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TIET DI'N l_HA Y DOl 

NGUYEN TRUC AN, vu VAN NGUY~N 

' ·. ·N· . ()l dung ~l\i bao ~a/ nghien ctru Slf va ·_ ~h~m eiia v~t din vao thanh dan hoi 'tiet di~n. 
' . . thay d~i hinh b~c thang c6 k{) d~n h;re can q m~it ben, & di1.u th:inh va d~m· a dau 
.thanh. ~o hifih bai ,toan nay dli dugc xet 71 [1}, nhung hi.c gla k,hong _eM y d~n l1fc dm l:t 
mat ben va b dau thanh. "' . ' 

•• 

\ 
~ L PHUO'NG 'J'RlNR .CHUY:i!;N 'DONG CUA TH~NH. 

VA cAc J)I];;l! KitN ~iTA BAI TOAN 

Gia thiet hp:i can lt mil-t ben phfi.n bo' deu & rnbi phan than h. X~t ean · hfing 1 yen 

r1q1dxdydz " d . . to. thanl}, ta them vU,o lv:c can · · F· . tac ~ng len yeu to nay. 
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chuy~n d¢ng cac phin cua thanh la ; 
. ' . ' . 2 

au
2
1 2 [ oU 1 ] --::::a -- + Ki 

~0 . a~ · . 

Phuong trinh 

(1.1; 

Voi i = l..n, la chi s6 phiin thanh. 
Nghi¢ro t&ng quat cua (1.1) theo Ba lam be la: 

.. . . . . . . K; ' . 2 

U; = cp; (at- x) + 1_pi (at+ x) - - (h +-·· + h - x) .. ' . 2 . (1.2)' 

· i] day: a - vi;\.n toe truy~n song dan hoi trong tha~h. Ki =. n q; , E.- m6 duyn 
. -EF; 

dan hc\i cua thanh, r;, Fi, q;- ch\.1 vi tii.\1 di~n ngang, di~n tich WH di¢n ngang va hrc 
Can ph;ln bQ d,eu tren :rni:Ji (tan vi di~n tich rn~t ben ph1\.11. thu i cib thanh; Ui - dich 
chuy~n t~i cao tiH di~n phan .thu i ct1a thanh, · -

t)ieu ki~n dau eua bai toan : v&i t :::: 0, thi : 

oU1 
U1 = 0· ·-- == 0 ' ot 

I 

· Dil•u ki~n bien cl'm hai to an : v&i x = 0, ta c6: 
llU1 p (t) = ---

. o~: EFt-.. 
V 6i X = iJ + ... + li-1 .. thi: 

l!Ui--1 - alJ;' . oUi = C(r-1--. ; ox 
--.- = 

IH iH-

(U) 

(1.4) 

(1.5) 



0 h.ti dau thanh X """' 1, ta ,Se xet cfl_C into·ng hqp S:lU: 

--~1Jr, tl) -- 0 
llt 

. _, ~Un · R i:!Un 
b) -, -, = - -- + 11 --ox . EF~1 .. __ lit 

Hn\: ! eiia ihanh 

lU;) 

(1.7) 

(}· day:. R = eonst li't lgc' rna sat cu long,. ·!:-t la h~ so nh6t furQ'c col fa Milg·so. 

c) 
aun KUn -- = _:_·--.-
ox EFn 

(1.8) 

Theo [2] h,rc dim hOi P(t) cua be?. ph~n giam x6c 0 dau thanh (x =:= 0) thtqc xac 
diiJ.h tt'r phucrng trinh : · · 

0 

•• • . 2 .. . 2. . •• . . 
P + 2nP + (n + w1) P == - 2ca2 '4'1 (at) (2.1) ~ 

0"· · ·· ' ca · 2 c ( ca )
2 

day : n =:; 2E~ , w1 = M. ,-.-. ___ -FFt , M .... KMi lu:qng. ciia v~t din; . c - ct¢ 

.. cung cua b¢ ph~n, giam x6c. 
·. - ;. 21}-

Tr~ang ',hqp 0 ~ t -~ 7 , s6n& ph&n 'tjl~ (at) chl!l'a xu~t hi~~ a dau thanh (x = 0), 

h'r (1.4) ta··c6 : 
. ' ' . . 
'(·. · P(t) -

cp1 at) = 'EFt + KtlJ (2.2) 

- 'Jll . . 
Tru&ng hgp t > _:___,.song phi\n 'J:I'1(rrt) da x·tiilt hi~~ a d.au thanh (x = 0), til: (L4) 

a -

ta c6 :-

(2.3) 

Tlr va (2.:3) ta xac t1inh duqc s6ng cpl (at ~x) a cac mien pltll.n 1 cua thanh. 

Tu <1.5) tiet di-$n x =. 11 ta c6 : 

+ li) ~ (1)'
1 
(at - li) =Ott +it)~ <vi' (at··-11.) + K?/21 . . '~'2 ' . --- .n 

1Jlj_ (at_-!- ltH~ cpl (at- It) = ~'2(at + liH- (j)2(at ~ :1> , 
Oi?ti h¢ phuang tdnh (2.4): ta co : 

, ( ) . - 2 , · .. ·· · -· a1 - 1 , · ) . ettK2l2, 
{J' 2 at- 11 "" -.---_- Ql-1 \al. -l!) + -.- 'tjl?(ai + l1 + ----

1 + Cltl .. 1 + Citj _, 1 + 17.1 

, 1- ot1 , ' 1 + 0\1-. , 1,-~(at +It)+ et1K2l2 1J'1 (at+lt)= _
2 

cp2(at-lt)+-
2
-.-- _';,. . 

2 

(2.4) .· 

(2.5) 



~- xl b c:ic tiet di~n 

pMn 1 va phan 2 ci'ta thanh. 
Tt\· (1.5) t~i tiet di~n x = lt + 12 + ... +li-1, ly lp~n tuang tg nhtr tren ta c6 : 

, 2 , Oti -1 - 1 , Oli.-tKili 

cpi = 1 + Oli-1 cpi-1 +J + Oli,-1 'lj)i + 1 + C(.j_{ 

-- , 1 +'cli~1 , l + gti-1 - , Olt-tKili 
i- 'lj)i _(= . 2 ; cp i + - 2 '4' i ±_ 2 

(2.6) 

'i\f(~{j) ~0 _th~- ~{lc dinh duqc cae song cp~(at:-x) va 'll'i -1 (at-;1-x) t~i cac. ti~t -di~n 
i va Ji::..: __ jJ cua '(hanh. 

TU: {L5) tai thH di~h x;; lt + l2 + ... ln-i, ly' lu~n tuang t~ nhu tren ta .c6 : 
-- - .- -· •. - I ' ' ' \ ' ' 

- , -- "· 2 ·' . : , - ,an-1 - 1 '•h; c:in:...tKnln 

, -q> n= 1 +an-1 cp '\-1 + -1 +. cin-1 't' ~ +- 1 +-an-1 
'""• •I • ' • I • 'j: -i' 

'lj)' ::;:; -~ -.,., Oln_...:1 cp, + 1 + an-1 tp' + Clln-1Knln ' • ( 2. 7) 
n-1 · 2 n · 2 n 2 · 

- Tu (2.7) co th~ fkac dinh· dugc cac song q>~(at-x). Va tp~ -l(at+x). a cac -ti~t di~n · 

pban 'n viJ, (n-0 cua thanh. 

' b~ xac _dinh- s6n·g/tp~(at+x) iJ' cac tiel, di~n phiin n cua thanh, t~ d~a v:fw dieu 

.ki~nbien l~i dan thanh x'= lt+l2 + ... + ~~:::::; i. 
aun 

Tu hi! thl'rc (1.6) at ;= O, ta c6 : 

· 'lj)~(at+ I) =? - cp~(at -I) (2.8) 

Tli (2.8) c6 th~ xac_ dinh dugc song tp~ .at+ x) a eiic tiet di~p phlln n cua thanh. 

aun R ' ~Un 
, Tu (1.7) ---•- =----+tJ. --,taco: 

<l·x EF~. iH 
'. 

. . R . . 
. tJl~(at + l)- cp~ (at- l) = ~ EFn. + 'ta [<p~(at -I)+ 1.p~ (at+ n] 

Suy.ra: 
·- R • 1 + j.t.a 

'lj)~(at+l)=- ( '')EF + - cp~(at _:l) 
. 1 - &J.a -. n 1 - ~Ia 

. \2.9) 

;\eu R ::::::: o· va &J. = 0 fbi tu {2.~}) ta c6: ~, 

I 

_ \jl~ (at + l) ""' cp~ (at- l), 

Nen f.t = o thi ttl: (2.9) ta co : 
R . 

til' (at + I)= - -·- -'- m' (at - l) -
n EFn 1 Tn 

Do d6 ta xac d!rih dugc s6ng tp~ (at+ x) t~i cac tiet di$n phan n ctm thanh . 

.'ft'r (1:8): llun == -:- + Un, ta c6: 
- , _" -Ox Ern 

' ) K . , , K . 
. cp.n {at - l - --·.- Cfln (at -· l) = '4'' (at+ l) + --1.Jln (at+ l) (2.10) · 

. EFn n EFn ·. 

3 



. K 
BlH --·-· ::: i\ at -1- l = Z = ;~ -- ~ EFn ) · ., 

. Phuong trinh (2.10) co d:;mg: 

til~ (ZJ + A tVn (Z) = cp~ (Z- 20 -. llcp' (Z ..:. 2l) 

GHti p_huang trinh ta c6 :. 

·-'i>~(Z>= C.ie-"-2+ e-AZ J e~2 -[cp~(Z""-2l)-Acpu(Z-;l)]dZ (2.11) 

Cac ha-ng s6 cj tim dugc dq:a va~ Unh lien t\lC ~cua djch chui~n a tiet di~n X= l 

t~i cac .thbi dii!in. Suy ra co thE! xac dlnh' ttU:c;rc s6ng .tl'Ji (at + x) o· cac tiet di~n pliiin n 
·"' "1 

cua thanh. 

Sau khi tim dUQ'Ci cac song cpi (at-:- x). va t~Ji{at + x) 0 d.c ti~t di~n cua thanh, ta 
x~c d.tnh duc;rc dj~h chuyen, bien d~ng va v~n toe 0 til!t di~n _hilt ky cua thanh .. 

' J' 

Sq: va ~h~m ci'ta v~t din va~ thanh tlan, hlli ti~t di~n thay dlli hinh b~c thang gam 
. ) phlin c6 tfnh' lq:c can a m~t ben va· dll.u 

-~··· 

thanh tq:a tren nlln _cli-ng. So db bai toan 
chi ra . treJ?. hinh ve. Xa9 djnh bH!n d~ng a 
cac ttH di~n· cua th~n,h v&i .0 < t < ~. 

. a 

1' kh • . 0 ~ t ~ -2lt tong. oang thai gian ...,. ~ 

s6ng phan 'IJli chua xufH hi~n a 
(x=O), ph~ong tdnj1 (2.1) c6 d:~mg: 

' P+ 2nP + (n2+ w2) P =0 
. . . 1 

.• a. 

dau thanh 

(3.1). 

di'l.ti nghi~m ct;t thE! c~u1 (3:1) c6 d~ng. 

P . CVy• -n• ·• t ::::: -· -~ e • Sill W1 
Wt 

fJ d:ay: Vy - v~n toe ban dan cua v{H din tru&c ltw va chQ.m. 

Bien cl:;rng b ctii.u thanh (x = 0) lit : 
ilu1 . . · P (t) _ · cvy -ni ... - = = qJ' (at) .J_ K1l1 ::::: ~ -- --"' ~ -- e sm liJJl 
(Jx ·1 ' EFt EFtW! 

Suy ra song 

flli (at) ·:=! ~ e-nl sin Wtt + I\tlt . 
EF1w1 . 

(3.2) 

Vft,.y song q>i (a.t-x) o cac WH difm ph1in 1 cua thanh tr.ong miiln 1a .Ya 2a Ht: 

cpi(at-x) = ~Fvy ~ ~n ( t- :} si~WJ (t ~- ~) + Ktlr 
E~1 a -



Bi~u d!ilng b cac tiet di?n phan 1 cua thanh trong mien h la: 

bUt - . - - ·• _ CVy - n (t- x ) ( x) . ---__ - = -<pi (at--x)+ Kt (il-'-xl ==- . e ._ a , sinWt t~- -Ktx; 
__ bx . · · . . _ EFt tOt · · _ a . 

T~i tiiH df~n MN trong miElrt 1b va .3b s6ng 1p:i chua xuat hi$n, tl'r (2.5) ta c6: · 
1 , ·'- ' 2 . . · c:t.1 K:i l2 . 

'P2(at-lt) = -_.--<pi(at-"-h) +- --=--=:.....::... 
. . . 'l+c:t~. . ' . l+ett 

·'. '' •' ,·- _-\- ' 

.. y~~-.s6Jig-W2 (at -x) t~i ciic titH di~n. phlin 2 cii.a thahll trong cac mien ·1b va 2b IOC: 
-<· ' . . ( X ) ~ , • . -

·-- . · - ·· · -n t--- · 
, ·· . -~ .•.' 2CVy e. - a ( x) .. 1 , 

'IP_ !!_ (at"7x_) ·= _-(-_i \ E F sin Wt t - - + -+ (2Ktlt +at K2 b) . -·. : · . _ + CXt1 1 WI - a 1 Ott ., 
" \- I 

:~.~~1} _(l~~g. t~Lca,c tiet<di~n cii.a ph~n 2 cua thanh a mien lb H.:_ 

; ~\1:, ~ ~·~naic·' x) +j{, ( ~~ xl = - 2C-·v(1-_+, > ,..-)_ nE(Ft- : } ,,,: oo, (t -_-"-) + 
- ·ax · ,. · •·- ; • till · - . ""? · -· • • • . _ a 1 . . 1 w1 . . . • a 

~.,, ' . 1' -- . • -. . 
. + K2(l-_x)-

1 
+eX-t (2Kt-lt + Ott K2 l') 

'vtv s6ng 1lli<at +x> t~i cac 'Het di~n pMn 1 cua thanh &··mien 2a va. sa la.: 

. (1-atkv; -n (t~ 2~1 
+ :} . ( -.. 2lt - x ·) . 

= (l+"' ) EF . e _ smWt t-- + - + 
- '-"'l . tWt . · · . a a 

Y,i (at+ x) 

1 . 
_ + I +at { (1-c.tt) Ktlt + CX.t K2 h]. 

'. 
·>-.!) 

2ll X ) ---- + -_ + Kr (211 - x). 
a a 

· tU: dih~ ki~n (1.6) t~i dau thanh (x = 1) thi oU2 

. ot 
= 0, ta c6: 

1l'2 (at+ l) = ~ cp~ (at-l) 
.Y~y &6ng 

"'2(at+O == -
2CVye '--n (t-·+) . _ ( . l ) 

sin Wt t---
(1 + ott) E F1 Wt _ _ . a 



'll/ (at+x) tS~i C:{IC tiet di~n phan 2 cii.a tbanh trong mien 2b,,.. la: 

~2 (at+ x) = 

. Bien d~ng t~i cite tiet di~n phan 2 cua thanh trong mil~n 2b. 19 : 

OU2 =- .· 2CVy,. ·,re- n (t:::_ 2: -+-:) s,in -W! (.t- ~ + ~_)· + 
ilx . (1 + et!)EF1001 · . - a a 

+ e - n (t - : )-sinwi (t- _x_·_ )J ;, Kz(l __ ;)--.
1 

2 
(2KJ1!1+ cttK212): 

. - . ~ • . . +ott ' ' . . . 

. ' 

Bta chi: NM.n ngdy 24/10/1979. 
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