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VE MOT PHUONG PHAP XAY DUNG HAM LIAPUNOV = -
NGUYEN BINH PELU e

Ham Liapuncv khopg ching ¢6 (ng dung trong ly tnuyet &n dinh, trong cic bai
toén didu khifn ma cdn cho phép khing dinh su tOn tai ngmem tudn hoan, cho phep danh S
gié¢ khodng thdi gian clia mét qud trinh v.v... Hién tai c6 nhizu phuong phép xiy dung L
ham Liaptncv. Nhung vin d& dat ra 8t véi he phi tuyén lai cang khong the khing dmh
ring ching duge xdy dung mot cach hoaa chinh va d3y d4.

Trong bai nay ching toi d& nghl mdot phuong phép xdy dyng ham IIapunov, tir dm
so sanh cic phuong phép dé b€t v ung dung kbdo sat phitu vi dy cy thé trong R? va R®,

Cac ¥hai nizm cb the xem [1], [2]. D& don giin ta tam quy udc 12 hé da dmh
thay cho nghiém khong 5n dinh.

§1. PHUONG PHAP XAY DUNG HAM LEAPUNOV

Troag corg trinh [3] cic tic gid Uecer DA, va Clark L.C. 43 nghién ciru 8o (hnh
vd xdy dung ham L1apuuov cho phuong trinh :

, 1 = —f{(x, %, %, ., 200 _ (11)
Phuong trinh (1.1) tvong duong voi hé:

' X: ‘ -
o g .
! b (1:2)
1. ,
i‘ Xy = — f(Xi, E2 seen Xn)
. Ham Liapunev dugc 48 nghi:
En-1 . .
' { : B \ '
V{XU :‘.:‘_), PR X'ﬂr} == j ffﬁ'l‘ RZ denoey X]’l)‘ din._l "i' :'_':;“' 4’ E{\kl [EEF :\'n} (1.3)
J

Theo Barbasin B, & thi phusag phip ndy b nhiag chd khoag 5 rdng va dic bide 481 vo

mot 58 b néd & ra qud phac tap [2]. Chiag han 28t ha: _
R (1.4)
y = — 9 '
Khi d¢ _ o
x
Vix, v) = f f(u, y) du + ? + E(z, y)
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Ching 01 nhdn thdy (1.5) ) chua phé; 12 dizu kign uﬁt shét vi ham f(x, y) cé thé ia p}u'

tuyén 481 voi x, y. Tl tOn tal teén din dén:

Binh Iy 1: Néu him f(x1, Ao xn) € (G) (G & R® chua 0) d ffm.e min
disu kign ton 1ai duy nhir nghidm, va:

1) f(@,.,,,O, Xl: 1 G)XI>D 1......1 Il--'l VXIEIEO

- n—1
- i) Z £0, .., 0, x1, 0, ..., 0) mitr — £{x1, ..., xn) xng 0 (<7 0)
j=1 . |

ik ugizzem Bhong (hé (1.2)) cda phuong wrisk (1.1) én dink (0?; dink tigm can) Him Liapunce
duge xdy dung dwsideng:

: n——i Xi s , .
‘ 2
Vizi, 12, «v .0 Za) = E jq 0, ..., 0, 4, 9, a0y dui 4 —%’3— - (L6

i=] @

Ching minh: Didy klén i) cag dinh ly 1 I(hd.ng dinh ham V{x1, x3. ..., %x) I him xéc .

dinh duong vaoi mm ﬁi:ém {x1, ..., \.n);é G - Ry,

o
‘ . - a 3 . +
Dao ham todn phdn Vixi, ... Za) = ﬂw ,_y__ EEE-L = ' .
: : . ae : dx; dt . )
1=1 |
n—1 :
= Z f{Ug veas G;Kia U a3 @) 234l — t(ll vy EZI)KXK'
jzd

Vai didu kit ii) che dink 1§ 1, suy ra ¥ {x, .. ;m; L0, (<D0, Y L, e, 1) S 6
Theo dink Iy bn dink cla Liapunov (1], ngh:ém tim thudng (K1, Zg, v, En) =

~ ={0, ..., 0) dn dinb (bn dinoh igm cén). Hay don glia hon, ta 0di hé (1.2) On diah

 {5n dich tiém cdn).

Xét hé phueng trinh dang:

5 ? }-Ei = Xi(xl, voty X_l]}s i= 15 2: cesy B 1 (1.7)
%n = =%, ..0r Zn) | '

1

Dink 1y Z: Gid b of phii b (17) ﬁaoa min 3isu kifn on 13 vé cug; ubds nghigm, o6
;wﬁ igw tim thudng duy akdz, Kb 46 wéa ’zmz Hzi, o0 22} u%or M :

i4

e et




iy i(n, G, 25, O R I 2 ! [, &z~ g
n—1

i} E (0, . 0 %5, O, 033 = I{2g, 29, o, xa) ¥e 50 0 (<0
i=1

thi kg (1.7) én dink (dn dink vidm cdd). Ham Lig punot iy a’ng theo ng (1 03, {cizzmg

mink twong ty nhu dink lj 1)

£2. 50 SANH PHUONG PHAP BE NGH] v MOT 56
- PAUONG.PHAP pi BIET

Mhiing ph'ucng phap tach biéd, dang toan phuc:mg thé" néng, v.v. {5} mang tinh
st dung rgng *al va eo § nghia rdt lén trong bal todn du dink. Ching Wi 56 59 sinh voi
médt vai phuong phip noi tréa. ‘ _

1. Xét he (1.4) ] !

-~ Phuong phip d& nghi trong {3} cho ditu kita (1.5) o

— Phuong phép dang toan phucng khéug the dp dung

— Phuong phdp tach bién khdng thé 4p dung

x

- Phuong phip (1.0) cho phép tim ham V{z, v) - .f f(u, O) da 4+

4]

')

khi dé

dao ham \f(z,' ¥} = kf(x, 0) - f(x, iy Vi thé dizu kién da d& ha (1.4) dn dioh (dn dinh
tiém cdn) la: '
i) i(x, O)X)O WX 0

i) [E(x. 0) — {x, )]y <O (<T0O) i (2.1
Hoan toan nhgn thdy (2.1) don gidn hon {1.5) ré: nhidu, -
2. Xét ke X =Y . - (2.2)

¥ = —(bx + ay)
— Phuong phép dang toan phuong: Sau mét qud trivh tink todn rdt céng phu va
dai, Barbasin [2] dua ra ._ .
Wix, 7} = Winz? + 2Wzy + W22y2
Sap cho —— = 2W. Tac gid d3 cong phu rinh tofn ma tran va ohae duge:
{ . I

2 2 . )
Vix, v) :_};"“ -+ bj;@ va dao ham tokn phin Vix, v) = = 2ay®

~ Mat khac khi st dung phuong phap (1.0} 481 véi he (2.2 ta ¢6 ngav:

%
o ; o bx? 2
hude o 2 e e o

2 2 2

v

-

Ey ¥

“reage

gyt

E

&

INhi vay ta cd cling mét him Lispunov cho he (2.2 bleg cac phuong phip kbic nhay,

3. Phiec tap hon {2.2) fa it B

b=y ' o (2.,3}

. 7= —fx)+ g(x)y, 1(0) =0
- Phuong phap (L 6) cho ngay:

iz, v} e { f{uydu + WZW

o
&




— VPhyrong phap téch biéa:

el
i

Nguyén tic la xdy dung ¥V (1 y) sao cho nd ¢d dang \U, v1 = E{x) + P(y)
bat buge F{xyy — P'{y) [Hz) + gyl o dang nhu ham Viz, },’) co nqi}ia :

I (x)x + (J)} = Fi(x) + Pi{y)

Hay:
. . F) A : Pd
F{xyy + Py f(z) =0 va — {x) = §) = onst
o ' ' Hx). v
: 2
Giz sit chon comst = 1, ta cd F(x) = [ f(uydu, P(y) = m—z—d
| ' ' S
,Ta ciing c6 bam V(x, y) abu phuong phap {1.6). Va ditu kién 8a amh clia he (2 3y da
D i(x)x >0 \x =k 0
i) g(z) >0
~ Thuyong phap dang toin phurng khoug tht 4p dung cho k¢ (2.3)
4. Xdr pfmong trink - . :
X + g{x)x+f(;) =0 _ (2.4
. ‘
® Néu thyc hign thE y = x + j. g(u) du, thi hé sau sé tuong duong vi phuong trinh (2.4):.
o]

§ =y - j. g(u)du. o (2.5)
0
Ly =-t(x)

— Phuong phap dgng toan Phugng khong th? 4p dung co he (2. 5)
— Bai todn s& phuc tap néu dp dung phuong phap tich bién
— Mit khac, néu ding (1 6) ta ¢6 ngay két qui:

X

g2
Vit vi= f Hudds + -Eu vé V (x, v) = - I{x)} E gliudu.

G

Tir do tun (ifeu kita On dich (3n dinh tiém cda) cho (2.5) bay (2.4) ta duoc:
(>0 Y=+ 0

X
ity x j g{uydu 2= 0 (03, W x == G
O

& thn tai b phuong trich mi ham Lispunov khong thé

rhuong phap taf:h hign hoﬁu phuong o

thy phin duge bhpg rac
phidp todn phuong.
Vi dy _

7. Xe\z ki phuong irink trong R3:

X =z
=1 + by

{463,
2= = fx, y) — z

—Rd cing phuong phip dang todn phuong khong the ap dung
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— Phuong phap {1.5} cho phép the nhin ngay k& qud:

A 7
2 .
V{xj y, Z) = {;E(v’ G}d‘i?_—}-{ f(O, u)du 4 ’-%‘“ (27) .
| | Qa o . . . )
— Phuong phép tich. bién: S
Theo nguyén tdc [5], phuong phép nay him Liapunov duge d& nghi: e
CV(x, 7, 2) = Fi(x) + Faoly) + Fs(z) (2&) :
va dao ham toan phin V(x, y, 2) <6 dang cha V(x, y, z). Theo {2.8) ta cé: L
V(x, v, z)=Fi(z)z + Fz(y)K + bEi(y)y ~ Fa(2)i(x, y) — Fy(z)z.
Mit khéc khé ¢o tne khing dink ring - :
Fi(x)z + Fi(y )x — Fv(z)f(x,' ¥) = 0 véi moi x, ¥ 7,
béi vt ham f(x, ¥) chua bi€t va cd thé 12 ham khéng tach bién thec-x v y.
6y Xét h¢ phuong trink phicc 1ap bon:
i |
y =z ~ bys? (2.9)
2= —g1(x) — ga(y) - '
Voi ~g1(0) - g2(0) = 0
— Phuong phip dang toan phuong khong thé ap dung
— Phuwong phép (1.6) cho ngay két qua
- oy Y
V(X= ¥: 2} = f g1(u)du +.f go(v)dv + —%— (2.10)
- 0 ) 0
Khi 46 V(z, 1, z) = — byga(y) =%, suy ra 61eu inen 50 dinh (on dinh tiém can) dudi dang :

S )b >0 (>0
) g(x)x >0, Yx =0
iti) ga(y) y >0 (> 0), ¥y 0.
‘- Phuong phép tach bi¢n: '
Him Liapunov V(x,y, z} = FI(X) + FZ()) + Fs(z)
Theo he_ (2.9) ldy ddo ham toan phia :

T, 12 2) = B0 24 Fi() [z = by <Fi(e) (ga(x) + a()]

Cang khong the tim V = Fio{=) + F?(}(y) + F30(z! nbt dang cha V. D giai quyét
cin tr( nay ta st dyng sy md _rong cha phuong phip tich bxen, no da duge de nghi

trong [2], [12]. Téce la xét he tOng quat

—, , L
= ZJ Pik fk‘(\uk}s L= 19 2) aee . B
=t

(3 day cdc tdc gid yéu clu
: B

fx(ue) > 0, ux = Z ai;m ¥, K =1, 25 sae, 1

m=1
Ham Liapunov la ' o
noug

V{x) Z f Fu(u) du.
k=15

(2.11)

(2.12)
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r dumg cho hé (2.0 1w o
. 3 3
‘d‘:i':'i = Z PLLEL ( E d%m Xm) B 1)
=1 me==1

33 , |
5} Xy = E.Pﬂqfk{ 2 2xm h) = 33 — bxf xy - -
k=1 = m=1 . .
3 3 - o
7g = Z istfk( ): dm ?»m) =~ g(x1) ~ ga{x)
k=1 tre=1 .

pri=0

1pia = 0, néa f3{us) = x3
P =0 _'
paa = b, nén fo{uy) = — xPx; va f3(us) = x5
pag = 1 .
P8l o= i
. P32 = 0
Cp3s = 0, ndn fi{uy) = - g(xg) ~ galxy)
Nhing v up = Z 2zmZm, cho nén f(us) == — xlxs vi ching ta khong thE tim cée bign
m=1 7 ' .
ui, ug. Tde nhidn cang khong the zéy dung bam V(x1, 15, x3). Tém lai phuong phap
tich bidn mdi ciing khéng dng dung che hé (2.9). - .
Bang su k&t hop phuong chip (1.6) va phuong phip tach bifa ta xét he

X = Ki(}{lg sha g Xn)s 1=1.2, vo-, 1, (2n15)
trong 4o Xs lién tuc va thaa min X(0, .., 0) = 0. '

o Bink 1y 3 New ddi odi by (209 tdn tgi shing hdm Vi(33), 1= 1,200, 0 xds
Ginke trdn {~2, 4+ a) w0 cho :

Doavidrid -0, Wik 0

n
ii) }: iz, 550 o, Fadvi{mi) ﬁi\o (< Op Y& {—a, +a).
j=1’

e B (2.05%) dn dink (3w dink tidm can), Ham Liapupov ¢6 dang:

n o xi
V{31, X3, »res Tn) = Z € vi{SQ) d&:

i=1 ©




§8. DN DINA CAC HE BAY PRUONG TRINE

: Trong khéng gian R, tinh Bn dinh d3 duoc khio sit khi cbog vdi {104, [13]
[14], [11] : 7 o &

1 % };( = azz 4 b‘,
"ty = cx 4 dy, xem [1]
g:ax-;— £y} | e
> % y = ¢x + dy, £(0) = 0, xem [10] 6.2)
% = f(x). + by _ o | _ :
8 % y = ex + dy, £(0) = 0, xem [10] ' (3.3)
x=fx+by -
‘ N % y = ox + g(y), £(0) = g(0). em [13] (3.4)
5. %: ¥ . xem {14]. . _ 3.'5
% y = —g(x} {(x) ~ aly); ~gl0) £(0} — ¢(0) = © (3.5)
o §x=Hlx) + by | o6

y = f2(x) + f3(y) zem [11]
' 4 f1(0y =0
£,(6) + £3(0) =0

Trong phiin' ndv ta khio st cdc hé trong R2 véi dang tng quit hon, va chil yéu
14 dung phwong phép 43 d2 nghi & dinh Iy 1 %2 3:

(% = f(x) + by

7. X hi ; . . (37)
Cty = - g(z) aly) — o)
Vi % 8#0) =0
~§(0) (0} — p(0) =0
Gia $i hé (3.7) thoa méan &gy kitn ton tei vi duy nhidt nghidm.
Bink Iy 4: Ndu cic him £(x), g{x), q(y}, p{y) thda min
y qu)/>ﬂk_1>oi ¥y
ii)-jb-g(x}z::ao, Wx ==
iy p(y)y >0 (>0 ¥y=0
Hily — Hxyz 2 0(>0) Ya=R0
iy ki (37 én dink (Gn dbek cigm cdn). Him Liapunor cho ki {37y li
. . . -
V(x, v) 1 j g{u) du +,§ : R (3.8}
1 == ) .
b } q(8) o
o o

i), ii} dinh 1y 4 khing dinh rhog V(x, y) > © v&i moi x,'y 5= 0, Khi d6 ii) — iiil) khing
~dinh X;{X, 7) < 0 {£ 0). Theo dinh 1y Liapunov, thi he (3.7) dn djoh (5n dink tiént can)

That viy, séu chon Vi(x) = “‘:}; g(z), Volx) = ! )-vé ham VI(X, v) theo (3.55), voi
: 9
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B,o2et hE ko= ‘_,I\ v 4 L4 1 -

B : s {3.93

Y =g{(x) quly) + qely} S )
' ,in(ﬁ);f,(o)w@ . .

£(0) a{0) + qa(0) = 0
va thde mAn $idu kign tdn tpi duy obdt aghidm.

Binh 1y 5 ¢ Néu zde ham £(2), fay), g(x). q.i{x} 92(y) thoa win :
i) quly) = O, Yy +0

iiiiy ) x>0 (> 0), Yx =0
iiiii) ao(y) ¥ >0 (> 07y == 0
thi ke (3.9) du dinh (6n dink tigm can). Ham chtpyﬂou ciz{) b (3 0) la:
x v

Vixy) = j g(u) du +-f 5@- ds _ (3.10y

qu(3)
o o e
Chiing téi chan thinh cim on gido su B. A, Secbacdp da quan tAm gidp da va che
¢ kign bd ich. Dbng thoi blét on c'Ionr chi Pham Huyen dd e6 v kifm va nhin xét khi
viét bai ndy. i ‘ ' .
' N}um ugdy: 15-10- 1981
Pia cki: _
Truing Dai hoc Ting hop
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