
MQT PHUONG PiiA:P xAc DJNH irNG su.AT, BIE.N n~NG 
VA ON DJNH CUA H~ THANH DAN NHOT 

MAi ANH 

T RONG nhfrng nam gil.n d~_y nhHlu mroc tren t'1C gi6'i da drra vao trU!'dl;lng bang lo~t re:lJ.r: 
v*! H~u m&i nhu nhom, th~ch cao, cac v~t li~u de.o v.v ... nMi.m dap ung nhung yh1 drw· 
mbi ci'm ngimh k ien true dy d \fDg cling nh u chi>. t~o may. '. 

l')lgu(:IC VfJi dtC ket cau lam bang V~l li~U C~ di~ll, trling thai ung Sufft Va bi/!n d~lil} 
cua dt.c ke\ diu lam htmg nhung v~t li~u mr.Ji nay bien d~i dang k~ theo thOi 'gian, vi tM 
vi~c xac d!nh (mg snfit bi/'(n d~ng va ()n djnh theo thbi gian cua cac lol,li k~t cllu nay lflt. 
dln thiet. · 

Duai day la plnwng phap tinh totm cho h~ i.hanh, d\l".a t:ren co so qt~a!l M gifra llnr~f 
suiH va bi6n d:~ng ctllt Nowacki [1]. 

§l. PHUO'NG TRINH VI PHAN CO' DA.N CUA THANH DAN NBO'T 
CBlU T Ac DVNG CUA LVC DQC} BIEN D4NG TlUJ'OC . . 

VA cAc NGOA.I TAC DVNG KHAC 

Quan M giihl \mg sui'H va bit!n d~ng trong mi)t v~t lhi:\ dan nh6t 0 tr~ng tM.i iH't 
su;H mljt tr!JC co dlJng [1]. -

P(D). <F(X, U = Q(D) [ll(X, t) - etT T(X, Z, t)J (].f, 
\ -

T;·ong do: ,.T: H~ s•'l dan nl'r nhi~t, 

Tl..X, Z, t): mue bien d<~i r.ua nhi¢t uy, 
P(D) va QW) .ii< eac toan ti'r thai gian. 

£l6i Y{Ji V$1 li$u (Jitn nh•h tuy£;n Unh, neu d~c 

tinh CO' hQC CUa no i[)('<I9't bii:>u di~n brtng ffiO 

hlnh Kelvin t(';ng (hlnb 1) c8.c: tmin t-& 
thcd giim tren c6 n{': 

Q(D) = 

b d:i.y ak (k ·= 0, !., .... /! vi\. b:t< (k = 0, 1, ... , 111) li\. d.e hang so v~t 1i~u d:r.tryc :rae d~!.lh 
nghi~m; 

Gia thi<~t W!t ngang ton t!!-l ph&ng s~m bien d~JCl.g, sm1 khi l.ich phAn n il c 

~'"en loan b(J Het d!<·n ng::mg ta e6 

P(DI MIX. I~ =· - Q(D) J ~- Vv(X, U ~- (),(D) QtT ( Z T Oi., Z, I) dF 
ax':l J 

'f' 



~dJL1b 1tn6mcn elsa m9t thanh i bf[t (htnh 

,rliQ<' Pi 

Hin.h 2 

. 
'flt ci<C ngo!}.i. l.ie tl~ng: - Bien dJ!..ng tru:6c Wi,o(x), 

·· - Lvc phi\.n bo ngang qi(x, t), 
- Bien d(H ci'ta nhi~t d¢ T(x, z, t), 

MiOC, 0 = M((O, U + Vi(O, t)X +- Mi,q(X, t) + 
Pi(t) ~ [Wi(l~ t)- Wi(O, t)] ~ + Wi(X, t) + Wi,o(X)t 

cfi'w (L3) v.'fl: Hl.y O!J..Cl ham hai ve ta c6: 

P(D) i -~ Pi(tP[W;{X, t) + Wi,o(X)]- qi(X, t) l + 
u ~x2 ~ 

. ~4 . 0 2 ~ Q(D) Ji -- Wi.(X, 0 + Q(D) et_T - 2 ZT(X,Z, t) dF = 0 
DX4 . IX . 

. F 

~H~u dlt1 x:et elite so h~ng tuyen tinh theo phmmg z cua ham nhi~t d(l T(X, Z, t) = {}.T(X, t) ~ 
'ira h!J'.n chi! trong tnr6ng hqp Pi(t) = Pi, l = m 

. ~hi ph'l!eatng tdnh vi pMn cua m()t th.anh diw nh6-t i bi'it ky_ ch!u i:&.i nhu hinh 2 c6 d~ng: 

~ m _ 0 k l ~4 ~ >n . (Jk . ,;;ll ~ 
"""E.l1 bk -k --.Wi(X, t) + "L ak Pt-........- ·1

1 -.-~ Wi(X, t) = 
L....D ?Jt oX4 _, at" · bX:-
k=~ k=o ' • 

·~· 

~· brc =- Elln~ 

co tM~ dUQG vii.H dur'd dey.ng: 
-.:-• 2,; R;,s (X,l) = B;,s (X) Cba,s (~) (2.1) 

s s 
Tt1Yng dt6 - § 1\a lo~.i ngo~.i tic dvng. tJ'rig v~d c?,c sel h~ng b ve phi'iti ,;{Ita (1.4) thi 

. ~ . . . 
S = o -~ Ri,o (x, 0 = - ao P; -ix2 W i,o (x) h\ si'l h~ng do pi en d~ng tnr(vc, 

~ -ilk 
S "'" qr -~ R;,q (x, 0 = qi (x) ""' a:~; -.- 1r Fq (t) do h11c plhan ho ngang, L.. iJii 

k=o 



i 

! ~ 

i 
' 
! . 

m 

s = 'f 
k=o 

{y day aa gia thiet q; (x, t) = q; (x). Fq (t), 
T1 (x, t) = T; (x). F; (t). 

Bi,S (a;) la IJhil.n ham lQa t19 cua Ri,S (x, 0. 1\Teu ham ngoQ.i t:ii co 
thi so Iw.ng ml.y c6 d~ng 

j = 0,2. 

cf>;,s (t) la phiin ham thai gian cU. a RJ,S (x, t). 

Phuong trinh (1.4) dn:qc ·gii'li v6i vc phili la rn¢-1. so hl).ng ci'1a (2.1). Nglhin$m cl:mng sf: ]~. 
ti'lng dtc nghi~m img v&i so cac so h\;l.ng o ve phaL 

D~ gilti (1.4) ta dung ham tM co d~ng 
W;,s (X, t) =sino;,; :X. C1;,s (t) +cos at; X. C2i,S (t) + C3i,S (t) X + C41;s (t) + Wi,S 00. A•,,s (t) (:3. 'i) 

trong d6: ot1. = 1f Pi/E;J; 

W;,s (X). Aios (t) la nghi~m rieng cua (1-4), 

Wi,S (X) la nghi¢m cua phuang trinh thanh dan hoi chju u6n co li]I'C tdQc vi! cac ngo~· 
tac dt.mg tuang h,r hlnh 2. 

1'nxang h.g p d(lm lien tv c. 
. Thay dieu ki¢n W ;,s (t; t) = W;,s (0. t)_ = 0 d\a dam 1'um tt;~c tren gtli mJ:ng. viw (2.3) v1. 

dung plmang phap khu [2] d~ dua phuang trinh vi pMn d~o ham ri~ng OA) theo t va ;.;r 
tMnh phuang trinh vi phan tlm0ng thEw t ta c6 M 3 phuang trinh v.i pMn d~ x.fuc djnh c:~,,~ 
ham tMi gian Cti,s (t), C2;;s (t) va f\t,s (t). . 

m k m ~ 
~ ...:-' - 3 ,(n) """·- - ll • (n) 

Kn,i L· (bk- ak) ~i< c1. s (t) + LR,; L, Olk - ak) atk c2i,S (t) .-+-
k=o 

1
' k=o · 

Q(n) m 1 

l S ....::;-' - I)' (n) e(n) A · 
+ MR,i -r; ::o On:- ri,n rqJ ~k- Ai,S (0 = Mn,; i,S 'l!.'l,:i U) 

i,n 

H~ phmmg trinh nay dmyc gii'l.i trong vung bien dCli Laplace. Thay llghi~IDIJ. CU;Jl lfH) vao 
la e6 plnwng trl.nh d(l vong eua m¢t thanh dan nh6l. j 

Vhs •X, 0 = -~ ~ (sino:; X + _Xl~ sin e;) r E Go (~11;) C~~)' (o) + 
u I ' ' H' (1': ., II,,) n=l' • •k=l · ~~ 

+ 

[ 
m ({() IS,k) c<n) <o) + m' ~1 (~kl e~u-~ c(n) <o) + ... !1 + 

k =l Ti· q.k) 2i,S k =l H' (h) i:lt 2i,S j 

:2-- Cll 



Phnong trinh g6c xoaY lit 

Mornen dlwc xac dinh ttr d9 vong nha qua11 h~ gifra momcn V<'t dO vong trong m<?t y~t th~ 
,]Eni nh6t [4) . 

t 

. f ' .). [ 0:! W (X ) + ctT. I' T c· F . )J M (X, U = ·- EJ) L (t- 't a-0" . , 1: h Ll X.1 - T U dr (2.6). 

't'=o 
f'ht~ang trinh lvc ei'rt cttTQ'C XtlC dinh nha bi'llu th{rc 

{! 

Qi.s (:r, t) = o:r 1\L,s Cr,t) 

,(n) . (n) , (n) 
Trong phuong trinh d¢ vo:ng eon ehtra d{c hang so c1 ;"(0), C'). S (0) va A. "' (0) va , .... u -:l., 1,~ 

Hinh 3 

~k nk 
-k C2;,s (0) va --1.- A;,s (0), (k = 1,2, ... ,m). , 
ot ot' 

Nh frng Mng so nay duqc x.ac djnh nh& 
di~U ki~ll bif~D Va CaC dieU ki¢11 lien t\IC CUa 
h~ thanh [4]. , 

Vi dtr tinh toall. : . 

-~.I ~ 
. j,. l :'j,- -1 ·" .l _,_ 

Xet m¢t dam lien t\IC hai nh~p (nh tr 
hinh du6i day) Hun bilng GUP (Polyesterharz) 
dugc gia cuang 27,696 scyi thi'1y tinh, co dtc 
h:ing so v$,t li~u n!.m bang [5]. N6 chju tac 

J d\mg cih 

~~ - life dQe P; . ~------------- --------
0 I 0.5522.10-

4 
\i 

1 2.2261.10-2 

; 1~ 0.8331 ~~ 
~ 3.1302 l 

1.0000 

0.2794.10 
0.1;35:3.10 
0.5925 
2.5531 
1. 0.000 

i - bien d:;mg tru&c 
n:n' 

vVL.o(;r) = y_i,n sin--- X ; 
l; 

I 
j 

mun thai gian ctla nghi{om rieng 

Ai,o (l) eho trm'mg hqp nay c6 dl(lng 

Ca'roh"ncr ··r (0.) 'C (O)d '"'"' ., ' ''h'' 1 ·j'' ·· v a 'o so '-'lLo . Ya 2i·o , HQ'C xac cqnn qun. Vl~C gm1 t;: cac p nrang nnn ve 
.(t:i(~u ki~li bien va clihJ .ki~n lien tvc [lJ. Ttr (2.5) va (2.5) ta c6 Vd gi.ai cho Cl:(' vong V<\ m6mr·n 
trong nhip 1 nhu sau 

X ) - -
1
-sin E1 + 

1 ! 

. n'Jt 1 sm-x 
b " ~ 

{n) 

(n) r lil•" CII.E,2 ( X )' (O,n) ( . t A1,0Cl) + 
1 

Y y2,n --- sin co;1X- -
1
- sin 81 A'> 0 t) 

- ~ 21n Eo I ..-.., · 

2 

T
(n) ( ) , "( a,n <XE,2 ct1 ( ) 

t -~---- sin fli1X T'JnO (t) 1,0 '1-Ya,n Y2n lSD ~, 

iO 



Ci:Ei = 

m 111 
N(l/lj) ( 

'I' 't 1 eAkl _ e 1pjt.) 
z= L e ·' -

- a 0 (1-Yi.n) ------- -----
Akh: (Ak) hmM'('Jl.i) 1.jlj . . }k-1.Jlj 

k=1 j=1 I, l1 

+ ~1t)t~-
'--

bm ~!'('\flj) 

f..kt '\l.:J·t e -p.' 

f..k -1.Jli 
i = 1, 2. 

D1r&i d:ly Ht ttucmg bi0u diiSn cac Mm Ai,
0
(t) va Ti, 0 (t) cho lo;,ti v$-t li~u nay t'rng v&i 

cac tri khac nhaucua ri,n 

.3 -

I 1----1-~~~:;:; 

t .J 

Xt:•t trrrt':mg hc;p ul).c hi0t, t~i thai di~m i = 0, cac ham Ai,o (t) va Ti,o (t) c6 tri 1, cac 
lc'li gdti tren tro· h!-i lrtmg v&i lc'Yi giai CUm hoi. 

T:H ca phan tinh toil.n tren c6 th'l1 dtrqc tlwc hi~n nha chuang trinh VISTAB [4]. Chuang 
trlnh VISTAB duqc vi8t bang FORTRAN IY cho h~ IBM 360, sao cho phep tinh chuy'l\n viva 
ni)i 1\rc theo thai gian ci'la ctam lien t\lC tr<:n gfii dmg c6 so nhjp b£~t ky lam bang v?.l li~u 
dan nhc'>t, c(l hang so Y~t li~u cho lnr6·c:, eh1a ltH~ dvng cua hrc d<;c to hqp VCii cac ngo%i 
lc'tc d t.mg : 

Dien d::.mg trut'ic. 
L\rc pham b6 ngang. 
Bi€in dcoi ci'1a nhi~t eli). 

§ S. L(n: GI.AI CliO BAI 1'0AN bN DJNH 

Phuang trinh /)n dinh ega m¢t tha nh Ltf:tn nh&t theo [ 4] c6 dl]..ng 

~~ - ilk ~ o4 ~ m ok 1 ot t ~ EJi b~;: -c - 4- 'VYi (XtO + L ak Pi -k- X2 \Vi (X, t) 
k-a at . ox k=o at . i) 

Nghi¢m cua no dugc x.ac djnh drr&i d~wg . 

=0 

\V; (X, 1) = sin oti XC1i (t) + Cos oti X Czi (t) + C3i (l) X + Cti (t) 

(3.1) 
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trinh x.ae <1jnh e{tc h~un thOi gian c.lJ~~- U>~ dU'Q'C tifn hii:nh U}r nhll-H 
nu~ 2. C{1:e. dl~5 Id{~.Ji ~J.~i~! cti.:-!. eiic b:'n1J d;.:·<_:n.- x:~_.r~ ~J~nh nhC1 i:]H~~u ki$n .bi~n vii HtCril ilr,,c eiJa 
l~: Tru(mg hqp dam !ii\n i~lC s nhjp, cae dieu . m\y oi.\n ibi h~ :Zs phu:ong trlnh ,]·e X{tc 

finh :?s dw gi:} r.rj b:m dau ctia ham ihoi gian i 
RL (0) = o 

Trollg {t(J R la ma tr~n h~ :sCi cii.a M. 
Dieu ki~n mat vn djuh ci'ta h~ Et {!feu 11~ <1jnh lhtJ·c cua u;a tri}n ntty 

det (li.J = () 
JA;c tai h:,:m ciw. h~ du:qc x[te d:jnh nh,)· giai phrrang trinh mfH &n (J:inh iren. Bang 

lm'd d!iy cho biet lvc t6i h~n ciia m(>t so trm'Jng hqp don gian. Qua cac tr! m1y ta tMy, hyc 
cai h~n ctw. ~hanh dan nh&t c6 tr\lc Humh th~ng l.v tu:(mg trung v&i lye t6'i h'itn c.i'w. h'd gii'ti 
lan hoi. Song neu thanh co m¢t d(> cong tnr6c hi)?,C chin Ute dvng cua mt;>t ngo~i h,rrc khac 
thi trong- tlianh ?!:Uat hi~;n mt}t trq.ng thai ung x.u&t bien .d~ng. Tr~ng thai nay ,Ph\1 !bur)(; 'vao 
~ac ham thai gian Ai,S (t) va T;,s (t) (xem ll1l].C 2). Uw ham lhcd gian nay l'ilt nhanh di_~t lr,i 
v6 cung neu .{Ia thrre hi,n (p) c6 nghi~m duong. Hie'U ki~n dll d:a thirc nay c6 nghi$m dmrpg 
La vi~c d?li da~1 cua cite h,$ so. 

____ _......_! BiCu ki~n·~-~-l-~~---.--T;b:;~~ t!~)~~ 
bien B~n i Hmc Oll djnh I va ll;!C t(yj h!~ll 

~;~ M (0, 0=0 --~-w-----~;----~--:::=----
--illll- --....m.,oo'>i~ 

A 1 °.2 
a) ~ tttr . "' . 2 1 - .E.Jn~:;;: ~·r (/ • l-" ot·' s1' 11 e a ('oss P1· - -.,----1---- _ / -----.j lY. ., < -u . , , ' ['1, 

------------·-·-----·------.. -- ------ --6-. =-:~:~---:OS S - 1 ----r--;-~-Egj:-;----
f "' ~cp(O, t)=O ---r- l 1 . ~~-----.£~ .~:/.- I - 2cos e = 0 

,1J) · I t .'~ e::cos8-·sin£ 1-;-ssinB-cos<l EJn~J! 2 

r------.... , cp ([, t>=O l I PK = m,
5
i)'C 

~-----~~--=__j --w n--~--------
(bk -- Ti.nak). (bk+l - Y;,nak.q) < o, k = G, 1, 2, ... ,:m- 1 

.Hay trong tnxcmg hqp tCti b~n 

--rr()ng dr) 

·yth = 
i,u PE 

plh 

0.2) du:vo g9i i2< dieu ki$n 6n djnh c1an nb&t ei\a thanh Uun hang vi~t li~u d:\n Iilh&L. 

Voi GUP c6 giil cm'tng sqi thuy linh nhn· tl·ong Y.i dJ.l a mvc 2, Jv·c H·i h:)n rii\11 nh(:r~ 
dw;»e \)nh v(ri k = 0 li; 

th bo . EJm2·:n 2 
P = ~--~ . PE =- o,~,)~l ---·'D __ __ 

n(\ .1~" 

Tilm l(ti.: Tr>:cn.g thai ung sutl', y;\ bi~n dqmg cl'Hi. i.himh dan nh,:rt plH.l Llw(,,c 
gian .. Trong h·rr('YJJg hqp tong q:uLtt tr,tng tMi nAy khb:ng th8 hi~u di~n chn.n du,Si 
ei1a l&i gild llan hc>i va m()t ham th\Ji gian, JjJi gii'd l'htin.g chum cac ham thai gh1n 
cho moi than 11. Cac ham thai gian nii.y chl ph\l. thnije Tao dij.c t:nrnl% d'w. vt).t Ji¢·u 
ll'U':ilg hhih. }H)C etla thanh. LC:ri giaJ dan hi:Ji c6 th'l' (l:uqc xae djnh tti· J(l·i gild· tr(·l~ 
den cac trut)ng h~p O:~c bi¢1. . 

Tr~ng thili. mi\t bn dinh eua h~ drrgc x0.c djnh qua hai ti~u chuan la h;re tiri 
hbi, ihr~Yc XiH' djnh nhrr trong l)c thuy(lt (Htu hOi, va !lye t6i hq.n dan nh&t. 

'·''io U:•ii 
ng Hch 

trtrng 
v3. d~~c 

khi x{·t 

, .Nh(w ngay 25/'2/19f?O 
l)ia chi': 
r:1,1C may linl1 UBKH vd !CL'Vi'f 
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ZUSAMMENF ASSUNG 

E!N BEITRAG ZUH BEHECHNt'rNG VON STABWERKEN. AUS VISKOELA~TISCHEM 
MATERIAL NACH DER THEORIE II. ORDNUNG 

\ 

In der ldzten Zeit vVcJ:ck:n Kunst&toffen und Plaste umfangrekh i.m Bauwesen sowie im, 

:\Iasehi.mmbau eingesetzt. Im Gegensatz zu den ''klassische~ Baustoi:'fen zeigen Bauteile aus 
neuen · Materialien bedeulende zcitabhaengige Veraenderungen im Span~ungs -. un(l Verfor
munl;(sztt:stand sowie im Stabilitaetsverhallen. Auf der Grundlage der Reduktionsmethod und 

mit der Anwendung der Laplaee - Trausf ormation wird in dieser Arbeit die Grunddi
ffereniialgleichung eines beliebigen Stabes aus allgemeinen viskoelastischen Materialien 
geloest. Das Berechnungsverfahren wird angewand fuer den konkreten Fall der durchlauf
traeger auf starr en Stuetzen untcr der vVirkung der Laengdruckskraefte im. Kombination mit 
Von'\'rformung, Querbelastung und Ternperaturaenclerung. Die zeitabhaengigen Loesungen 
fue1· Spannungs -' uncl Deformations~ustand sowie Stabilitaetsproblem mil Anwendung

sbcispici "Werden angr.·geh~:l'l. 

JH}L' 

Lhir 

Xcmina Co hQc ran bien d2,rng, do tnnJ!ng D~d hQc bc't:;h kho<J. Ha. 
hQ'p va Vi¢n Cu hQc phoi hqp to chrrc, Hep t\lc sinh hol.J. t >;:\r) di.ng 

thang t~i khoa che i~o D~i hqc bach kh 00. Hit n9i. 

tru&ng D:;ti 
tu ella tuan 

Vi~c dang ky bao cao va tham dl)r X·~mina c6 th'; W:n M tl.).i b<} mon Stt(l ben v~ t li9u 
trn(~ll\9! HlJI.i hQc bach kh.oa Ha n(IL · 
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