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NGUYP:N VAN DINH 

• TRONG [ L 2]. nho kh3.o sat rae h~ a tuyen tg chl1n va thong so hai b:!-c tl! do, chung 
ta da nMn biH hi~n tugng 1\n dtnh quan lien. Ihrai day, xet truang hg:p h~ a 

tuy~n nhieu b:!-c tv· do. e 

§ 1. H$ TV CHAN 

Cho h¢. phuang trinh vi pban dao d¢ng m6 ta h~ l\f chan: 

~ + p2x = E f (x:, ~. X!o ~1, ... , Xn, ~n) 
•• 2 • • •. 
Xi + pi Xi = Efi (X, ,X, Xt. X1 , ... , Xn, Xn) 

(1.1) 

(1.2) 

trong d6: i - chi' s6 ch:;ty tt'r 1 den n; x, Xi - cac tQa d¢; dau << • " - ky hi~u d?-o ham . . 
theo thai gian; p, pi- cac tan s6 rieng; f, fi - cac da thirc ciia x, x, Xi, Xi; E- tham s6 ·be. 

' Gia thiet kMng xay ra (n¢i) c¢ng huang. Trang M· ngoai eM d¢ cfln b~ng (cac 
kich d¢ng 1\f cMn kh6ng gfl.y dao u¢ng) va cac eM a¢ dao d¢ng Mn hqp (nhieu kich d¢ng 
t\I cMn gay dao d¢ng) c6 thE\ xay ra eM d¢ dan tan cua rieng tung IQa d¢ (cac kich 
d{mg khac khOng gay dao d¢ng). B~ Cl;l the, xet che d¢ dan Hl.n cua rieng x. dij.t: 

x = asin (pt + cp). ; x :::: apcos (pi + cp) 

Xj :::: 3iSillpit + biCOSpit; Xi = pi (ajCOSpit- biSiDpit) 

trong d6: a, cp (bien d¢ va ph a) ; 3i' bi - cac bien m6i. 

H~ phu·ang trinh vi phan dao d<)ng tro thanh: 

• !:: 
a:::= -fcos (pt + cp); 

p 

[; 

Uj = - fiCOSpit 
Pi 

-~ 
cp = -·- fsin (pt + cp). 

p 

. ~ 

b; == - -- f;sinpit 
p; 

(1.3) 

(1.•0 

(1.5) 

(1.6) 

Tien hanh trung binh boa vai chU y rang. ket qua Ia giii l~i cac so h:;mg Mug (sau 
bien d(li lffQ'Dg giac de trien khai ve phai thil.Dh sin. cos CUB. t6 hqp cac b(>i cung). H$ 
phuang trinh trung binh' co nhfrng .di).e d!~m: 

- Ve phai khOng chti:a g6c pha cp: 

- a ve phiii hai phuang trinh nrong ling 0.5), cac so h~ng !a b$-c ch[n doi vcri 
tirng c~p a;, b; : 



~ (J ve trinh thtr 
df:u chii.'n 3.j 

CIJ th~ han: 

a = 8p (a, <11, bt , ... , an, bn); q> = 6Q (a, ,at, b1 , ... , an, bn) ( l. 7) 

Si = E I aipi (a, a1, b1, ... , an, bn) + biQi (a, at. bt , ... , an, bn) j 
lJ; = s I aiRi (a, a 1, b1, ... , an, bn) + biSi (a, at. bt .... , an, bn) j (1.8) 

wng d6: P, Q, Pi, Q1 , Ri, S;- cac da thU:c ciia a, a1, b1 .... , an, bn; P, Q- c{lc ham 
hU:a lung e~p ai , bi & b~c chan. 

Che d\1 khao sat tuang irng nghi~m a1 = bi == 0. v6'i bien d9 a0 xac dinh Hr 
'huang trlnh : 

p (a, 0, 0, ... , 0, Ol = 0_ { 1.9) 

a goc pha C{Jo c6 bietl thU:c ; 

Cp 0 = EQ (a 0 , 0, 0, ... , 0, 0) t + hii.ng (1.10) 

Gia thic1 t nghi$m ao, ai = bi = 0 la c6 l*P· Do nhfrng cU.tc di~m da neu tren, h~ 
Mn phan e6 d!).ng dan gian : 

(1.11) 

6ai = epio6a; + EQ10 6b1 (1.12J 

Ob; = ERi 0 6ai + ESj 0 0bi 

rong d6 chi: s6 (( 0)) la ky hi~u yeu cau tinh cac bam t~i nghi~m tuang rrng chi" d<) 
:hao sat. 

Ph uang tri nh d(tc trung c6 d~mg tich : 

n epi 0 - A EQio 

[) 0.) = (e ~!:_ - ~c) . n = n 
ils 0 i=l eRio eSio-~· 

(1.13) 

Cac clieu ld$n on dtnh tach thanh hai nh6m : 

( :p) < 0 
a o 

(j .14l 

0.15) 

Co the tim duqc y nghia cac di\~u ki~n on dinh nhu sau; 

- Tru6c het, khao sat dao d(lng cua X khi each ly n6 kboi anh hucmg cua c{w tQa 
:1¢ kh:'u~. 86 Ht dao d¢ng (( tg than)) mo ta b&i phtrang trinh vi phan (1.1) Hi Xj=Xi=O. 

~ + p2x = Ef' (x, ~) ==Sf (x, ~, 0, O, ... , 0, 0) (1. 16) 

Thvc hi$n phep doi bien (1.3) va tii~n h~mh trung binh h6a, ch(mg Ia GUQ'C: 

a= 3p'(a) qJ = EQ' (a) 1.17\ 

D§ dang nh~n lhay, du ngay tir dau cho x1 = x; = 0 hay chi 0au kh~ bien dsi mal 
daJ a, = b; = 0, lzet qua v~n la m¢L 

P(a,. 0, 0, ;·., 0, 0) = P' (a) 

( ~)' = (~") oa oa 
' 0 0 

(US) 

Nlm the ehe d¢ dun 'tail eua rieng X trung v6i che d¢ dao ct¢ng l1,t than: cua !10 
Yil (1.14) chinh l<l emu ki~n on djnh Clla biln !han ehc cl(> diw d¢ng -- cti?>u ki~!i Oti d!nh 
(( t1_r 1 h~1n )). 

Bay giu; x~t tl·~n~ thai ~can b!l.nr; cua Xj k;li u;rQ'C c:;i~ 'ly v6i ca~. lQa d¢ "Xi O:=J=.i: 
kh:le nhun:g chlll ~mh lurang cua dan d9ng lt]' than cHa x. Do la tr:;u1g Hun can brmg cr h\.' 

\ ,, 



mo itt Li:ri 

quy lui).t dao <'l(lng l ~r thl\ n ilfc tim duqc: 

,,. 2 [ '] Xj + p /.i = Ef j aosin(pl + <Jlo), aopcos(pl + <Jlo), Xj, Xj 

= 8fj [aosin(pt + (jlo), aopCOS {pt + <Jlo), 0, 0, ... , Xj, ~j,. •., 0, 0] (1.19) 

Th!fC hi¢n phep bien dl5i d:~mg (1,4) roi tien- hanh truug binh h6a, chimg ta duoc: 

~j = 8 ~ajPj (ao, Rj, bj) + bjQ;(a 0 , Uj, bj)~ 

hj ~:: S~ajQ_j {ao, Ltj, bj) + bjSj (ao. ::tj, bj) 

Cu1ig nlnr tren c(, th@ nh~n thay: 

Pjo :::i Pj (a 0 , 0, 0): Q5 0 = Qj (a 0 , 0, 0) 

~jo = Hj (ao, 0, 0); Sjo = Sj (a 0 0, 0) 

(] .20) 

(1.21) 

Nhu the c~p dieu ki¢n tf'U:r j trong nh6m (1.15) la dieu ki¢n an djnh cim tq.ng thai 
cil.n M.ng Xj = 0 khi bj kich cl(lng b(Yi rieng che d¢ dao d¢ng tq: than cua x. Ggi d6 la di~u 
ki~n {)n ajnh quan lien Vi 116 th~ hi~n anh htrang Clh XU the tq: chan ella tga UQ Xj. (gQi 
Ht xu the vi clao Cf¢ng kh6ng xay ra). 

De r5 han, xet trl}.ng thai can M.ng cua Xj khi each ly n6 v&i tat ca cac tga d¢ 
khac ke ca X, Ket qua cho thay, cac dieu ki~n Cln djnh v[n c6 d~ng (1.15) n\1ung mat di 
nhfrng so h~ng phl,l thu¢c chl ao- Trong cac M hai b~c tq: do kh3.o sat & [1,2]. cac s6 
h~ng nay la nhrrng l!!c can ho~c d¢ l~ch tan bCl sung; 6 day, chling van c6 y n~hia ~6 
vi, d~ dang th:ly rang, .chCmg bil.t nguon tu nhrrng ~0 h~ng chi ph\l thu(lc vao X, X, X.i> X.j, 

c6 b(l.c chan doi v&i x, x va b~c nhat doi v&i Xj, Xj. Nhu the, eM d¢ dao d¢ng tv thll.n 
cua x, qua cac lt.rc can va d¢ l~ch tan bCl sung da lam thay dCli nhfrng thong so Cln dinh 
cua tr~ng thai can bang cua tga d¢ Xj. Tuang ung khi Xj ciln bang ()n dtnh, che d(l dao 
UQUg dan tan Cua X CO th~ UlfQ'C thiet l~p Va Cln dtnh. 

§2, H$ THONG SO VA Tl)' CHAN THONG SO 

Cho M plnra'ng trinh vi phan dao d¢ng; . . 
X+ = Ef (x, x, x!, X!, .•. , Xn, Xn, lJ (2.ll 

') ... 6 

Xi+ Pi Xi= Ef;(x, x, X1, XJ, •.. , Xn, Xn, t) (2.2) 

trong d6 v6 phi\.i. c6 them nhitng hcl.m khai trib1 th:'mh cap hU:u h:;m Phurie v6'i h$ so Ia 
' ' 

da thuc ciia x, x, Xi, XL nlmng khong c6 so h~ng chi phv thu¢c thcri gian (ldch d ~'l:1g cuo·ng 
hue). £>6 h't h¢ trinh vi phan m6 ta h¢ dao (1¢ng thong s6 ho:;tc hOn hop t1_r chan 
th6ng s6. 

Gia thiel ch1 xay ra c(!ng hucmg gifra tung tan so rieng v&i tung Lin s6 ngo\\i h.rc. 
Kli6ng lam mat tinh tong quat, xem d6 la c¢ng huang dung. 

Khao sat va tim y nghia cac dieu. ki¢n on dtnh cua che d¢ dao d¢ng dan tan cua 
rie11g x dtr&i kich d¢ng c¢ng huang lo~i th6ng s6 ho~c hi'.in hgp tt.r chan - th6ng so (d/S 
c6 t~~. a xap xl thtr nhat, xa.y ra eM d¢ nay, ph:ii c6 nhrrng dieu k i¢n nhi'it d!nh: thi 
c.:_\1, a phuang trinh thtr j trong M (2.2), khong c6 m~t s6 h~ng la tich cua bam dieu hoa 
tan so Pi v&i ham chftll d6i v&i X, x). Thl;l"C hi$n phep hien d()j (1.3) (1.4) de dua h~ 
phuang trinh vi ph:ln vc d(lng (1.5), (1.6) roi lien himh trnng binh h6a. Ket qua cho h¢: 
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i· 

i ~ 
~.: .. ·1 
I' 



(2.4) 

. trong d6: P, Q - c:ic ham ph\1 t!m¢c cp va lt\ b~c chan d6i v6i tung cl).p, a;, b;; 
Pj, Qj - b?c chl\n d6i v6·i a va d6i v6i \l'rng ei;ip a;, b; (i + j). 

Chi§ d¢ khao s:it tuang 1rng nghi~m a; = b; = 0 va v&i bien d¢ a 0 va g6c pha q>
0 

xac djnh tu h$ phuung trinh: 
P (a, cp, O, 0, ... , 0, 0) = 0, Q (a, q;, 0, 0, ..• , 0, 0) = 0 (2.5) 

Gia thiH d6 la nghi$m co l~p. H¢ bien phan Ia: 

&~ = 3 (~: ) 6a + ~ ( :P ) llq> 
I 0 q> 0 

b~ = s ( :~ ) 
0 

oa + c( ~~ ) 
0 

a~ (2.6) 

b~i=s(oP;) 6a;+8(oP;) bb; 
; oa; 

0 
ob; 

0 

oi:li=: 8 ( bQi) bai + 8 ( oQi)' 6bi 
8a; 

0 
ab; 

0 
• 

(2.7) 

trong d6 chi s6 (( 0 » van c6 y nghTa da biet. Phuong trinh d~c tmng c6 d\).ng tich: 

8 ( ~:),-A s (~·) n 8 (~) -A s (~) 
llrp 0 n llai 0 ob;,o =0 

li( ~Qa. )o e(~q_) -'A i=1 £(~) 8(oQi) -A 
v acp o lla; 

0 
3bi 

0 

(2,8) 

Cac dieu ki{'n Cln djnh bao t;om: 

( ;: ) 0 ( ~~-) 0- ( :; ) 0 ( :~ ) 0 > 0 (~) + (~) <o· oa oq> ' ' 
0 0 

(2.9) 

-- + -- <o· - -- - -- -- >o ( 
oP; ) ( oQ;) ( ?IP;) ( bQ; ) ( 1lP;) ( OQ;) 
1la; . 

0 
1lb; 

0 
• oa; 

0 
ilb; 

0 
ob; 

0 
oa; 

0 

(2.1 0) 

Tii\!1 himh tim hieu )· nghia C{H; dieu ki¢n &n djnh nhu a §1, ket qua cho thay: 

- Che d<) dao d(>ng khao sat l:'t che c19 dao d¢ng t\1' than ci'ta x vi:t do d6 (2.9) 
Ia hai dH~u ki~n bn djnh tv than ; 

- Cac dieu ki~n (2.10) la cac di~u ki~n Cln dinh quan lien th~ hi¢n anh huang 
cua cac xu the dO"n tan khac den tinh on djnh cu.a eM d<) da o d(>ng dan tan cua :rieng xi 

D(fNG CUO'NG Bll"C 

f)~! thern vao h~ khilo sat ldch c1¢ng cuong bU:c la ham khai trien thanh 
hffn Phuariic\ v&i h~ so hang. Xet lnl'iYng t&ng quat c6 dong lhai lkich 
c¢ng huang vf1 c¢ng hu:l:nJg. H$ phmmg trinh vl philn da o d¢ng c6 d~?-ng: 

~ + p2x = F (t) + :;f (x, ;, Xl, ~1, .... , Xn, ~n, 0 
'" 2 . ' . . 
Xi+ p1 Xi = Fi (t) + o t; (x, x, Xl, XI, ... , Xn, Xn, t) 

a) Dao d(ing thuan cu:ang bl:rc kh6ng c(ing lurang - Trong nhftng dieu ki~n nhlH 
djnh, c6 th~ xay ra dao d¢ng timan cucmg brrc kh6ng c(>ng huang: 

X= XG (t); Xi = Xi 0 (t) (.'3.3) 

hrang img nghi$m ciia h~ suy .bien. 



f>e khao sat ou li!nh, dt!tt. : 
X = Xc (t) + J; Xi = Xi 0 (t) + Ji 

H~ phuong trinh vi pharr dao d(Jng tr& thanh: 

~ + p2y = <f (y, y, Yl, ;J, ... , Yn, ;n • t) 
.. .. 2 
Yi + Pi Yi = Ef; (y, Y• Yl> YL••·, yn, yn, t) 

troiig d6, diii dan gian, cac ham f, fi vin gifr nguyen ky hi~u sau bien. dCli. 

D~t: 

y = uinp! + bcospt ; · f = p(acospt -· bsinpt) 

(3.5) 

(3.6) 

(3.7) 

Yi = a;sinp;t + biCOSpit; Yi = pi(a;cosp;t - h;sinp;O (3.8) 

. Chu y ding, a ve phai h$ (3.5) (3.6), c6 nhftng so h~ng chi ph\1 thui)c thai gian 
bi~u di~n kfch d(>ng cucmg hue. Theo gia thHH xay ra dao d(>ng thuan cuang hue kh6ng 
c«)ng huang, ph:ii xem la a m6i phuang trinh trong h$ (3.5) (3.6), khOng c6 so h:].ng bieu 
dien kich d<)ng cuang hu·c c(>ng huang chinh v6i tan so rieng tuong ung. H~ phuong 
trinh trung binh Ia : 

• $ 

a = €P(a, h, at, hJ, ... , au, hn, ao) 

b = BQ(a, h, a1, ht. ... , an, hn, ao) (3.9) 

b; = BQ;(u, b, at, bt, ... , an, bn, ao) (3.10) 

trong do : a 0 - Cac thong so cua dao d{lng thuan cuang brrc; P. Q- cac ham b$.c chan 
d6i v&i tung c~p ai, b;; Pj, Qj- cac ham b~c chan doi v6i a, b va tung clj.p a;, hi O=f=j). 

Phuong trinh di).c tnrng vi!. c:ic ttieu ki¢n (\n dinh c6 d~ng luang l~J b § 2 (thay cp 
Mi b). C6 th~ giai thich d6 la cac ttieu ki$n (\n dtnh ci'ta tr:].ng thai cAn bang cua tung 
tQa d¢ sau khi dtrqc che d9 thuan cuang htrc b(\ sung cac h:rc can va d(\ l$ch tan. 

b) Dao dgng cuang Me hOn h!Jp - Khii sal ch~ d9 dao. d(>ng Mn h(Jp gom thanh 
phll.n ctrong btrc khbng cl}ng huang va thanh phan c(>ng htri'mg cua ri~ng y. Tien hanh 
khiio sat nhu & § 2, ket qua cfmg tuong lJ! v&i chu y rang, cac h;rc can va d9 l~ch tan 
$6 b2l sung 1a do ci:'l hai thanh phiin dao d(mg gay ra. 
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05 5:!BJIEHI-1l1 CB1!3AHHOM YCTOM4l1BOCTH B fCBA3l1JII1HEMHOM 

KOJIEBATEJlbHOM CHCTEME C MHOfHMI-1. CTEnEHJIMH CBOBO)J,bl 
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