-V) •im+5 ~ 

v 31:._\' 31-\' 
2m---- 4m +--

5 20m· 5 m 

0 1-v t+v 4m 1-v 
-2m--- -m+-- --+ -. 

20m 20m 3 15m 

1 1-v 
-+--In v 0 -v 
3m 60 

1 1-V 1+v t+v 

I 
0 

1 1-V 2 3 --+--m ---{1-V)m 
m 20 m 5 

0 --+--m ---- -- v 
2 

l_m + 1- v 
3 ·. 60m 

0 

:.: 1-V 
9 Q} -m---

3 60m 

1 1 -v 1 1-V 
-+--m -- +-- m 0 
3m 60 1n 20 

~----

111 60 2 

0 -m+---?m--m---jl-V 1-V 2 1-V 

j20m - 20m 3 15m 

_3._ 1-V 
3m -15m 0 -v 0 

na ll'ff! z 

S tz 
• 7 • 

4--c~-~~ 1+ \ po 

f--. 7 t--J 
''2 ..7 

III = 
b 

DOI XUNG 

4 1-V 
-+-m 
3m 15 

2 1·- \' 4 3 
---~m .-+:-( l-V)m 

m 20 m ~ 

0 - \' 
{ 1-\' 
-ri•+-
3 15m 

3 1-\' 2 1-V 
:--- ---m ------m v 
3m 60 m .20 

4 1 --v 
-+ 
3m 



',"--

Ma tr$.n cung cua h!'li phan tir Him er va er+l ei\a did 

(4.2) 

Quan h~ giua !gc va chuy~n vi cua dai Dj duqc xily dgng ttrang tg: neu giua 
hai phan ti'r tam er va er+t ci:ta dai c6 phan tu g&, khi ay ma tr~n cling ci'Ia phlin tu 
ga se duqc c(>ng vao vi tri tuang irng trong (4.S). 

1<. 
Q 

(4.3) 

1 ~ 
Cap ci:ta rna tr~n KDj la (6m + 4) neu s6 phan Lu· cua dai Dj la m. Th\l·c hi$n phep 

bien doi B dtr:;~ ma tr:in K
1 

. ve K~-. . DJ J 

K~i = B;r, K~i B . (4.4) 

B~ l:'l ciJUy 1\n vi cua B 1 
Tlll;rc ch1H cua phep bH5n dM B nh~m sap xep ll),i ca<'· himg Ya c9t cua ma tr?n En 

' • J 
thea thir hft' m&i tu rnep tren Min mep du6i cua dai de pht:t hqp v6i diii tiep sau, (Khi l~p 
chuang trinh tinh lren may linh khong call xay dvng rna tr(m B rna chl can lhi)'C hi~n 

·~ d"' h' ~"· "I " . 1 VlyC 01 ang, no1 c9 cua rna tri).n Kn ). 
? J 

Tu: rna tra.n K~D. xay dun11 rna Iran cua loitn h0 th6ng t!J('o (1.5). J . u • 

(4.5) 
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Cuoi. ct!ng giai h~ plwung trinh rr'> cL.mg ba dw'rng cheo kh6i 
-> -
Kr = R 

K suy hx K san klti da th1;rc hi$n cac die\.l ki¢n bien 
_,.. 
r vecJa cac ch uy~n vi din xii.c dtnh - ' 

R vecta ngolJ_i l\rC 

Ung suat a dilhn tat ky ciia phan ti'r uun v?t phan tl'r gl'Y d:uqc xac dinh qua cac 

chuyen vi da biet. 

§ 5 . .AP Dl)N G TINH TOAN 

De co the ap dvng trong tinh loan cHi l:~p h¢ thong chuang trinh tinh tren cac 
may tinh di~n tir ODRA 1304 va IBM 360 - 40. Trong M thOng chuang tr'inh tinh cUi su 
dyng cac chuang trinh con chuyen dvng the hi~n cac thu~t toan trinh bay a trfm: thu 
vi~n rna tr~n cling cac lol).i phan tir, chuang trinh mKu sap xep ll).i cac hang va cac c(>t 

cua rna tr~rt. chuang trinh miiu gii!ti ma tr~n ba duerng cbeo kh6i, chuang trinh mau 
dao, in rna tr~n. tinh n¢i lzyc v .v ... Bieu nay se cho kha nang su d~Jng d~ gild bai toan 'ke.1 
cfi.u mong CO go a trl).ng thai ch!u l\tCkhac nfra. 

So d~ kh6i tinlt toan d6i v&i ket cll.u mong c6 ga lam vi~c keo: 

flinh 3 

1. Bat dau 

2. Cac s6 li¢u mo ta ket d.u so dai, so pUn tw 
trong dai i ... 

3. Kiem tra xem ket can mong c6 ga theo m¢t 
ho~c hai hu&ng 

4-4'. Cac s6 li¢u mo ta di;i.c trung v~t li¢u, hinh 
hQC cua phan t U j trong dai i 

5-5'. Tinh cac ma tr~n cl'rng 

6-6·. Xay dvng ma lr~n cl'rng cua dai i 

7. D6i hang, ci)t ma tr~n ct'mg ciia dai theo th(r 
tt.): m6i 

8. Thvc hi~n ca.c dieu ki¢n bien 

9. L~p cac kh6i Clla ma tr~n cua M CO' ban 

10. Cac so li¢u ve ngol).i l\l'C 

11. Giai h¢ phuong trinh ba chrcmg cheo l\hoi 

12, Tinh n(li lvc 

1~l. In cac Hl qua chuyen vi va n¢i 1\fC. 

H. Ket thi1c 

De lam vi d\I xcl m<)t dai mi'mg, hai mep duqc lang cuerng hai ga c6 tiet di~n 
tron (hinh 4). De tfnh toan theo phuung phap phi\n ti'r hfru h:;m LHi chia thimh dtc phi1n 
tit tam vit phan ttr gt':r. )\Ja tr~m drng ci\a phi\n ti:r go ll'iy theo c6ng th{rc (3.3), rna tran 



et'rng cua phan tu Lim lay theo bang 1. Cac s6 li<;u CO' bi'm: chihl dai ci]a dai 600 em, 
r()ng 40 em day 1 em, ga trcm c6 dua3g .,kinh 2,5 em .. Xet trucrng ~qp .~el ~au .. tr~n dugc 
ngam hai dau, chju tai trqn~ _phan ~o ~eu .~heo. hua.ng trve Y, cac .• gta ,tq ;e u.~g suJt 
tai mep tren et\R tiel di¢n gma khl ehJa ket cau thanh 8, 10,12 phan tu ban VOl phan 
t~ ga a mep tren va d1r&i Ian lugt la: 205,1 kg/cm

2
; 227,2 kg/cm2 ; 235,9 kg/em

2
• So s:inb 

ket qua tinh theo phucmg pbap phan til' hfru h~n va ket qua tinh theo SU.'C ben v~t li~u 
duqc dtra tren hinh 5. 

y 
7i ilh fheo Jut !Jifl ,. 

0::: z; 

[ 
-------·~ tt1eo;,an 

: : : fu' lulu h-n 

== 

L : s-oelrin 1(/ d.!!.a 
(f 

~ 
-.~ 8 IQ 12 

H!nh 4. Hinh 5 

Cho vi d1J. tren d~ c6 th~ so sanh ket qua voi each tinh khac, tuy nhien phai 
th!l.y uu di~m-cua Lhu~t tinh theo phuang phap PTHH la e6 thE:. tim ket qua d6i v6i 
nhfrng ket eau phtrc t~p han vi diJ. clua ra a· tren nhieu. 

·D 

§6.~tT LUJ,.N 

Thu~t toan trinh bay a tren eho phep tinh ung sual phiing cua cac d~ng k~t cau 
mong c6 ga thtrang g~p m¢t c·ach thu~n lqi; theo thu~l loan nay vi¢c l~p chuang trinh 
cho may tinh di¢n tu d~ dang va tiet ki¢m duqc nhieu 0 nh& cua may tinh\ MO hinh 
cac philn tu co gang pMn anh S\f lam vi¢c thvc cua ket cau du&i tac clvng cua tlli lrQng 
trong m~t phiing cua ket cau, cac Ht qua tinh toan eho thay c6 tM chap nMn dugc. 

Eta chi: Nilt)n ngdy 27-12-1980 
Vi?n kg thu(ll Giao t h6n,r; 
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RESUME 

CALCUL DES PLANES CONTRAINTES DANS LA PLAQUE NERVUREE 

Ce texte decrit une methode de calcul des Planes contraintes dans la plaque 
norvuree. Pour utiliser Ia methode des elements finis, il faut choisir la fonction des 
dcplacements, construirc les matrices de rigidite, former le systl•mc (]'equations fondamenlai. 
Enfin, 1JD example illut>tre son application, 
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