
DAO f>QNG DU'NG COA CAC H' OAN NHOT 
DU'OI KicH f>QNG NGAU NHIEN 

NGUY~N TIEN KHIEM 

TRONG ly thuyet dao d¢ng ngi'iu nhifm, bai toan nghifm cli'u anh hrrbng ctia cac y~u 
. to ng:iu nhien len qua trinh dao d¢ng ciia cac h¢ CO' hQC drrqc mo ta Mng phrrong 

t rinh vi tich ph an con chua ituqc quan tarn nhieu. So v&i phrrang trinh vi phan, ngoai 
nhftng tinh chiit trrang t\[, phuang trinh vi tich phan con c6 nhftng tinh chat d~c bi~t. 
Vi v~y d~ c6 th~ ap dvng c:ic phuung phap quen thu¢c dOi v&i phrrong trinh vi phan cho 
phuong trinh vi ,tfch phan can ph:H c6 nhftng nghien cli'u cv th~. B~d b:io nay nMm mvc 

'dich ung dvng phuong phiip gia d!nh c huh d~ nghien c(ru dao d¢ng dung ciia 4:ac h~ dim 
nh&t phi tuyen. Tru6c khi di vao cong vi$c chinh Hl. thiet l~p cac quan h~ d~ x:ic dinh 
cac d~c trrrng xac sutlt can thiet, chung ta clua ra nhfrng c6ng thirc ph& d6i v&i plmong 
t_rinh vi tich phan tuyen tinh. 

§I. DAO Dc)NG DUNG CiJA CAC H$ TUYtN TfNH 

Xel phuung trinh : 

I. t 

X + 2h X + W
0

X = A1 Kt (t- s) X (sJ ds + A2 K2(i- s) X (s)ds + ~(t)', •. • 2 J" f . (l.l). 

0 () 

lrong d6 /;(t) la qua trinh ngau nhien du:ng, chuan c6 ky v(mg b~ng khong. 

D~ dimg chrrng minh du:qc {lieu sau day: D6i v6i h¢ (1.1) qua trinh ra ciing al 
chui'in va trong trm'mg hgp h~ suy bien on d!nh ti¢m ciitn cteu. tOn t~i dao d:¢ng dt'.rng. 

Vi¢c chtrng minh X(t) Ia chuin khori'g co gi kh6 khan. Ngrrcri ta Cia chrrng minh 
dugc dieu t()ng quat han: Tac dtJng ci'!a m9t toan ti1· tuyen tinh len qua trinh chuiih cho 
ta qua trinh chuan. Be chii:ng minh ton i:;d qu~i trinh di'rng ta sl'r d\mg ket qua lrong [2]. 
Thea ket qua nay nghi$m c{w. (1. 1) c6 dang · 

X(O =.N(t) + r 
j 

0 

U - s) ~ (s) ds (1.2) 

trong d6 N(t) va U(t) Ia c:ic ham tien djnh tim duqc h'r de phuung trinh vi tich phfln. 

Neu h~ suy bien (khi ~ = 0) C!n djnh ti¢m c~n den [ 3] N(t) --+ 0 khi t-+ oo d~ d6:. 

X(t) = J U (0') £ (t _:. O'l do' (1.3) 

n 

Ji' 

r 

.I 



lghi¢m dung cua h$ (1,1). (J day can ltru )' ding qua trinh dung la quil. trinh eo cite 
lrung xac sua! drrqc xet a thai ctiem riH l6·n (ttrc I~ oo). Trong (L3J neu biet U(t) 
die diitc trung xac suat se d~ dang tim drrqc. Tuy nhien ciing c6 the thlt'!t l?p cac c6ng 
c pht, trrang t\r nhu doi v&i phrrang trinh vi phfw. 

Th~t vi).y, nhftn hai ve (1.1) v(YI X(tJ) lily. ky v9ng, ehu y trong phu:ang tl'inh nh~n 
rc phiii cho tHen~ oo, ta du:qc: · ' 

'( 

Rx('n + 2hR,;('t) + w~ Rx(r)=At J Kt('l-o')Rx(O')dO'+ 

-oo 

'! 

+ A2 f K2(l' ~ '11lih(<1)d0' + R~x(t) 
~e<> 

Tuang tg, nhan bai ve (1.1) van G(h) Uy ky V<;mg:. 

,, 

t t 

=At fKttr-a)Rx~(cr)d<1+A2 JK2(r-cnRx;(a)d<1+R£<t) 0.5) 

Xet cac ham sau 

g(i (t) = ~ Ki (l) 

I 1 0 

-o 

v&i 

v&i 

t > 0 

t<o 

Bien dM Fourier hai ve (1.4) va .(1.5) ta dtrqc: 

Sx(W) = (B(iwW 1 S e (- w) 
. X<:, 

Sx~(w) = (B(iw))-1 S~ (w) 

1g d6: B(iw) = - w2+ 2hiw + ul~- At 9Ct (iw)- iW A2 9'(2 (iw) 

9S:i (iw) la bien doi Fourier cua g(i (t), i = 1,2, 

LJ (1.8) vito (1 7) ta co : 

(1.6) 

(1.7) 

(1.8) 

(1.9) 

(1.10) 

g thfrc (1,10) hoan toan ttwng tv cong thfrc xac Cljnh m~t d¢ pho doi v6'i phuang trinh 
phan. Khac bi$t duy nhat a day la trong bien tht'rc ham truyeu B{itu) e6 chfra cac bien 
Fourier cua cac ham g(i· Neu A1 = A2 = 0 ta nh~n drrgc clhinh cong thfre m~t d9 pho 
phrrung trinh vi phan. 

T1l: (UO) c6 the nm du·qc ham tuang quan: 

00 

R,(l'J = -- e dw 
. 1 f -iwz s~ (w) 

- · 2::rt . i B(iw) J2 
IJ.11l 

-·= 
phu:ang sai: 

(1.12) 

--- 0¢1 



PHUO'NG 

VI TICH 

Trong IDl,lC. nay ch(mg ta se nghien cfru dao d:(lng cltmg cua h~: 
t ' 

'Xt + 2h Xt + w; Xt = ~ f {Xt. Xt) + e r K(t S) cp (Xt (S), XtCS)) dS + ~(t) 
0 

(2.1) 

s(t) la qua trlnh nglu nhien dung chuitn c6 ky VQng hang kh6ng. B~t X(t) = Xt(t)-- m, m 
ls ky vQng ei'ta Xt vi ta chi xet nghi~m dung nen m = consL Khi do (2.1) co d~nJ~: 

t 

X + 2h X. +OJ~ X+ w~.m = lif(X + m, X)+~> J K(t-Sl i:p (X(S)+m, X (S))dS+ ~(t) (2.2) 
' 0 

L~y ky v";mg han ve, cho t .- <» ta dngc 

w~ m = ~ < f(X + m, ]o >; + ~> J K (ci')< cp(X (t-o') + m, X <t-0')) >do' (2.3) 
0 

Gia thiet X(L), )Ut), ~(t) la chuan dong thai, khi d6 d~ dang tinh dtrqc: 
- . . < f(X + m, X)> = P(®'; , o'~. , m) 

X 

• 2 
<cp<X+m. X)>=Q(o'.,,a., m) 

X 

Vi v~y (2.3) Ia phucmg trinh d~ xac dtnh m c6 d~ng: 

w~m= e(Pa;. a
2
., m) +ek=Q(0'2 , 0'

2
·, m),koc = fK(O')dO' 

X X X 

@ 

·Bay gio ta chuy~n sang vi~c thiet l~p plmcmg trinh cuaRxCn 

Nban hai ve (2.2) v6i X(tt), lay ky vQng; 

vai 

•• • 2 • 
Rx(r)+2hRx(rJ+wo Rx(r)=~;<f(X +m, X)X(tt)?-+ 

t 

+ RxG(-r)+sfK(O'l<cp(X(t- O')+m,X(t- o))XH1)>da 

0 

Theo gia thiet (X. X, £) la chuiin ta c6 th~ tinh dugc: 

f(X+m .. XlX(lJ) = otJfh(tJ+Vf2Fh(tl 

Sf , X 
--- f (x + m, x) ~2 e 

-oo X 

00 

1 
Ot- ----

2 - 2::rca a· 
X X Sf f (x + m, x) _::_ e 

0'~ 

' 

1 . 1 2 • 2 ) 

( 

X X 
- -;:;- - 2 + -- dxdx 

-" 0' ;< 0'~. 
X 

(2.5) 

(2.6) 

(2.7) 

(2.8) 
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tu:ong i.liJC: 

cp (X (t ,_ 0') + m, X(t -·~ cr)) X (tt) = ~~ Rx (i- !1) + ~2 Rx (t- a) (2.9) 
v6'i 

C;:;:J 

i /' 

Pi= :ma~ a~, J 
· x ·-~('a:; +-i:) 

'f; ('>: + m, x) -.-. e x a. 
a·~ x 

dxdx 

··- 00 

dx dx 

--CO 

Thay (2.7) vt\ (2.9) vt\o (2Ji), (1oi bien clrr6'i" cHiu tich phan, eho I ->- = ta dugc 
phuang trinh : 

Rx(!) + (2h - eo:z) Rx(T) + (w5- Seq) Rx(!') = 
r. r 

E~J J K('t- O')Rx(o')do'.+ ep2 J K(T- o') Rx.(o")do'+ Rx~(-t) (2.11) 

-00 -(X) 

Tuang l\f, nhan hai VC (2.2) v6'i s(tt) Hiy ky VQng, tinh cac tich phan theo gia thiet cu6i 
cling ta cling sl' thu duy-c plmang trinh: 

. Rxs (r) + (2h - e•::.t2) Rx~ (T) + (cp2- -- €eXt) Rxt; (T) = 
~ t 

4~1 J K ('t'- 0') Rxt (u) do'+ cp3 f K (1: ,_ 0') Rx~ (0') da + R~ ('C). 

·-= - oc 

Dua vao xet de hftrn (1.6), biEiD ClrJi Fourii\ hai ve (2.11) va (2.12) ta c6: 

S:: (tu) = (B (iwW 1 Sxt (- w) 

Sxs (w) = (B (iul))-
1 S;; (w) 

(2.12) 

(2.13) 

tU4) 
Thay (2.14) viw (2.13) !a nhan chwc: 

. Sx. (L•Jj = ! B (iw) ~-~ _S;;, (w) (2.15) 

trong d6 B (lw) = -- f· - w.:;) hv -T· (w,, - EG\J J- e~1 ~/( (Ho)- e02 iw 8t (iw). T1! 
(2.15) de dang thu chrq·c car; d)ng th(rc: 

Rx ( (2.16] 

2 ' ' (;) [J_, -z S~ (W) dw 

Hai d:ing thuc cu6i lrong Cl.lG) cimg y(ri 12.!J) cho ta h9 phuong trinh d~i so khep 
,.. . . ') ...., .. 2 

Lin d?l xac d1nh m, a; . o . , :~Iw.;n Urn him tu:ang .quan ta phai tinh tiep tieh phan 
.::e 

uau trong (2. j 6). 
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Nhu b mvc 2 ta da biet, neu dung plmang phap pho d6 tim cac d?c trung xac 
su1l.t ciia qua trinh nghi$m bitt bu<)c ch1mg ta phai 1inh cac tlch phtm (2.16). Kh6 khll.n 
nh!i.t la tim ham tuung quan. Han ntra dung plnwng ph:.lp nity cloi hoi chung !a ph3.i 
bi~t bi~n d(H Fourier ciia nhan K(t). Bl', tn'lnh kh6 khan tren, b day ehung ta se 
dua ra S(J db rrng d1,1ng phuang phap tnmg binh h6a d~ gi~d tn,rc W\p cac plmang trinh 
(2.11) va (2.12) tim ham tuang quan. Bang plmung pMp niy ch(mg ta tranh dugc vi~c tinh 
cac tich phan (2.16) va chi din biet cic bien C!:oi eosin va sin cua nhan K, chung Ia cac 
Mng s6. 

D~ dang nh~n thay cac ph nang Lrinh (2..11) v,·, C:U3) c6 !hl': dua ve d\1-ng: 

V(l')== AV('f) + sJr (t--s)Y(s)ds+F(O (3,1) 

trong d6: ( 
0 A-

-w~ "} ECXt 

1 
)' rcc=( 

Wz- 2h ' 
(3.2) 

va d6i yai phuang trinh (2.11): 

V = Vt = (p) ' 0 ' 
~~ , Ft = F = { H (-t)) 

X \ X~ : 

(3.3) 

doi vai (2, 12) thi: ( 
H •) V = V2 = .Xs • . R , 

. X~ 
F = Fz = ( 0 

) 
. H~ 

(3.4) 

Vi cac ham Hx, Hx, Hx~, R,.~ c6 tinh eMit : 

nen c6 th~ d~t: Y = f U(r- s) F(s)ds (3.5) 

Thay (3.5) Vl\0 (3.1) Ia cluqc phuung trinh de xac dtnh U(TJ 

U (f) ::::::A U(l') + s f f('r --· .s) U(s)ds: U(o) = l (3.[)) 

·o 

Nhu v~y neu biet nghi~m cua (3.6) thl nghi~m Ctta (:U) s~ c6 dQ.ng (3.5). Btti to:ln tro nen 
dan gian han la giai phuang trinh vi tich phtm dscng quen thu<Jc (3.6) St'r dt~ng phuang 
phap trung binh h6a, phuang trlnh (3.6) dnqc thay· b"tng plmung tl'inh vi phan tuyen Unh: 

u en= (A+ s flu en; moJ = I (3.7) 
GO 

lrong _d6: f = J f(G) H (-cr)do', H(l.) 

0 

Day la phuang trinh vi phan tuyen U.nh v&i h¢ so co th& 
U(l') da tim dugc, khi d6 nghi~m c1h (2.11) va L:.12l si' L\; 

Vt('t) = f .U(O')Ft('t-·o'Jdu 

0 

c;r. 

Vz(t)= Ju(a)F2(r-a)da 

<) 

ri! d~ dang. Gia so· 

(3.!l) 
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do d6 nghi~m cua (2.11) c6 th~ viet thanh: 
co co 

Vt = J U(O') do' f T U (s) F2(<1- s- thls 

0 
Ni!!u viet U dtr&i danv · . "' 

ta se c6; 

u =(Ill 112) 
U3 U4 

cc 

Rx<n = J J u2<a,) u2(0'2) R~ (O't- .o2 _: .. n dO't di12 

0 
ct;) 

Rx(r) = f f b4(.o1) u2(0'2) R; (O't- O'z- 't') dO" 1d0'2 

0 

Vi u thoa man (3. 6) n~n u2 va u4 thoa man: 

U2 ::= U4, U4(0) = 1, U2(0) = 0 

t t 

•• . 2 I J . 
uz + (2h -·e012) u2 + (Wo ~ WJ)uz = e~1 K(t - s) U2(s) ds+ E~z K(t- s) u2 (s)ds 

Va hie nay (3.12) c6 th~ vit~t l:;d: 
co 

0 0 

RxCr) = J J l~2(.0t) u2(0'2) R~ (al- o'2 - 't')do'tdo'2 

0 

oc 
f (' 

Rx(<)"" j j uz(O't)uz(0'2) R1; (0'!- cr2 - T)dcrtd0'2 

0 

Tom l~i ham tuang quan phiiii tim co cl~ng (3.14) trong d6 uz(t l xac dinh tl.r (3.13). 

(3.10) 

(3.11) 

(3.12) 

(3 .13) 

(3.13) 

(3.14) 

Trong d6 (3.14) c1~t r = o ta duge hai quan M de xac djnh cac phtwng sal: 
0<> 

- [ u2 (cr, ll;! (0'2) 
X J 

0 

ll 

uO'ng l.rinh 

§ 4. vi Dl) 

Xet dao d¢ng ngang cua m¢t thanh dan nh&t ch~u tiii tn;mg d9c kkong dbi dual 
k!ch d()ng ngftu nhien. Truong hqp He u O:jnh dugc nghi?m dru trong [ 4]. KMng co gi 
thay dM, trong tnrong hqp kich d(lng ngau nhien cuug c6 th~ nh~n duqc plmcrng trinh: 
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I_ 

X + w~ X== - <r X;' + t J K (t - s) [ etX (s) + !3 X3 (s)) ds + ~(I) (4.1) 

0 

G1a sii ~(t) Ia qua trlnh ngKu nhi~n dung va chuan c6 ky vQng bl>.ng kh6ng. 

Trong tnrang hqp nay : 

r (X, X) = - vx3 ; cp (X, ]o = etX + j3x3 (4.2) 

n~n d~ dang t!nh dugc : 

va 

P (cr 2, cr~ , m) = { f (X+ m, X)) = - Vm (3a 2 + m 2) 
X X X 

Ott = - 1
- ( f (X + m, X) X ) = - 3" Ccr2 + m2) 

a2 .x 
X 

1 . • 
0t2 = - ( f (X+ m, X) X)= 0 

0'~ 
X 

Q (cr2 , cr~. m) ~ ( cp (X+ m, X))= m [a+J3(3a2 + m2
)] 

X X ' X 

= 

1 • . 2 
- ( cp (X + m, X) X) =a + 3j3 (CI' + m~) 
a2 x 

X 

1 . . 
-'>- ( cp (X + m, X) X ) = 0 
cr-: 

X 

Phuong trlnh d~ xac dinh m la.: 
2 2 2] . 2 2 

WQm = ek00rn[a+~(3CI'x+m ) - E'l7m(30'x+ m) 

(4.3) 

(4.4) 

(4.5) 

D?i dang nhi).n thay d.ng phrrcrng trinh (4.5) cho nghi~m m = 0 vi v~y cac bi~u 
thtrc (4.3) va (4.4) tr& thanh: • 

P = Q = 0 ; a2 =· Pz = 0 ; 

cac h~ s6 nay chi chua (j~ 

v&n 

Phuong trin h d~ xac dj n h u2 c6 d ~ng : 
t 

·~2+ P2u2 = e~tJ K(t-Slu2(S)dS: u2(0) = 0: •dO) = 1. 

0 

"' 2 2 
p• = w

0
+ 3SVO'x; 

Bang plmcrng phap !rung hinh h6a nghi~m ci'ta <4.7) se Aa: 

U2(t) =:c ~___:_.- C 
Ej31Rc 

P·~--
2P 

_ EPtRsl 

2P sin 

oQ 00 

2P 

trong d6: Rs = JK(cr)sinPO'dO'; Rc = f K(O')cosJ:>CI'dO' 

0 0 

neu coi cosscp--1; sinecp-.......o khi € riH nho thi Rs, Rc c6 th~ xap xi bang: 
00 00 

Rs = f K(cr)sinw 0 crd0' ; · Rc = J K(O') cosW 0 0'dO' 

0 0 

(4.6) 

(4.7) 

(4.9) 
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1 - /l.t 
uz(t) = r e sinYt 

Thay (4,10) vao (3.14) ta duqc bi~u thuc ham tu:ong quan: 
00 

' 1 f f· . -A(O"j+o'2) . . M . R,.:(t) = T2 Rt(V"r-a2~t)e smTcr1sml a~dutdG2 

0 

va phtwng sai : 

0 

('L10) 

{'Lll) 

(1.12) 

N~u ~(4) la .on trang v&i 

tinh dugc: 

euang t19 S tlrc R~(t) = S6(<) khi ft(J tlch 

s -/l.r [ r 1 r l 
. 2 2 e r cos r +~·sin r 

·iAI(I+/1.) 

phan (4.11) c6 tH 

(1.13) 

eho r = 0 ta c6 : 

Thay cac bii':3u thuc ci'w P, Pl, A, ·y vao (4.H) gild n6 (m¢1 each gan chmg) ta_ dtrgc phuang 
sai din tim Ia : 

2 1 (lj 12~S ) IJ """- a2+ - ~ 
:x 6~ :2Ew~Rs 

(4.15) 

Chu yrang neu trong (4,14) cho T = ~ = 0 tire phuong trinh (4.1) la l11yen tinh ta 
nMn dugc ket qua trong [2}. 

§ .5. MOT v AI NH~N XET 

Tha.v cho k€H lu$.n ('y d:\y ch1mg ta clua ra nhil'IJg nh:~n xet suu: 

1) Boi v&i phucmg trinh vi tich phan tuyen tinh vi~c 'lrng ch,mg phuung phap ph6 
ho:'m loan tuang tt.r nhu doi v&i phuung trinh vi phan. 

2) Khac v&i phuang trinh vi ph,il.n, phu:ang rhftp gia d!nh chu1in doi v6i phu:ang 
trinh vi tich phan doi hoi : 

a) Quan ni~m m&i ve nghi~m chl:ng eLla phuang trinh vi phan hay vi lich phim 
ng§.u llllhi~n. 

b) Gii'd nhung phuang trinh vi tich phan c6 d~ng di;ic bi$L Nhfmg phcwng trlnh 
va cac ket qua thu dtrqc trong ITUcmg hqp nay c(J clsmg ph(rc i:;tp han. 

3) Neu Uu.rc hi~n phep tuyen tinb h6a sau: 

Thay cac ham phi tuY:en f(X, X), rp(X, X) bang cac bi~u thlrc: 

ft = a 0 +atX + a;zX ; Cflt = bo + btX + h2X 

d.c h¢ so ao, at , a2 , b 0 , bt , b2 tim tli dieu ki¢n min c[\c biElu t hire: 

((f~-fli> ; ((rp~rp1)2 ) 

24 
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ttrc hi bi'mg : 

at 

a 0 = (f(X, X)) 
1 . -z-- (f(X, X)X) 

(J 
X 

1 . . 
a2 = -

2
- (f(X, X)X) 

(J" 
X 

b 0 = (cp(X, X)) 

hl =-; (cp(X, X)X) 
a ~c 

b3= + <cp(x. }ox; 
(J -

X 

(5.3) 

Sau d6 dung phuang phap phb nhu a muc 1. trong tmang hqp kich d¢ng la chu?in ta 

se nMJJ duqc ket qua hoan loan tuang tv nhu ket qua cua illl!C 3, C6 nghia la phuang 
pMp gia dtnh chuan d6i v&i phuang trinh vi tfch phan ttwng duang v&i kih tuyen tinh 

h6a ·neu tren · 
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Tfi3J!bHOi\ llJIOTHOCTH. )J,JIH H€JlHH€HHbiX CIJCT'eM MeTO).(OM .(( IIOpMaJibJiOrO · tJpe~IiOJIO.lKeHUll )) C0CT8• 

BJI€Hbl He06XOJJ:HMbi€ COOT!IOlll€,H!HI ,!l,oUI onpe,Lie!JeH)I51 sepo~'rllOCTHblX xapa\(T€pHC1 HI<. ,I\OJ1e6allHll• 

noc.1e)lHHe HMeJOT CTieL\H3Jibllblfi BH)l. !103TOMY )l3Hb!lle B pa60Te ).\aeTCll COOTBeTCTB)'IOil\H ii M€TO!! 

HX p<'lllel!l151· 8 KOHU,e OTMe'laeTc 51. 3KBl1BaJieHTtlOCTb HCiiOJib:iOBaHi!O.fO il!eTO)la O)lHOMy sapHaliTY 

« JIHHeapuJaL\IIH >> HeJIHlleli!lhix '!JieHOB· B KaLJec;Tse npnMepa yaccMaTpHBaeTcll nonepe,'!HOe I<OJie6· 

lllll!r n513KO-ynpyroro CTepJK!il!, CJKaTOrO !IOCTOJIHH(iJ) npO,fl:C).hHOR CH.~Oi\ llj'JII CJI}'lf8l!HOM B03MylliellfiM. 
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