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SO SANH PHU'O'NG PHAP GIA t)INH CHUAN VA 
11 N 11 I ,.,_A 

PHU'O'NG PHAP TUYEN TINH HOA THONG IE 
TRONG DAO DQNG NGAU NHIEN 

NGUYEN CAO MENH 

MOT trong cac phuang phap th6ng dv.ng de kbao sat," da.o dgng ng[u nhH~n cua. h~ 
phi tuy~n Ia phuang pMp tuyen tinh h6a thOng ke. N¢i dung ci'ta phtwng phap 

nay la thay h~ phi tuyen bbi h~ tuyen tinh Yai cac h~ so dugc xac dinh sao c ho gia tri 
binh phuang trung• binh cua hi~u gifra thanh phl:l.n phi tuyen va th:inh phan tuyen tinh 
ttrang l.fng df_lt gi:i trj cgc ti~u. Trong ung dv.ng pbuang ph:ip nay eh:1 khao sat nghi¢m 
dung ci'ta M chju kich d<)ng ctia qua trinh ng:iu nhien dirng, chuan [ 1 ]. 

M~t khac d5i vai nhfrng h¢ co hQC chiu tac dvng ciia qua trinh ng:iu nhil'm dung• 
chuan, nguai ta c6 th~ dung phuang phap gia djnh chuan [2, 3, 4]. Thgc chat ctia phuang 
phap nay la coi dap ung cua h~ u qua trinh ngliu nhien. chuan v&i cac·tham s6 dtrqc x:ic 
dinh sao cho thOa man cac phtrang trinh m6 ta h~ th\fC• 

Du&i day ch{mg ta se dung each bieu di~n ban Mt bien (hay con g9i la cumulant) 
cua qua trinh ngh nhien [5] de rut ra c6ng thuc t()ng quat cho 'plmang ph:ip giii. djnh 
chuiin d:oi v&i M m¢t va nhieu b$-c tt.r do. Til: dO., c6 the chl ra 1 ang khi nao phuang 
phap gia dinh chu?tn khac v&i phuong phap tuyen tinh h6a thOng H va khi niw hai 
phuang phap nay tn!ng nhau. 

hay 

! 

Bau tien ta xet h¢ mqt b~c tv do bH)u di~n bai phuang trlnh 

X + 2hX + w! X + et F (X, X) = ~ (t) (1.1) 

DtX+etF(X, X)= £(l) (1.2) 

trong d6 £ (!) Ia qua lrinh ngii.u nhien chuan, dung c6 k}• vQng loan lwc bang khong Y:i 
ham hrangquan \s(t).~<t-1-<J} = R:;<-r),va 

o2 o 
Dt = -- ..L 2h - .J_ w2 

iH2 I Ot j 0 

Liiy bien d(>c l~p trong pbuang trinh (1.2) Ia t!, sau d6 la h vi'l dung cac ly hli¢u . . . 
X (tr) ::::: Xi. X (tj) = Xi, Dti = Di, F (Xi, Xi) :::: Fi (i = l, 2) (1.3) 

r:lll!U. (!!)' thiet l~p ban Mt l;>i€n a hai ve phuong irinh (1,2) ta nh~n dugc: 

DIXl ,- (1.F(XJ. Xt). D~X2 + :>:F(X2. X2)/ "' (~(h), ~(t2i) ""'R;(t2- itl \Ul 



Theo t!.nh ~!hat cua ban L:h bselll ~a ~I) " 

D1D2{X1. X2) + etDt(Xt, Fz) + aD;J(X2, Ft) + a
2
(FJ, F2) = H~(t:t- t1) (1.5) 

Theo c6ng thl'rc khai tri~n ban bat bien [;J] (trang 85) 

{Xt, F2) = ( :~~ ) (X!, Xz} + ( :::) (Xt, X2) + 

.. 00 cO • 1" ( i)k+lp2 ) " 

+ ""' """ - . . xXL K2, X:. 
.c.:;, ..:::::::. k I [I Tk l 1 k l k+C>2 . · 1.!X2oX2 • • 

(1.6) 

(1.7) 

(1.8) 

~ 
~Fi I {j J ilF; ) 

CZ»; = Di + a --.-) ---,-. + (;(. \ -.;-:-
a xi I ih, I aA, 

(i = 1,2) (1.9) 

ta nh~n duqc phuang trinh 

(1.10) 

N~u gia lhiet tim nghi~m gkn dung d~:1. (1.1) du&i d?ng pMn bo chuan [61 thl ca~ ban 
. . 

M.l bien b~c !&11 han hrd C~Vj Xt. X2. X!, x~ se biing kbong. Khi d6 phm:rng 1rlnh (l '10) 
lrtr lhl'lnh: 



d6 ky hi~u 

( 1.12) 

. 
cong thuc (1.12) neu F(X, X) la da thrrc cua X v;\ X thi tl'Jng tren chi la hfru h:;tn. 
·uong hgp ri~ng . . 

F(X, X) = F(X) + G(X) (1.13) 

6 phuang lrinh (1.11) tro· thanh : 

1 R(trt2) + 
00 k k • • 

2 _1_[\~'( F2.X1 + G2,X1) (~)( F2.Xt 'G2,Xt)]-R (t -t) (l.l 4) 
_ k ! dXk / x1, k x.1, k + · k x1. k + x1, k - ~. 2 1 

k-1 1 dX 1 · 

cong th1rc cho trong [5] (cong thuc (11.24) trang 366) 

( x[k]f(y)) = (f(k)(y)) (x, y)k 

tai trien cac bin bat bil'!n trong (1.14) va chi xet trm]ng hgp dung ta nh~n dm;r.c 
ng frinh 

00 

Z> .. ':l>xR<r)+ ~Y..2 2 k\ I<F<k\x)>~[R(r)]k-<a<k\)o)2[R''<n]kl = R~cn (1.15) 
k=2 

v~y. chung ta da nh~n dugc cac d~ng phuang trinh tl5ng quat (1.12) va (1.15J d6i 
1am tuang quan de giai hili toa:n phi tuyen bang phuang pb:ip gia dinh chuiln. 

Neu ta chi xet nhfrng qua trinh nghi$m c6 tinh chat chuiin dong thai doi v&i kich 
thi ta se thu c;iugc phuang trinh tuyen tinh dun gian. 

Th$.t v$,y, tir phuang trinh (1.1) ta c6 
• •. ' 2 

etF(X, X) = ~(t) - X - 2hX - w0 X 

j, + l > 2 ve ph8.i bang khong, do d6 phuang trinh (1.121 tro th:inh 

CZJT':bt nrn = R~(n (1.16) 

ir;u ham m~t do pho cua qu?. !rinh nghi?m la 
' bien doi Fourier d6i v&i (1.16) ta nh<}n d:uqc 

va cua kich d9ng la S;;(w), dung 

S~(w) . 
S(wl · 

' = ! -w2 + (2h +~\ ::) )i(•)+wz +a(:~ )r (1.17) 

v&i phuang trinh (1.1), neu dung phuang phap tuyen tinh h6a th6ng ke, ta !hay 
. . 

aF(X, X> = a, + bX 0 + cX0 

g d6 
X 0 = X ~ {X} 



Cac d~i hr<;rng a, b, c, duqc xac ajnh sao cho 

J(a, h, e)= ([ctF(X, ~0- u- b~0 
- cX0

]
2 ) min 

Trong tnr&ng hqp X(t) h't qu{t trinh ugftu nhien dt'rng, ta tim d1rqc 

(F(X,X)X0
) _ (F(X,X)X 0

) 

a=et(F(X,Xl), b=ct (X02 ) , c-ot 

Phuang trinh (1.1) lra thimh : · 
.. . ') 

X0 + (2h + c)X0 + (w; +b) X0 = ~(L) 

Bang phuang phap ph& ta lim d:uqc 
~ S~(b.i) 
:-:;(w) = --- ·--- ,,-1- w2 + (2h + c) iu> + w~ + r.\-

Chu y ding, d:oi v&i truang hqp X(t) la chu:1n, dung ta c6 [5] 

Mlj.t khac 

n€m 

tuang tv 

(XF ~x. x)) = <r(x, x)) <x> + ( :: J <x. x> 

(XF(X, X))- {F(X, X)} (X} 

(Xo2) 

( :~ ) = c 
I 

( 1.11)) 

Do 0:6., hai cong thrrc (1.17) va (1.18) hoan toan trung nhau. V~y, trong tru:ang hqp 
kich d()ng ngoai la qua trinh chu~n. dung thi phuang phap giii d!nh chuiin v6i giii thiM 
ve tinh chuan dC\ng thai cua qua trinhn ghi¢m va. qua trinh kich d¢ng se lU'ang duang v&i 
phuang phap tuyen tinh h6a thong ke. 

~ 2. Ht~ NHlEU B!C Til DO 

Phuang phap gia d~uh chuan ap dgng cho h~ nhH~u. bQ.c 11.! do duqc trinh bliy 
trong cong trinh (8] m()t each kha phuc V).p. Tu d6 kh6 ma c6 th~ thay duqc nhfrng diem 
chung cua phu·nng phap nay va plmang phap tuy~n linh h6a thong ke. 

Du:6·i day chung ta se trinh My phuang phap gia djnh chulin theo hil'u dien han 
bat bien vase thu duqe ket lu$-n mb r¢ng tnrcmg hqp m¢t b$-c tg do. 

Xet h~ D bQ.c ~\]' do chiu Ute dJJng cua vP.c-tu ngiiu nhifm chu~n dugr. m6 ta b&i 
phuang trinh . . ~ ~ 

X + CX + KX + g(X, X) = f(t) (2.1) 

trong d6 

. [x~wj . [gt(~,x>-
X(t) = : , g(XX) = : 

Xn(t) gn(X, X)_ 

ft(t) J-
f(t) = : . 

- fn(t) 

(2.2) 

Ht) la vec-ta ngiiu nhien c huan, C va K !a cac rna tr~n hing so cap n X n. 
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·. 'd6 . _, 

00 00 

+ I>. ·I: 
ktt,.+k:~,n)>2 

. X~h), Xt(h), ... , Xn(h) 

:}1.1. kt , ... , k2n 

xXt(h), Xt(h), ... ,Xn(l:l) 
1, kt. .... k2,~ 

ng tg: 
. T ( ilg(tt}) T ( ilg(1!) ) ' T (g{X(h), X(tt)], X (t2)) = -X( ) (X(tJ), X (12)) + -. - (X(tt), X (b))+ 

il b ilXItt} 

. ~ ~ j_ X(tj), Xt(h), ,.,, Xn (t2) ( o1" + ... + k2n gT(tz) ) 
+~···..:;;:;. . x1 I k k . 'k 

kJ+ ... +k2t~>2kt! ... k2D! n .. ,., 2n 11Xl1(t2) ... oXn2n(b)· 

0 ~ ~ 1 l alq+ ... +k~" g(t!l . l<t2). Xt(tJ), .... XnllnJ 
"'J'-> ~ 0 ~ 0 LJ \ k '"k -) %1 1 k 

kt+ ... + k2n ?2 k!l ... k2n ! •<P X :il (tJ) ... ilXn 2n(tJ) ' Kb .,., '2" 

phu:ong trl.nh 1) l(lp phuong trlnh ban bat bnen ; 
T T T · 

(D!X(tJl + g(tJ), X H2)Dry + g (h)) = (I (t~) 
"' . 

1 Ia ma tr~n don vi 
r (2.6) ta co 

o'Z i'l 
Di = !-~- + C -- + K 

,. llt i otj 

T T T . T( · T Dt (X(tl), X (t;<)) D2 + D!(X(h). g (t2)} +(gUt), X t2)) D2 + 
+ (g(h), gT(t2)) = fT(b)) 

(2.3) 

C2.5) 

t2.6) 

(2.7) 



\

1 o~T(t~\; ~ ~ 1 ~[ X(tt), Xt(t2), ···• Xn(t2) 
- + .c., ... ~ 2XI k k + 
aX (tz) I . k + +k -.....__" kt !. .. k2n I ' 1 ••.• 2n . 

1 .•• 2n?"' 

+ X(h), Xt(t2), ... , Xn(h)] { akt+ ... +k2n, g t (t2)} 

x1, kt, ... , kan aX~l(t2) ... aX~2n(t,) + 

+( i)kt+···+k2 ng(tt) ) XXT(t2), Xt(h) ... , Xn(t2) l + 
aX~l(tJ) ... ax~2n(to' 1. kt.- ... , k2n ) 

~' ~ 1 } llkt + ... +bn g(lt)) gT(b), Xt(lt), .•. , Xn(h) == 
+-'-' ··· -'-' \ k · xt · k k 

kt_,.: ••• +k2n>2kt! ... 1;;,2n! oX11(tt) ... I.IXn(tt) ' h·"• ' 2n 

{ f( tt), fT (t2)) (2.9) 

Neu La lim nghi¢m X (t) Ia vee to ng~u nhien ehu~n. phuO"ng trinh (2.9) triJ thanh 

~Dt+/ a~(~)-1.1- +('~g(lJ) \l(X(l!), XT(h)) ~DT +(I.I~T(h)\ (-a-+ ol(t2))l + 
l \ oX(tJ) l.ltt I.IX(lt) , ~ l 2 aX(b) ( ot2 aXCt2> ~ 

' ' 

~ ~ 1 ( ilkt+ ... +k2n g(tt) ) gT(t2), Xt(lt), ... , Xn(h) 
+.t.J ... LJ k 'k xl k k = 

kt+· .. +k2n>2 kt! ... k2n ! o Xtt (lt} ... oXn2n (lt) , 1, .•• , 2n 

= {f(tt), fT(t2)) (2.10) 

N~u chi gi&i hl).n tim cac nghi~m X(t} l~p thanh v&i f(t) vee ta chuiin 2n chieu phuong 
trinh (2.10) khong ton ti).i thanh pMn c6 dau t(\ng. va c6 the viet du&i d:;mg 

f( DJ+ ~~~(tt) )~+/ llgCtt) \j.x<tt), !(n2 +( ll~(t2) \-~~-( ag<t2> )]x<t2) lr\= 
llXttt) ott \ llX(tt) i l · oX(t2) 1 iH2 llX(t 2) ~ f 

= (f(tt), fT{h)} (2.11) 

Phu9'ng trinh (2.11) c6 thil xem nhu tuong ling v6i phuO"ng trinh tuyen Unh 

~D + ( :~) :t + ( :~ )~ X(t) = f(t) (2.12) 

Nhu vh, neu tim nghi~m X'(t) cua {2.1) sao cho vee to 2n chieu (X(t), f(t)lla vee to ngll.u 
nhien chuiin thi ta dtra cl:uge phucmg trinh nay ve dl).ng tuyen· tinh (2.12). 

Neu chi xet qua trinh dung, cac rna tr~n ( :~), ( :i ) la cac rna lr~n hang va co 

th~ gHii h~ (2.12) bang ph u:ang phip thong t hm'mg. Cac h~ so G:an ~ va h~ so ctrng bo sung l~ 

- { og· ) - ( ag·) Cu = -). , Kij = -' 
oXj iiX.i 

(2.13) 

Cung giong nhu trong truang hqp m¢t b~c t\]: do, ta c6 th~ chung minh duqc ding cac 
h~ s6 nay tn\ng v6i cac h$ s6 cho trong phuang phb.p tuyen tinh h6a thong ke [ 7] ya 
trlmh dugc vi?c gEti h~ 2n phuang trinh tuyen linh. 

fJta chi: nildn ngdy 20-6-1980 
Vi~n Ca HQc VUn KHVl•l 
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SUMMARY 

ON THE COMPARISON OF THE GAUSSIAN HEURISTIC WITH THE STATISTICAL 
LINEARIZATION METHODS IN. RANDOM VIBRATIONS 

In this paper the cumulant descrfption of random processes is used for obtaining 
;eneral formulae of 1he Gaussian heuristic method in single-degree-of-freedom and multi­
legree-of-freedom systems. These formulae can be easily applied to particular cases. Whereby 
he Gaussian heuristic method and the statistical linearization method are compared. It 
~an be shown, that if the solution process and the excited process are assumed to be jointly 
}aussian, then these two methods are equivalent. Besides, on the basis of the Gaussian 
1euristic method, the statistical linearization coefficients are presented by more simple 
;xpn'ssions than that in the papers [1,7]. 
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