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DAO DONG DUNG €OA cAc HE DAN NHOT
DU KicH PONG NeAu NHIEN
NGUYEN TIEN KHIEM

RONG 1y thuyét dao dgng ngdu nhidn, bai todn nghién ctu &nh huwdng cha cdc yéu

L té ngiu nhién lén qu4 trinh dao ddéng etta cde hé co hoe dwge mod td bing phwong
trinh vi tich phan con chwa Hwge quan tdm nhidu. So véi phuwong trinh vi phan, ngoai
nhitng tinh chét twong tyw, phuwong trinh vi tich phén coéon c6 nhitng tinh chédt dic biét.
Vi vay d& co6 th® ap dung cic phuong phap quen thude d8i véi phwong trinh vi phan cho
phwong trinh vi tich phin cin phéi c6 nhitng nghién cdu cy thd. Bai bio ndy nhim muc
'dich ung dung phuwong phap gid dink ¢ hufin d& nghién citu dao dong dung cla eac hé dan
nhét phi tuyén. Trude khi di vdo cong viéc chinh 1a thidt 18p cédc quan hé d8 xic dinh

cic dic trung xdc suft cin thiét, chung ta dua va nhitng cong thie phd ddi véi phwong

trinh vi tich phan tuyén tinh.

§1. DAO DONG DUNG CUJA CAC HE TUYEN TINH

Xét phuwong trinh: ’
i t

. * 2 D\’ - . o YR .
X +2h X + w X = A]J Ki(t—s) XN (s1ds + Xzflig(t - 5) X (s)ds + &(t)7, (1.1) -

, 0 0
trong d6 &(t) 1a qua trinh ngén nhién dung, chuin cé ky vong béng khéng.

D& dang chtrng minh duge dieuw sau day: Bsi voi he (1.1) qua trinh ra ciing al
chudn va trong trwong hop hé swy bign 8n dinh (iém cin déu. 160 lai dao doéng dirng.

Viéc ching minh X() 12 chudn khoéng 6 gl khé khiin. Nguwoi ta di chirng minh
duge digu tdng quat hon: Tac dung clia mot todn t& tuyén tink 18n qué trinh chuin cho
ta qud trinh chuin. D& ching minh 9niai qua irinh dong ta st dung k&t qua trong [2].
Theo két qud nay nghiém cha (1.1) 6 dang:

i

KO=Nw+ [ Jt-9Eea (1.2)
J o
G

trong d6 N() va U(t) 13 c4c ham tién dinh tim ﬁu‘qé tir ¢dc phuong trinh vi tich phan.

Néu hé¢ suy bién (khi & = 0) 6n dinh tiém can déu [3] N(D) — 0 khi { = oo do d6:

w

X() = jQU (o) {'{(1 —~ &) do ‘ 1.3
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ighiérn deng clia ¢ (1L,1). & day cén luu y ring qua irinh ding & gui trinh ¢ ehe
traeng xac suidt doege xét & thoi didm tdt 16m (tdc t — o). Trong (1.3) néu biét U
che dac trung xdc sudt s8 d& dang tim degc. Tuy nhién ciing co thg thiét lap cée cong
¢ phd, teong ty nhu d6i véi phwong trinh vi nhan.

That vay, nhan hai v& (1.1) vé1 X(t1) 14y ky vong, chit ¥ trong phwong trinh ahin -
re phii cho t hidn — o0, {a duge: ’ ,

%

.
Ra(®) + 2hR(7) + @2 R(D)=) _[ Ki(7 —0)R:(0)d 0+
) — 0
f “ — (
+ % [ Ka(® = ) Re (@) 40 + Re (D) 1.4)
’ ]
Twong tu, nhan hai v& (1.1) véi &) 14y ky vong: .
Roe (D420 R (D) + 00 R ¢ () = |
z T ) ' . )
= Ay J' Ki ( = 0)R £(0)d0 + 1z [Kg(r ~ 0) R 4 (0)d0+ R () (1.5)
. oo -0
Xét cdc him sau
i (t &i =
%i(t)=§1~{‘() vt t=2o (1.6)
, o voi t<<o
Bign ddi Fouriér hai vé (1.4) va (1.5) ta duwge:
Sx(w) = (B(im)~! Syt (—) a.mn
S g(w) = (Bliw)—! S () (1.8)
X . .
1g 36 B(iw) = — w+ 2hio + 02— 4 Z;(w)— v A Xy (i0) K
%, (iw) 14 bign abi Fouriér cia Ki ), i = 1,2,
y (1.8) vio (17) ta cé: ,
Sx(@) = | Blio)[™ Sg (@) (1.10)

g thite (1,10} hoan toan twong tw cHng thite xdc dinh mat dé phd d6i véi phwong trinh
phan. Khdc bidt duy nhit & day 13 trong bidu thie ham truyéu Bliw) ¢6 chita cic bién
Fouriér cia cac ham i Néu Ay = A2 = 0 ta nhan dugc chinh céng thire méat do phd
phrong trinh vi phan.

Tir (1.10) ¢6 thé tim dvge ham twong quan:

: . Sg (w)
. 1 —iw7 4

Re(2) = —— fe " -§———— dw (1.113

R | B(iw) |2

e
phuong sai:
. 1 )

o = 2;& ng(iw) = Sg (@) dw (1.12)




§2. PHUONC PHAP CIA DINE CHUAN DOI v41 PHUONG TRINR

i

VI TICH PEAN PHI TUYEN

Trong muc ndy ching ta s& nghitn ciru dao déng dung cha hé:
. . »
X1 +2h XitelXi=ef (X, X0 +e fm ©5) P (X1(8), Xi(S)) dS +E(® (2.1)
< , o )

E(t) 1a qua trinh nglu nhién dirng chulin ¢6 ky vong bing khéng. Bat X(t) = Xi(t)~m, m
13 ky vong eta X; vi ta chi xét nghidgm ditng nén m = const. Khi d6 (2.1) ¢6 dang:

t
X +2hX +0dX +eim=er(X +m, X)+e fm——S)tp(X(SHm, X (SNds+Ew (2:2)
L4y ky vong hai vé, cho t — oo ta dwge
wim=¢<f{(X+m, 5{) >J + e f K{(o)<¢X (i—~a) +m, X (t—o)N > do (2.3)

=]
Gia thigt X(1), X), &t 1a chuin ddng th&i, khi dé d& dang tinh dwoc:

2

i

< f(X:Fm; > = P(e? ”G}Z , m)
: : 2.4) ]
<O+ m X > =Qos, 0}, m
Vi vay (2.3) la phrong trinh & xéc dinh m c6 dang: j
oo \
. |
wlm=¢(Pol, 0% m) tek e Qa2 0%, m), ko, = IK(O’)dG @
X :
° |
"Bay gid ta chuy®n sang viéc thiét 14p phuwong trinh clia Rx(7)
Nhan hai v& (2.2) véi X(t1), liy ky vong:
Rx(?) + 2h Re(7) + 03 Re(D) = < £(X + m, X)X (1) > + |
¢ | i
+ ng('—f) -+ EIKW’) < P(X{L— ) +m Xt~ o)Xty >do 2.8)
o
Theo gid thiét (X, X, £ [a chulin ta c6 thd finh duge
< (X + m, ?;Q)X(mj;»z ey By () + oip ﬁx(f) (2.7)
vori
= 17 %% ‘.” \
a= | ltaemo-c 2\ 27 ) :
200, S 5 © ol ¢?/ dx dx ,
al % ‘
; —0a ¥
: . — —5 + —— | dxdx .
By = om———— fx+m, z) =X 2 (WZ o2 )
M o j'J’ PRt % : ‘
s ;



va luong lw:

LOEU - b, =) X0 Z>=B Rx(i— ) + By Rx (1 — ) (2.9)
vl N
S -5 (= aL_f) .
H . X 2 2 dxdx
Pr=r— Dixtm, x)——¢ = Ux a.
2TG ¢ b %
£ X o e U,-
e 2.0)
o ( X2 n X
L i Tyl lrt
= e pix () —5- e g 0'
B2 2WG g’ p s+ m, x) @,2 x dx dx
X X o iy
— -

Thay (2.7) va (2.9) vio (2.8), d6i bifn dwéi” ddu tich phan, eho | = oo ta duoc
phuong trinh :

Rx(f) 4 (2h - &Clg) I"l A7) 4+ (02 — Say) Blr) =

T T
&P ’ K (7 — @) R(0) do .+ efig ( K (7 — 0) Ry (6) A0 4 Reg (=7) (2.11)

Twong tw, nhan hai v& (2.2) v&i &(t) I8y k¥ vong, tinh cac tich phan theo gii thiét cudi
ciung ta ciing s¢ thu duge phuong trinh: '

Rag (7) + (20 - e2) R, »(TH (0% — say) Ryt (1) = -

T T
¢pi f K (T — @) By (6) A0 + &b j K(7 —~ 0) Reg () do + Re (7). (2.12)
— oo — oo '
Puwa vao xét cic ham (1.8), bién ddi Fourié hai vE (2.11) va (2.12) ta cé:

S (@) = (B (io))! Sy (— @) (2.13)

Syt (@) = (B )~ Sg () (2.14)
Thay (2.14) véo (2.13) ta nhan duge: ‘ '

Sylwr = | Blw)| ™" Sgw) (2.15)
trong dé B () = ~ &’ -+ (2 - o) (w4 (@ — £a1) ~ B K (10) — Bs iv K (1w). Tir
(2 1'3) dé dang thu duwoc cac ebng thie: ’

Ry (¥) = T M R Ge) |77 s (o) do, . (2.16) ;
3?" 1
G = 1G] F Dy () dy ﬂ
ot = g ¥ [ B e 7 5 (0) dw
% DT j) :

 Hai ddng thuc cam trong (2.16) eung v&i (2.5) cho ta hé phwong trinh dai sd khép
&

kin 4% xic dinh m, G:C .7, Mudn tim him twong .quan ta phéi tinh tiép tich phan
x

dan trong (2,16},
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§%. MOT PRHUGNG FHAP M
VI TICH PHAN DAN

Nhu & muc 2 ta d3 biét, néu dang phuwong phip phd 4 tim cac dic trung xac
sufit cfia qué trinh nghiém bit budc ching ta phadi tinh cac tich phén (2.16). Khé khin
nhit 1a tim ham twong quan. Hom nfta dung phuong phip  nay 01 héi ching  la phai
bigt bifn ddi Fouriér ciia nhan K(i). B? trinh nhitng khé khin trén, & day ching ta sé
dua ra so d4d tng dung phwong phép trung binh hoa @& giai trwe tigp che phwong trinh
- (2.11) va (2.12) tim hdm twong quan. Bing phwong phip niy ching ta tranh dege viée tinh
cde tich phén (2.16) va chi ciin bi€t cac bidn d6i cdsin va sin cha uhin K, ching 1a céc
hing sd.

D& dang nhan thdy chc phwong trinh (2-11) v& (2.12) ¢ th dwa vE dang:

[

V(z) = AV(T) + & g‘ I' (v - ) Vis) ds + Fip) 3.1)
0 1 3 - Y 0
trong doé: A= : ); U= (3.2)
—®f + ety €ay ~ 2h BIK Bk :
va d6i voi phwong trinh (2.11): ' o
. ' Ptx _ 3 ; o 5
d6i voi (2,12) thi: V=vVo=[2%) . F=F-= ( 5.4
o B/ B

Vi céc ham R,, Rx, RxE’ P‘AE. c¢6 tinh chét :

Ba(T), R(7), R (T), B (T) => 0 khi T — — o
xE& xE

T
nén co thé dét: V = f U(f — S) F(S}d‘w (3,5)
Thay (3.5) vao (3.1) ta duoc phuwong trinh d2 xac dinh U(7)
I.] (T) = AU(T) + ¢ g" Tz —5) Ule)ds : 1o} = I (3-(‘;)
.

Nhw vay né&u biét nghi¢m cha (3.6) thi nghicm cia (3.1) 58 cé dang (3.5). Bai toan {rd nén
don giin hon li gidi phwong trinh vi tich phan dang quen thege (3.6) S& dung phuong
phap trung binh héa, phrong trinh (3.6) duoc thay bing phuong trinhvi phan tuyén tinh:

U@ =@+ UE,;  Uo =1 (3.7
[ee)
trong d6 : I'= | T(e)H(~0o)o.,  H & o tran co bin cha A

N

Day Ia phwong trinh vi phan tuyén tinh v&i hé sé héng, co thd gidi rit s dang. Gi4 si
U(t) da tim dwoe, khi do6 nghidm chia (2.11) va (2,12} 8 1a -

Vi(z) = fﬁ(d)ﬂ(w-»maa
O ® .

cn (3.8)

Vzm:fU(mFg(r—«m do :

8]
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Gl ¥ ole cae Bige thoe ol Yo vd Fiols ibdy

s -y r_m"'O 8 3 )
Pl = T Vg{~—7); {m€~ ) (3.9)

do d¢6 nghidm cla (2.11) cé thé viét thanh:

SO

he ,
v“:jummwaumwmﬁ—s—ﬂ@
O

(3.10)
Néu vigt U duéi dang -
uy  uz
U:( ) | @41
» uz 4
ta 88 ¢6: :
et . .
Ru(7m) = ff ug(o'y) ua(G) RE(G’I ~ 03 —1)do;dT,
o
s (3.12)
R,(7) = ff i14{01) ue({ G2} RE (01— 0y — 1) do 1dT2
0 o
Vi U théa min (3. 6) nén uz va uy thdéa min:
' uz = wg, uo) =1, wuao) =0 (3.13)
t ’ t
- e . 2 . :
uz + (2h —€as) uy + (W, ~ Bt duz =P fK(t — Y ua(s) ds+ EBsz(l —s)uza(sdds (3.13)
Iy ) o
Va lic nay (3.12) c¢6 thd viét lai:
, oo ‘
B,(7) = f} u2{904) ux{aa) Rg(ﬂ’x — Oy — T)do1do2
: , .
rr (3.14)
Ry(T) = j j u(F Jugl{a) RE (6, — 03 — 1)doda,
)

Tém lai ham twong quan phil tm ¢6 dang (3.14) trong d6 ua(t) xac dinh tw (3.13)
Trong dé (3.14) @it © = o ta dwoc hai gquan hé d& xic dinh cic phwong sai:

L)
9 ( s .
g° = ue {1} ug (G2) RBe (o) — o) doy deos
O o=
) {3.15}
i)
g % w1 1) us (e Re (0 — 09) doy dog
. . . e o, 2%, . . 9 2 &
Mhy vAy eing voi (2.5) cho tz hé phuong trinh dai 88 kin d% zic dinh m, @"‘ba o<
x X

§4. vi DU

Xét dac déng ngang cGa mot thanh dan nhét chiu tdi trong doc kkong ddi dwéi
kich déng ngdu nhién. Trudng hop tién dinh dugs nghidn ctu trong [4]. Khong 6 gi
thay d8i, trong trudng hop kich dong ngiu nhién ciing 6 thd nhin dwoe phurong trinh:
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L

X +wix = —er X+ efl«:(t—s) [0X (s) + BX* (@] ds + &V

0

Gih st E(U 1a quﬁ trinh nglu nhién dirng va chudin ¢6 ky vong bing khéng.
Trong trudng. hop nay: ) 7 ‘

(X, X) = —vX?; (X, X) = aX + Bx°

pnén d& dang tinh dwge: : - A

P(ai,c%,m).—:(f(x+m,}.{))=-vm(302+m2)
X
on:—l—-(f()x—t-m, K)X)—-3\7(0' + m?)
&2
X
ag‘-————l—;—(f(X—{-m,).I)).{):G
o .
X ‘ . .
v Q(ci,a?.m);_<cp(x+m,x>>=m[a+ﬁ(3a‘~?+m‘)]
A x '
B = ——<(p(x+m,X)x>=a+3;3(u +m?)
0‘X -
B = —{,—(cp(x+m,5<)5<)=0
o7 )

X
3
Phwong trinh 48 xac dinh m la:

.2
w,m == €k m[oc+[3(30’2+m2)] — evm(3o+ m?

4.0

(4-2)

4.3

(4.4)

-(4.5)

D& diang nhdn thiy ring phlmng trinh (4.5) cho nghi¢ém m = 0 vi viy céc bléu
- thre (4.3) va (4.4) trd thanh:

2
P:Q:O‘; ay =B=0; o1=-3V0y; Bl:a.{-gBax

4.6)
cac hé s6 nay chi chua 0”;7;- ‘
Phrong trinh d& xac dinh uz c¢6 dang: ‘
aa t N . “:
uz -4 P2u2 = SB1IK(ft—S)u2(S)dS 1wl =0 u0) =L 4.7)
voi p? = w§+ Ve Bi = o + 3pos |
Bing phuong pbap trung binh héa nghiém cia 4.7) s& la: ‘
uafty = — ¢ EB;II;\Sl %m(P - EB]RC)& (4.8}
P EB1R¢ 2P :
2P
o o
trong d6: Rs = fli(c)sinPO'dO’ ; Re = fK(G’)CQsPGdc?
o o
" néu coi cos€P~1; sineP~0 khi e r4t nhd thi Rs, Re 6 thd xdp xi bing:
Q0 =)
Re = J‘K(G)sinwoddd s Re= fK(G") cosw,0da {4.9)
o] : 2]




- g i“g:&‘zg 3 ﬁz—é‘}“_ . § R . L
P8l T =P~ ey = e va viEL dui (48) o dang don gida,

wp 9P
- At

ua(t) = e sinTt 4.10)

i)
Y

Thay (4.10) vao (3.14) ta dwgc bidu thie ham twong guan:

@D
. ’ . =Moo o :
Ry(7) = % jvjqﬁg(m-—@’ﬁwe M+ v sinto,dondes (1.11)

8]

va phuong sai:

S - A(51403) . ' .
Gl = j ER;(mw—cg)e (o1+, sinTdsinToedoidos (1.12)
i '

Néu &(4) 13 bn tring voi cuwong do S tee Re(t) = S8(1) khi @6 tich phan (4.11) co thd
Y X . ,
‘tinh dwogc : Re(T) = ——F¢ [TeosVr+¢sin¥r] - {1.13
: * JATCYR 40D )

c¢ho T =10 ta ¢6:

2 S

T E LT

Thay cac bidu thuc ctia P, B1, A, T vao (4.14) gidi né {mot cach gin dang) ta dwgc phwong

saj cln tim 1a: )
2 1 o . 12BS ) ( '15
2 —— —— - 15)

O_x 68 (-\/OL + 2803 R

Cht y ring néu trong (4.14) cho T = B = 0 tirc phwong trinh (4.1) 14 tuyén tinh ta
nhan dugc két qui trong [21. :

(4.14)

§5. MOT VAI NHAN XET

Thay cho két Inan & diy ching ta dua ra nhitng nhin xél sau:

1) Bdi voi phwong trinh vi tich phan tuyén tinh viéc vwng dung phuong phap phd
hean toan tuong ty nhu doéi voi phuong trinh vi phén.

2) Khie v6i phrong trinh vi phan, phuong phip gid dinh chuln d6i véi phwong
trinh vi tich phan ddi héi:

a) Quan niém maéi vé nghiém dwng etia phuong trinh vi phin hay vi tich phan
ngiu nhién.

b) Giai phitug phwong irinh vi tich phan c6 dang ddc biet. Nhing phuong irinh
va cac két qud thu duge trong tredng hop nay co dang phire tap hen.

3) Né&u thyc hién phép tuyén tinh hoéa sau:
Thay céc ham phi tuyén (X, X), ®(X, X) bing che bitu thuc:

fi = ag+alX + qzh : ©1 = bo + iX ])24\: 6.1
che he s8 ao, a1, az, by, b1, by tim tr diéu kién min é¢ic bidu thire: '
(=) ; {(@—p)®) - (5.2)
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pr—

tire 12 béng: ) o @

= (I(X, X)) by = (Q(X, X}) .

1 : 1 v ey .

a; = —'—2-‘(“4\:; X)X} by = ""_2 <(P(‘\a }\))\> ‘

o U\' ) - !

i I 1 : b

o 7 ap = —— (F(X, X)X) by = — (@(X, A)K, (5.3) !
e S Loy 0'; » L M.v' ﬁ‘

. §au d6 diang phwong phap phé nhuw & muc 1.trong truéng hop kich dong 1a chudn ta
58 nhén dwge két qui hoan toan twong tu nhw k&t qud clia myc 3. C6 nghia la phuong
phap gid dinh chuin d6i véi phwong trinh vi tich phan twong dwong voi kitu tuyén tinh

hoa néu trén.

Dia chi : Nhan ngay 10-7-1980
Vién Co hoc Vién KHVN ’
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PE3IOME | | 1

CTALUWOHAPHOE KOJIEBAHUWE BASKO-YMPYIUX CUCTEM [PK
CHIYYARHOM BO3AEHCTBUM

B pa6oile paccMaTpHDAETCR CTALEOHADHOE KOaeSaHWe Xax AHHEHHHY TaKk W HENHHeHHHX

OHH HMEIOT aHAAOTHYHHe AubddepeHnBanbHHM YPaBHEHAAM CBOHCTRA K noayuena dopMyna mas cuex-
Tpaasholi maoTHoCcTH. LA HelWHEHFNHX cCHCTEM METOLOM & HOPMaAbHOTO . ﬂpe,uHOJIO)KeHHH ¥ cocTa-

RACHB HeOOXOAHMHE COQTHONIEHHS NS ONPEACHeHAS BEPOSTHOCTHHYX X3paKTEPHCIHE, KOJe6anud.
Mocaeanne uMeoT cnenmansHu Bug. MOSTOMY JaHblle B padOTe KaeTcsH COOTBETCTBYOMNI MeTolX ’
BX pelleHHA. B KOHUWe oTMeYaeTcs 55BHBAACHTHOCTL WCHONBIOBAHHOTO METONA OHOMY -BapHaRTY

CAMIEapH3AUNT » HeauHeHHHX uaekos. B kauecTse IpuMepa pacCMaTpuBaeTCs NONEPEYHOe Koaeb- H
AHNE BA3KO-YNPYTOTO CTEPXKHA, CKAaTOTO NOCTOFHEON NPOAD AbHOH SHANGH TPH cayyaliHOM Boa.\qymemiu. ;‘,

|
BA3KO-yUDYTHX CHCTEM TOA LelicTBHEM CAYYalHMX cia. JAs AHAEHHHX CHCTEM YKa3HBaeTCSs, UTO }

2 :



