, tren bhing moét phu‘ong phap téng quat va don gx?m

Tap chi €O HOE 193] ¢8 2 Ureng 14 — 20

VE VAN DE XAC BINH PHAN LUC DONG LUC VA
UNG LUC TRONG MOT HE THANH
PO SANH'

TRONG chuyén khao [1] @5 trinh biy mot phwong phép xé4c dinh cdc phin lyc dong lye
va cac tng lye cua mot hé thanh. Trong bai bao nay chung toi giai quyet vin d& néu

B3

§1. PHUONG TRINH CHUYEN BONG VOT NHAN T CUA MOT CO HE

Ching ta khao sat mot hé co hoc voi lién két holonom dang

g.(t q1)~—0 a=1,r; i=1n

‘ Nhu aa bist [2], d2 xac dinh chuy2n dé¢ng clia co hé vé. cac phin lge lién két chung
ta st dung céc phuong trinh sau:

) |
E?‘“‘W oo (M= Qu + 2 Qn ', -
3qy h=p+1 dqy
d ( 8T )" ( aT )" o -(oqh)" , ,
broull Bt B = —1} 4+ Aw - (12)
. o ) 2 Qu duw /.. ; .
dt \ due du h=p-+1 u 7 |

& @6 T 12 bidu théc dong ning clia co hé cb dang 2]:

T =T qv, Uy qv , ua)
ky hi¢u ( )° c6 nghia ring trong diu ngojc ching ta My u, =u, =0: 6'd6 u, =gt qi)’

-4
q; 1a chc toa d6 mé réng (i= 1:{); v 12 chc toa A0 mO rong doe lap (v =,—1:—p =n-1)’
Q,. Qn & cas lwe md rong.

§2. XAC DINH PHAN LUC DONG LUC TRONG CAC CO CAU

Chung ta khio sit mot hé n thanh néi voi nhau bing cic bin 18 Ar,.., An, & do
Ay la ¢6 dinh. Thanh AjAi+17cé d6 dai L1, khéi luwgng m;, cOn trong tim Cl clia no6 cach
A; mot khodng S;. Chiang ta gid s réing tai Ci c6 tAc dung moOmen Ml va cac lye thi mg
awng Xi, cdc lgc nim ngang Yi. Ngoai ra chang ta gid thigt thém -ring tai diém cudi ctia
thanh thtr n c6 tac dung Iwc thAng dung P, lyc nﬁm ngang Q vi mémen M. Chung ta s
thio luan hai bai toan sau:
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: :ov do Ji 1a moémen quin tinh cda thanh Ai Ai+1 a6 voi kh6i tam Ci, vin téc ela né,bﬁn‘g‘:

'2T = 2 Auq - 2 cos(ql q,)(m,SJ—'—lJm )llqlq]+ "’3‘ cos(ql—q,)(mlsl-\-llm*)hqxq]+

Bé&i toan the ahés:

N4c dinh ecac phin lgc tai edc bdn 18 Afj=2 n). Ching ta chon iryc Aix thing
ding va truc Aty n¥im ngang va cdce toa d6 mé réng qi, ), qVi=1, =2,n), 6 dé qi la
. RN

goc gitra thanh Ap, Aitt va truc thling dang Aix con q’]_, 14 toa 4o cua didm A (j = 2, 1)

D& dang nhin thiy ring hé chiu che lign két héloném dz_mg

ji-1 ji—1 . .
— > licosqi = 03 q 2 li smq; =0; }=2,n
i=1 i=1

Cac e md rong Qi. Q, Qr st la
: i

n
i = > Mj+M - (Yicosqi — Xisingi)Si,
j=i :
. 0 n —
Qj:.Z.Xi+P; QjZE.Yi‘i‘Q;]:2n
l:'] . 1:",

Ching ta dua véo cdc bién phu uj va vj:

-1 -t S ‘
up = q] - > licosqi: Vi = qi]-’—- = Lisingi; j= 2, n :
Toi=] i=1 '

Pong ning ¢lta hé duoc tinh nhd cong thue:

‘n 3 7]
T == (Jiq? + mivy)
i=1 ;

(S

: Viz-= uj — Sisinqiqi 5

Vig = vi— Sicosqiqi; vi =ui = 0

“Sau mot s& phép bién ddi dong ning cfia hé cb th vit trong dang:

A=32 ]>1 P J—l

1 n -1 ' j—1 i

'+2 mJ(\l + V I+ = m][VJ’sJ«.osq,ql -I— 2 licosq;ql -+ u,(qjsmq‘qj + le s1nq1q1)](2 D
j=2 j=2 i=1 Ci=1

2 Auq1 + ? cos(qi — ) (m;S; + [jm¥ ) l;cii q"; +
J

i=1 j>i=1
o .
= cos(qi = qj) (rmS1 + l‘m ) llql q] (2.2)
i>j=1 : C . ‘
& de
2 o =
Aii = Ji+miS] 4+ m m¥ = > mg; i=1n.

p=i+1



Gong thire (2.0 nhdn duge nho pheong phip truy ching.

N

Khi ap dung cdac phuwong trinh (1.2) cho hé dwee khio sét, ching ta co

. O - .9
my (Sjsin qj qj 4+ = Lsingi g+ Sjcojsqiqy +
i= ’ :
j—i ’ n
+ > Ilccsqiq o= Auy A+ E X+ P ) (2.33
j==1 =

j—1
M ( U?q’)q] ot ? [jLLha(.j (ix -+ hsm C]Jll

i=1
i—1 e )
+ = Lsinqig’ ) P 2 ¥+ 0 (2.4)
i=1 i=j .
bt xac dinh q; (i= 1,_"11) chimg ia st dung phwong trinh (1.1), &6 1a :
B n. i1
Ajigqi + = eos(yqi — ) (mS; + l,m ) l;q] + = c‘os(q; - q;)(mm + llmf‘ ) l1q1 4
j=it1 1=1 o
i—1 il ' n. -
+ = sind@yi — ) (nn&l-(-llm ] lq + = blll(q[ = ;) (m;Sj + lm ) 11(12 = M +
< j=1 N 1—1+1 v =i o
n o

+ M.+ (Yreosqgi - Xising) S + 11»(cosqi 2 Yp — singi = Xp) i=1,0. (2.5)

’ o p=itl p==i+1

Cée phuwong irinh (2.5) wo th chuydn dong clia hé dwge khio sat. Tir (2.3) va @4

chung ta nhan dwge chc nhén ti luj, Avi(j = 2m). DB dang nhin théy ring cac nhan ti
nay chinh 13 thanh phin thing ding va nim ngang ctia chc phén Ige lien k&t tai bén

12 A; Tu két qué nhan dwoe ching ta nhin xét 1,m0 chc phin lue dong e ¢b dang binh
phwong d6i véi van the.

Thi du 1. Khio st hé 2 thanh. Gii sé ring ,
Xi=YVi=Mi=0; P=Q=M=0 ' -
Céc phirong trinh (2.8) b&y giv cd dang:

P s e ¥} .4 o ‘2; - ' 7
Angr b Angy = mthzqi sin(qz — qu, Anq + Azeqe = 7 meliS2qy sin(ga — qu).
PE xae dinh cac nhan i Ay, Aa, chong ta st dung cée phuong trinh (2.3) va (3.4

s o \2 B 2

= mell sin gququt S2singags 4 [1eos qigq -+ 52 cos qagq) = A
- . o9 «9

wally cos qigqt + Sacosguge — lusin qlqlmSg sin qagnl = A

3 o - 2 - ) N
Gddr Ayt 54 rmSl + m:;v,i]f: Aas == Ja 4+ m2S, ; Ap = mshiSacosligqy — ¢k
T d6 ﬂhi.’mﬂ ta nhén duge : \

Ar= - rn;thl'A gAn [Agcosq: S? masinggsin (qz — g} — my, 39 1] c0s g3 cos {qa ~ (‘1);
- ‘,,2 ‘_1 ) ﬁ, 2 ,,2\_,2'
- maSzgyh,, {Ase[Ancosqn + I{ mosings sin (qa - q] - fﬂq Sg 1cesqicosiqa - “qul
g - 2.2 2
Ay = mg[-quAh [ AnfAszsing: + mnsgcasqzsm(qn"qﬂj Mg 5 2 44 lﬁq1C05(fI" —quf +
9 2.2 "
- mg’quaA {Azy[ Agsingy + 3 m9eesqlsm(q4 ~ g+ m, S lsmqu.os(qz ~ quif
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il
& do ’ Ap = ArtAor — A‘l?

Dé dang chi ra ring Ar va Ag 1a cac thanh phin thing ditng vi nim ngang clia
phan lgc clia bin 18 néi hai thanh,

Bql feodn ihu’ hcn

Lhung ta gid sl ring chu)én dfmg cha he da.m. khio sat & trén bi' rang buoc.bdi
cac lién Lét hd!ondm dang: ’
Geog ~ 9 =9 oIkl ‘ o {2.6)
Chung ta & xac dinh phén luc tai ban 18 Aj(j = 2, 1) va phin h;c“ clia lién ket (2.6).
R6 rang rdng s6 bdc ty do cha L& bi gidm di moi. ‘

Troug trwdng hop nay ching ta dua vao cac bién phu nhw sau: .

» b = app — A ‘ ‘ ‘ Q2.7
Dong ning cha hé bay gio c6 dang ’
- ) n :
‘ “ .- | v i
2 = = Aing T 280, K (qkek 58+ ) +
k+lski= ; - -
’ . n k o ‘e
+ = m.(u] + VJ) + = cos (qk + 8, —qp (my gy Sy + hmy, O hiqiqet
ktldj= i=1 '
n \ e «
: L
4+ = cos (g + 8, — q) (miSi+lim; ) lipabegqi +
Coi=k+2 . ‘
! ok
i B o . = - . * . A
| k 1§1 cos (ay + 8 = dy) (my Sy, + l my, ) b, +
n’ k9 s
. . #®
' o 2 ¢os (q + 0, —q;) (m; §; + 1, myy Ly ,q; q +
i=k+2
+ 2> cos {q; - qp) (m; §; + Lm®) Liqig, +
e i j ity j
T>i=2
B . i n . .
+ 2 . mj [VSj(jCOSC[j q; + = licosq; 4 — u; (Sjsinqjqj +
ktls=j=2  kleki=t
i~ . . : .
; + = Lising, q; | + m, , [v 35 cos (q, + Oy, +
: /| Iy o+ 0
) k+1=#i:=1 i i gt PVipt f Pk S kT YRk

+ 2 lxcosqlq % T Uy % Spyrsin (g + 8 )q, — Z li sin g qlé +
i=t SRR . i=1

, (g, + 0 {cos (g, + ek) ~ sin (q, +00) 2. m, (v, - u )] +

m ., [vk_l_1 cos (g, + 0x) - 1; kil sin (q, + 9,)] Ept ék ; (2.8



& dd
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mﬁ == v 2 my
::P‘l'l
D& dang nhan duoc
n .
2T0 —_ 21 A“q + (AL] + Ak—]»—l, k-1 —+ ml—}-lsk-{— -I— ].1 }_] In )q; -
l.—
n o .« o
+ 2 > cos(q, — q;) (mS; + 1 nf;) Ly @y T
j=k+2
k-1 o
o2 Z cos (g — q;) (mypsSiqs + 11;+11n::+1)1j q;qx T (2.9)
j=1 : ‘
+ 2. > cos (q; — q; ) (S -+ 1 m®) liq;q; -
j>i=1 :
i, jeek +1 ,
Khi thay (2.7) va (2.9) vao céc phuong trinh (1. 1) va (1.2) ching ta duorc
i—1 ' .o
- mj (s]Sm q; qJ + 2 1isin g q1 + Sjcosq; q2 +
=1 ‘
+ 21lcosq1 : Ku]'—l-‘z Xi + P;
i=1 i=;
\J -1 '

mj (S.cosqjqj-l- 21 cos q1~ Sjsmq q
=1

j—1 . .
—~ > 1sin a4 q = Av Z Y; +Q: = 2n ‘ r2.10)
i=1 i=j
. k ' .- | )
my (Sk_,_1 cos {f, gy + Zl Licos q; q; ~ Sy sindy q[:
l:
‘ n
2 lsmqq = ?\.yk” + Yx + 2 Z Yy 420 .
izl j=k+1
) ‘ . k
my g (Sy g sin Qg gy E 1y sin q; ql + Sk4.1 €08 qk q +
=1
k o n
+21.eosch = Ay b X 42 > X+ 2P
- i= j=k+1
N * X}
[Ak+1, et T Sy s o) k] qy
n L
+ Z ~cos (g — q;) (mj §j + ljm?) Leprg, & - (2.11)
j=k+2 ' A " :

|



n

+ E sin (qy = q;) (mj§; + ljm?éx ) 11(+1q; +
j=k+2 .
k—1

+ E cos(ql;— q])(ml_!_l Sl\_“ + lk.*_1 ) I qJ +
j=1

‘ — * L] 2"‘ —~
+ E sin (qy = q;) (my gy Sy g Flmp )Y 4

=1
) n n
Ao, + M+ ), My +eosq [V S+ @F 2 Vi)l 4
i=k4+1 i=k+2
: n
sin g (X1 S Pt ) Xp) gy
: i=k+2

Aii ql + cos (qk — qi) [5L (m;Si -+ LimPlirt + 6f(mk+15k+1 + 1+ m*f;;l) li.('lk +.

81 (miSi + im) It + 85 (mk+1Sk+1 + Lt m, i) sin (gx=a) 0+

n n-1
g > cos(ql - qj) (m;8; + I,m *) 11q & + = sin (q — q;) (miS; +11m )1 q +
j=it1 A j=it+l
. ' l—l ’ yor
.Z cos (qi ~ qj) (miSi + Lim ) i+ 21 sin (qj—qj) (mSi+Lmy) 1 qj. = (2.12)
=1 J : - :

M+2M]+cosq1[YS +1LQ+ 2 Y9 + sin qi [Xisi+1P+ 2 x91
j=i j=i+1 =i+l

& do iFk+1, 85 =0 khi k<<i, 6f = 1 khi k>>i; &, =1 khi k <{i, b{:o;;hi k>0

[Akk + Aket, k41 + (mi+iSkts + lk+1m:+1) L} e +

n

= cos (qx — qi) (m;S; + l,jmT) (i + 1xs1) q, +
j=k+2 R
k—1
= cos (qx - qj) (mkSk + mE+1Sk+1 4 lkmk 4+ 1k +1mk+1) 1 qJ T
i=1
A'll .
= s (g~ qp (mS; + Lm?) (i + 1m)ciJ? +

j=k+2 ‘
k-1 . N
= sin (gk — q) (mxSk + mgaSkar + my + 1k+1mk+1) L ql S (2.13)
1=1 y ‘ '
n
Mk +2 (M + 2 Mi) + cosqk [YkSk + Yi+t(le + Sk+1) +
i=k+1
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1

(Q + = YD e+ e ]+ sin ge [NeSk+ Nepille 4 Sker) +

i=k-+2
o
P+ 2 X0 U+le |
i=k+3
Thi du % .

- Bay gio ehung ta khio sat thi d'g | khi k& dén trong luong clig che khau. Ngwai

ra gik st ring chuy&n déng ¢hia hé rang buode bdi litn k&t c6 dang -
qz ~ qr={

B PE viét phuung trinh Lhuven déng cha hé ching ta sir dung phu’onc tunh {2.13),

= né. cod dang :

(2.6

(A + Ag) (,[1 =c sinq1 -

& dao, \ G= G + G, - :
_ = {Gis1 + Ga (1 + sa)] / G ‘
! va G2 la trong luong clia cdc thanh A1A2, AsAs. &

Bé x#fc dinh cic phén luc lien két chung ta viét cfc phwong triub (2,10 va (211):
- mo(h + S2) (sin q1q1 + cos qlql) = M + Ga,
mafly + 82) (cos (pqx ~ siu q1q% = Ay

(A2 + An2) q1 = ~ Sy sin q1Ga + As.
1

San moét s6 phép bidn dsi ching ta flu duqc:

M = ~ Ga 4+ ma (ly -+ S2) sin®q1(8%) tae -?-mac-lf(ll + S9) coé qt,
Ae = — ma (I + S2) sin q1 [(8°)7! CG cos q1 + ql]’ .
Ay = G sin qu [‘SngG C(8% ! fmaSa(Sa + 1p) + Ja} ),

b do; 0° =1  mSs + I + mz\(h + $p)%.

D& dang thay rhng Ay, Az 12 cac thanh phdn tuong Gng thing dirng vi nim agang
cha phdn bye tién k8L tai bdn 18 Az v& A3 12 mémen phén lye clia lien k&t 2.67.

Thi du 3.

Bai toan xac dinh e noi lwe trong efic thanh. Thanh A1A quay quanh ditm ed
dinh Ay, Hiy xae dinh cic thanb phin undi lye tai tiét dién A ndm cdch A; mdt doan
1. B6 dai thanh A1A bing 1. S .

Ching ta cO thé xem thanh 414 nhy w6t he gbn hai thanh Aidy vE AsA ndt véi
nhau nhd bin 18 A vi chuyén dong cha ching bi rang bude bdi lien ket (26), & do @
va qa 14 goéc gita thanh AtAy va Az8 véi truc thing dung Aw. Nbhw vay ching ta o md

hinh d& dwoc khio st & thi du 2. N&u ky hidu M 14 momen ubp tai tigt dien Ao thi d€

dang c6 duge ,
M=hs = Gsinq 352(32; [ G = C®6%)" [maSatSa + k) + Ia)}.

Bay gio ching ta xdc dinh lirc kéo va twe nén tui tiét dién Ap Tw két qua & thi =

du 2 ching ta cé
= Ay sin qu + Ay cos qu = — maelli + 82) q% = Gy cosqy.
= Ay cos qi — A1 sin g1 = G sin q{ [G2/G — maSa(ls + S2)/8°]




dung phuyong phip tren 42 wae dink frang thin ad
lyge tal mot tiét dign bt k¥ cia hé nhidu thanh, thi dy, clla mot eo cfu tay guay thanh
trovén hay cda mot co cdu 4 khau hodc modt co cdu phitte tap hon. Diéu nay cd thd thy-
hign dwyec nho tidn 48 gidi phéng licn két trong co hoe gidi tich.
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- SUMMARY

ON THE PROBLEM OF DETERMINATION OF DYNAMICAL REACTION FORCES
AND COMPONENTS OF INTERNAL FORCES OF A SYSTEM OF LINKS

, In this paper it is presented two problems. By 'thc results ef the first problem
we obtain a simple  method for determinating the hinge reaction forces of a system of n
links. Using tho vesults of the second problem it is possible to easilv determine the

eomponents of internal forces at any section of a certain link.
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