
VE l'o/h)T PHUONG PHAP XAY DlJNG HAM UAPUNOV 

KGUYEN BiNH PHU 

Ham Liapunov khong nhung co ung dcyng trong ly thuy~t on dinh, trong cac bili 
toan di~u khi~n ma con cho phep khang dinh S\I ton t~i nghi~m tuan hoim, cho phep danh 
gia khoilng tboi gian ctia m(>t qua trinh v.v ... Hi¢n ti)i c6 nhieu phuong phap xay dung 
ham Liapunov. Nhung van de d~t ,. doi v6i M phi tuy~n hi dmg khong the khang dinh 
rang chung du0c xay ~\Ing mot each hoan chlnh va day di1. 
· Trong bai nay cbUng t6i de nghi m¢t phuang phap xily dung ham Liapunov, tit doi 
so sanh cic phuang phap dii bi~t va ung d11ng khao sat ~hieu vi d11 cu the trong R 2 vil Rs. 

Cac khai ni~m c6 the xem [1], [2]. fle clan gian ta t<Jm quy uoc !a M on dinh 
thay cho nghi~m khong on dinh. 

§ 1. PHlJO'NG PHAP XAY Dl)'NG HAM LIAPUNOV 

Trong cong trinh [3] cite tac gia Uocer D.A. va Clark L.C. dii nghien c(ru lin dinh 
va xay dvng ham Liapunov cho phuong trinh: 

Phuong trinh (1.1) ruong duong v6i h¢: 

, 
I X; = Xi+!, 

Xu = ~· f(x1, Xz ,~., Xn) 

H~un Liapunev duqc d:~ nghi: 
Xn-·l 

f> J f(xr, 

0 

(1.1) 

= 1, 2 , ... , n- 1 
(t:z) 

(1.3) 

Theo BarbiJ.sin E. fl thi phw:mg phitp nUy c6 ohfmg cht· kbJ;ng r-C1 ritng va d~c bi~t dOi v6 
m¢t so M n6 to ra qua phuc tap [2]. Cl,ang h?n x&J: h~: 

{

X= J 

y ~ - f(x, y) 

X 

V(x, y) = J f(u, y) du + y; + F(x, y) 

Q, 

(1.4) 
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X 

V(x, y) = - f(x, y) J
• of( u, 22. du + &F 

ay ax 
aF 

y -- -- f(x, y) 
ay . 

0 

fli~a ki¢n au cha M (1.4) en diuh Ia : 
1. :d(x, y) > 0 'J_qi V x + 0, Y"F 0 

X 

f af( u, y) .d > o v ._ o 
X u • v x, y T 

. ay . 
2. 

0 

" (1.5) 

Chimg t6i nhh thay (1.5) chua phai lit ilieu ki~n t6t ~Mt vi ham f(x, y)_ co tM la phi 
tuy~n a6i voi x, y . Tir ton t~i treu dln d~n: 

Dlnh If 1: Nlu ham f(xt, x 2, ... , lin) E 
iliiu ki?n ton tni duy nhdt nghi!m, vJ : 

(G), (G E Rn ch!ta 0) vii thoa man 

i) £(0, ... , 0, x;, 0, ... , 0) xr> 0, i '= 1, n ~ 1, \fx; + 0 
n-1 · 

ii) L f(O, ... , 0, Xi, 0, , .,, 0) Xi-!;1 - f(x;, ... , xu) Xn <;;; 0 ( < 0) 

i=1 

thi nghifm kkiJr1g (hf (1.2)) cua phuang trink (1.1) Jn il!nh (611 ilinh tifm c¢n). Hiun Liapunov 
iluqc xiiy d;mg d ufli d~ng: . . 

n-1 x1 

V(xt, x2, ... , x,)-= L J f(O, ... , 0, u;, 0, ... ,o) du; + ~; (1.6) 

i=l 0 

Chung mlnh :. Di~u ki~n i) ch d!nh lf 1 kh!i.ng dinh ham V(xt, x2 , ..• , xn) lio ham xac · 
ct;nh duang voi mQi ai~m (xt .... , Xn) E G c Rn. 

' . . 
n 

, . . av '\' av dx; 
toan phh, V( X!, ... , x,) = - + /... -- -- ~ . ae ;~x, dt 

. i=1 

n--l 

= L £(09 .. ., O,xi, (\ H·J 0) Xi+l- f(xt~ "'·' :x 11 )xl1. 

i==l 

V6i cW~u ki¢n ii) dJ~·d'inh ly 1) 5ll1J rm V (~1~ ""* Zn) < 0, i< 0), V (:n: .. <, E G, 
Theo dinh ly on djnh cuo Liapunov [l], nghi¢m !~m th1i0ng (x1. x2, ••• , ~n) = 

= (0, ... , 0) 1\n oinh (bn dinh ti~m c$n). Hay don gliin han, t• n6i h~ (1.2) on t'tjnh 
(on ci\nh ti~rn c$n ). 

Xet b~ phu,.ng trlnh d;mg : 

~ ~l = X;(xt .... , Xn), i = 1, 2, ... , n- 1. (1.7) 
Xn = -f(Xl, , .. , Xn) 

Binh l:t 2; Gid sd t)f phdi h? (1.7) th6a mau /Ji!Jtl kiln tOn ti}i ,vr, du!j nhdt ngkifm~ t(J 

ngh:i#m t~m thuiJni duy ttkCit, KM dd nltt ;~am £(:~u, ... , x:a) thoa miin: -
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i) ., C, AL 0, ·'' 

n-1 

i=l 
thi h; (1.7) 6n ii!nh (bn atnh tiim cdli). Hiim Liapunov xdy dung theo dang (1l6). (ch1ing 
minh ,tMng II' nlzu dinh lj 1) 

§ 2, SO S_~NH P HUO'NG PHAP DE NGH! v(n M(o'I' SO 

PHP'O'NG' PHAP I;! A BIET 

Nh!lng pliuang phap tach bien, d?ng toim phuang, th~ nling, o . [5] mang tinh 
st":r d~ng rQng rai va c6 y nghia rat ldn- trong bili toin On dinh. Chung ti~n se so sanh vOi 
InQt vai phuong phip n6i td~n. . 

1. Xit lz? (1.4) , _ 
- Phuong phap d~ nghi trong [3] cho cli~u ki~n (1.5) 
- Phuong ph:ip deng toan phuong khong the ap cl\lng 
- Phuong phap ti<ch bien khong th~ ap d,mg 

X 

-Phuong phap (L6) cho ~hep tim ham .y(x, y) = f f(u, O) clu + Y
2 

kbi d6 
' 2 

0 

<leo bam V(x, y) = [f(x, o) - f(x, y)]y. Vi tM <lieu ki~n au d~ M (1.4) on ajnh (1\n dinh 

ti~m c~n) 1 a : 
i) f(x,O)x>O, Vx+o 
ii) [l(x, 0)- f(x, y)Jy ~ 0 ( < o) 
Roan toan nb~n thay (2.1) don gi<in han (1.5) rat nhieu. 

(2.1) 

2. X it hf: I ~ = y 
I x = -(bx + ay) 

(2.2) 

- -Phuong phap dqng toJ.n phuong: Sau m¢t quit trinh tinh toJ.n dt cOng phu va 
dai, Barbas in [2 J dua ra 

W(x, y) = W11x2 + 2W1zxy + W2zy 2 

dV 
Sao cho -- = ZV/. Tic giJ dii c6ng phu tinh toftn ma trc~n va nh0n duQc : 

dt ' 
y2 x2 

V(x, y) = -·- + b-~ YO dao hiun toan phan V( x, 
2 2 

- M4t khac khi slf d1,1ng phu:ong phitp (1..6) ci6i vCri hi; (2.2) ta cO nga~,': 

Nhu v%-y u c() ctm.g mN ham· Liapunov cho ht~ (2.2) b9.ng 
3. Pluic tap han (2.2) ta x,'t hi": 

d.c phuong ph~_p kbac nhau. 

~~~y 
/ y = -f(x) + g(x)y, f(O) = 0 

--Phuong phap (1.6) cho ngay: 
X 

V(x, V) -c f 
.I 

0 

y2 
f(u)du + 

2 

(2.3) 
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-· Phtror1g phap t0ch bii!b: 

Nguyen t8.c lD xfiy dvng 'l(x, y) sao cho nO c6 Ckmg V(x., y) =: F(x) + P(y) 
b:lt bu<)c F'(x)y- P'(y) [f(x) + gy] c6 d;;ng nl111 ham V(x, y), c6 nghia: 

F'(x)~ + P'(y)y = Ft(x) + P!(y) 
Hay: 

F'( ) P'( ) f( , . F'(x) P'(y) 
x_ y + y- · x 1 =·0 va -- = --·-- = const . . . . f( ) 

~ X y 
X 

Gii s1l: chon f 
y2 

const = 1, ta c6 F( x) = • f( u )du, P(y) = -
2
-. 

0 

Ta cling c6 ham V(x, y) nhu phuong phip (1.6). V:a ctieu ki~n lin dinh cua h~ (2.3) la: 
i) f(x)x > 0 Vx+ 0 
ii) g(x) > 0 . . 
- Phuong phap d~ng toitn phuong kh6ng th~ ap dung cho h¢ (2.3) 
4. XJt phzNng trinil · 

(2.4) 
X 

' N~u thvc hi~n the y = x + f g( u) du, thl h~ sau se tu'ang duang v(Ji phuong trlnh (2.4): 

0 

\ ~ = y - s" g( u )du 

1 0 

·ly=-f(x) 

- Phuong phip ciang toim pbuong kh6ng the ap dung cho h~ 
- Bili roan se phuc tap neu ap d1mg phuong phap tach bien 
- M~t khac, neu dttng (1.6) ta. c6 ngay ket quit: 

(2.5) 

X . " 
V(x, y) = f f(u)du + yz_ vit V (x, y) = --f(x) 

• 2 
f g(u)du .. 

() 0 

Tir d6 tim dieu ki¢n on dinh (~n dinh ti~m c~n) cho (2.5) bay (2.4) ta duoc: 
i) £(X )x ;> 0, \j X oF Q 

X 

ii) x J g(u)du > 0 (> 0), \j x ~F Q. 

0 

(2.5) 

Se tOn .. t?i h~ phuong trlnh ma h~nn Li.apunov kh6ng the thu nh.~n Guyc bang ci~c 
phuong phap tach bien h·o?c pkucmg ph3p to8n plnrong, 

Vi dn: · 

?. X<t he pluwng trinlz trong R3 : 

X= Z 

y = K +by (26). 
z = - f(x, y) - z 
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- Phuong pbi1p (L6) cho pbCp thu nga y ket 
X y 

V(x, y, z) = J [(v, O)dv + f f(O, u)du + ~
2 

• (2.7) 

0 0 

- Phuong phap tach bien: 
Theo nguyen tile [5], phuong phap nay ham Liapunov duQc de nghi: 

. V(x, y, z) = Ft(x)+ F2 (y) + F3(z) (2,8) 
va dao ham toan. phan V(x, ), z) c6 dang cua V(x, y, z). Theo (2.8) ta c6: 

V(x, y, z) = F!(x)z + F2(y)x + bF2(y)y- F3(z)f(x, y)- F3(z)z. 
M~t khac kh6 c6 th~ khang <!inh rang: . 

Fi(x)z + F2(y )x - F3(z)f(x, y) = 0 v6i moi x, y. z, 
boi vi ham f(x, y) chua biet va co th~ Ia ham kh6ng tach bien thea x va y. 

r) Xit h? phtta~tg trinh pht'tc t~ p han: 

X=Z 

! = z - byx2 

z = -gt(x)- gz(y) 
V6i -'"gt(O)- gz(O) = 0 

- Phuong phap dang toim ph uang khong the ap dung. · 
- Ph1.1ong phap (1.6) cho ngay ket qua: 

. X y 2 

V(x, Y• z) = J gt(u)du + S gz(v)dv + ~ 
0 0 

(2.9) 

(2.10) 

Khi d6 V(x, y, z) = - byg2(y) x2, suy ra dieu ki~n on dinh (on dinh ti~rn c?n) du6i dang: 
i) b > 0 (> 0) . . . 

ii) g1(x)x > 0, \j x + 0 
iii) g,(y) y > 0 (> 0), v y + o. 

- Phuong phap tach bi~n: ' , 
Ham Liapunov V(x, y, z) = Ft(x) + F2(y) + F3(z) 
Thea M (2.9) Iffy a;io ham toim phan : • 

V(x, y, z) = F{(x) z + Fi(y) [z- byx 2 ]-"F3(z) [g 1(x) + gz(y)] 

Cimg kh6ng the tlm V = F10(x) + F2o(y) + F30 (z) nhu deng cuaV. fle giai quy~t 
can tr(J nay ta si't dt,mg S\[ toO rQng cUa phuong phap tach bien, n6 da duqc d(; nght 
trong [2], [12]. Tire lit xet h~ tbng que.t, 

n 

;i = L Pik h(uk)~ i = 1, 2, o<O ' n. 

k=J 
(J aa.y d.c tac giil yeu dtu 

m=1 
Ham Liapunov lit 

n Uk 

V(x) = L f h(u.) du. 

k=1 0 

(2.11) 

(2.12) 
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3 3 

"·1 - L Ptkh ( L "'" x.,) = x~ 
k=l m=1 

3 3 

~z = L p2kfk ( L a,., xm) = X3 - hxi x2 

k=1 . m=l 

3 3 

X3 "" L P3kh ( L •<m x,) =· -· gt(>t)- g~(xz) 
k=1 m=1 

De . dang nhijn tha y rling . 

i 

P!l = 0 

PlZ = 0 

. Pl3 = 0, nen fa(U3) = xs 

" ) 

Nhung vi Uz = L az.,xm, cho nen f 2(u2) + - xixz vil chung ta khi\ng the tlm cac bHn 

m=l 
ut, u:~.· Tat r.hicn can;; khoog the x:iy dt,tng ham V(xt, x2, xs). T6m lai phucmg philp 
t<ich bifn m6i ding kh6ng t!ng chmg cho h~ (2.9). ~ 

Jlang Set ki't lwp phuong phap (1.6) va phuong phap tach bien ta xet he 

~i = Xl(.;"ll .... 9 Xn), i = L z·, ... ' n, 

trong r'k1 Xi lien t~tc vb_ thQa man Xi(O, .• , , 0) = 0. 

D]_ul~. 3 : NJu zldi t!l)·i h; (2..13) tOn i$-i nftt?.ng hitm 'li(li)~ i =- j, 29 .,,,., n xdc 
djPdi lrdn { ~;<!~ + a) ;;ao c!w: 

i) ZJ\'_i(Xi) :."__-~ 0.. \f ~\_\ 0 
n 

\""" . ii) L, X;( XL. %2', ,, , >n)Vi(x;) < 0 ( < 0), If Xi E ( --~. + a) . 

i=l 

tili h,i (2.13) Jn J,inh (6n iljnh tUm cdn). IIilm Liapunov cd d~ng: 

n :I.i 

V(Jl, Xa, .,., xn) = L f v;(S;) dSi 
. , 

i=! {) 



Trong khong gian R2 , tinh ~n dir)h dii duqc khao srh kha r(lng riii [10], [13]'. 
[14], [11] : 

l ~ = a~ + bv 
1, " . 

y = ct + dy, tem [1] 
(3.1) 

2 ) x = ax + f(y) 
· y = ex+ dy, f(O) = 0, xem [10] 

(3.2) 

3. . l x = f(x) + by 
y = ex + dy, f(O) = O, xem [10] 

(3.3) 

\ x = f(x) + by ·. . . 
4

' I y = ex+ g(y), f(O) = g(o). xem [13) 
CM) 

l x = y xem [ 14]. 
5

· y = -- g(x) f(x) - q(y); -g(O) f(O)- q(O) = 0 
(3.5) 

6. 1 : = fr ( x) + by 
I y = fz(x) + h(y) xew. [11] 

(3.6) . 

'") fr(O) =·o 
VOl 

£2{0) + fs(O) = 0 

Trbng phln· nay ta khio •at die he trong R2 v6i c4ng tong quat hon, vii chfr y~u 
Ia dung phuang phap ail d~ nghi i'r dinh ly 1 va 3 : 

7.X8ihj: l x = f(x) + by 

. y =- g(x) q(y)- p(y) 

V6ilf(0)=0 
-g(O) q(O) - p(O) = 0 

Gia ;l! M (3.7) thoa man .:Hau ki¢n ton t'i vi> duy nhilt nghi~m. 

Dinh ly 4: Nlu cdc hiim f(x), g(x), q(y), p(y) th6a man: 
i) q(y))>k1>0, \fy 

ii) ~g(x) x> 0, V x "f-0 
b 

iii) p(y) y > o C> o), \fy ,pD 
iiii) -f(x) x ;;.o(;_-:>0), \jx "f:-0 

1 s· sy $ V(x,y)=- g(u)du+ -- dS 
b q(S) 

0 

(3.7) 

(3.8) 

Th~t v~y. n~u ch0n V1(x) 7 ~ g(x), V2(x) = q[y)-va ham V(x, y) theo (3.S), v6i 

i), ii) dinh ly 4 khang d.[nh rhng V(x, y) > 0 v6i mQi x, y "F 0. Khi 0.6 ii)- iiii) khllng 

dinh V(x, y) < 0 ( <:: 0), Thoo dinh ly Liapunov, thi h¢ (3.7) on ajnh (5n djnh ti~nt c~n) 
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! ) 

c~ g(x) q1(y) + q2(y) 

.. ( h(O) + fz(O) = 0 
VOl j . . · 

. I g(O) q!(O) + q,(O) 00 0 
va thOa miin d:it:u ki~n tOn t;Jl duy_ nhat nghj~m, 

!Eiinh ly 5: N!u '"' ham ft(x), f2(y), g(x), q1(x), qz(y) thoa miin: 
· i) Gl{Y) -/- 0, V Y + 0 
ii) g(x) x > 0, \fx + 0 

iii} f2(y) yfq,(y) > 0, \fy + 0 
iiii) -f(x) X> Q (> 0), \j X + 0 
iiiii) q2(y) Y > 0 (> 0),~\fy o!p 0 

tki hi' ().9) lin djnh (iJn dink tifm c¢n). Ham Liapunov cho h? (3.9) Iii: 
X )' :·. 

V(x, y) = 5 g(u)du + f f(S)_ dS 
. <j!(S) 

0 0 

(3.10) 

Chimg t6i chan thimh cam on giio su B. A. Secbac6p da quan tam giup do va cho 
y ki~n bil icb. flbng thai bi~t on dong chi Ph~m Huyen da c6 j· kien vil nh~n xet khi 
viet bai nay. 
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1'. P. H~ Chi i'v1Hih 

Nhqn ugag: 15-10-1981 
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