
viE VAN DE GIAI .PHUO'NG ±Rt~ru FOKKER~PLANCK-· 
KOLMOGOROV CHO H:$ CO' UQe KHONG OTONOM 
M()T B~C TV DO BANG PHUO'NG 'PHAP KHA1l T·RlEN' 

THEO TQA D() AN SUY R()NG 

r'E;N nay vi~c nghitm ciru anh -huang atng thai cua cac kich (1¢ng ng~u IDlhi~n, tuln hoaL. 
thOng s6 len h~ co h9c la m¢t b:U toan rat quan trQng cua ly thuytH dao il!J)ng. Ra* 
llhieu ygn de ky thu;(lt dua den vi~c phai giiii quyet bai toan nay. 
Trong dao d{lng ng~u nhH'm phuailg phap phuai:tg trinh Fokker-Planck- Kolmogorcnr 

(FPK) Ht m(:tt 'phuomg pMp kha t2>ng .quat, d~c bi~t khi ket hgp · n6 voi phuong pMp trung 
hinh h6a (1]. Bll.u ti~n Mng c5ng thuc H6 ngucd ta dua phrr<mg trinh dao Gtl}ng- v~ d:p.IDl( 
chu!n, sau d6 trung binh h6a va l~p plmar,g trinh PPK tuang ung cho m~t d() xac S1JI:it CU:i!t 
bien d(> va J)ha. Phuong trinh nay trong tnr&ng hqp 6ttln6m kba dan gii\n v:lt co th~ giM 
dugc Mng phuang phap tach bien [1], Tuy nhien d~ cho tnrong hqp kMng M6n0m phuang
trinh FPK tuon,g l'rng phuc t~p len rlit nhHlu va .cho den nay nguoi ta Mu nhu chua bH\t,, 
duqc nghi~m nao c\1a .no. Bai hao nay de c~p t6'i van de gii'ti !)huang trinh FlPK cho truun!; 
hqp khOng Monbm. Tren CO' s& cua phu:ang phap khai tri~n theo tQa d\J '?in suy ]'¢ng [2] nghi~J'11!1 
cua phuang trinh nay c1uqc tim lJ d~ng chue\i cua bien a<). Da l;(lp duqc phu:ong h'iiDlh vi pbb 
cho phep xac djnh'tuan tt;r cac ,ht;. so eua chuM den h~e tuy f', Ket qua Uiu G!JJfqc b:ao gom 

.. tnrang hQ'}) oton6m. 

Ta xH c:.u hQe Monom n1·~t b~c h:r do, phu:ung trinh chu:ren 11t¢n;~ 
rno til. b&i phu("ng lrinh sau : 

(U) 

trong d6 )~ c6 e.n·Crng 

j', 0', cz.s, Yij, P = const 

Ta xet dao d•)ng lrong mien c¢ng huang chinh _ 
w'l = ~:l + g/j. 

Tt"r (1.3) ta viet (LJ) du6i d~ng 

X+ v~x = €fl(X, X, vt)+ Vs fi~(t) .(l.f 

voi ky hi~u 

t-CJH 



(I Ji) 

(1. n 

f 
s - -, aa2 l 1/6 rJ 

d!.l = - -" f1(acoH~p, - aVsin1!l, '\'\) cosl\l + ~ slnipeos~' dt - -· "--cos1/' d i=(t) _ a V . v~aw J aV "' · 

f'~mong trinh FPK [rng v&i ham m~t d<} xac suat pung \V(a, 0) dla M (1.7) sau khi trung 
:~.1\ultl Ma. se h\ [1] . . 

a c • 1 o2 · • u2 • , 1 il2 • _ 
--- (K1VO + -- (K~\\i) =- -- {KnW) + --- (K12W! +- -" (I\.22\Y) (1.8) 
(Ia. ;)I) 2 aa2 (Jao9 2 ?10 2 

,n:lri chu y rllng f1 d~rgc Huh theo (1.5) _ta co 

1 
oZ f ~ - c 2 Y a2 

" P 1 m 
:r;;:1 (a B) = M .....,--_- cos21.1' - - 1 sin 'lj) = -. -·- - -·- sin 6 - -. -_- sin 6 - - -~ c.~. B s 

, 2a'V2 V ,J,v2a 8V 2'\' 'I L../1 si sa, 
t s=l 

';I ~l_l:] 

I:: a,. 

phep the 

i+i=s 
~6 = L rij (- \')

8 M (cos11psini-'l ~J), 
• • t 
I,J=O 

-- (1.9) 

(1.10) 

+ __ ] (1.H} 
ae j 

PHU'OfNG TRINH FPK lflANG PHU'O'NG Pll:1AP K!FIAI TIU:EI"' 
THEO ~fQA D() AN SUY RQNG 

Ta nh$-n xet rilng trong plnwng trinh (1.11) bUm d<) a dong vai tro eiia tqa d(l tm suy 
:_·;>rag (cac M ~6 ciia phuong tdnh Ia. cac .da thU:c v&i so mii nguyen cila bien dO a). Do c16 
;-.rtc?:O [2] nghi~m CUll. (1.10 s(' duqc tim 0 d~ng da thuc v6-i Cac s6 lllU nguyen etta bii'~Il d.Q 

GO 

+ Z::: i!Ai (9) al--I 
i=l 

(2.0 



:·G 
'~-, 

= lna + 2.. !li (ll)ai ',, ")' '1-J.,.,.. 

thu¢c vao e. Thay (2.2) va (1.9) vito (1.11 1 ta c6 

p ) 1 m' 1 ( :oc ) a2 11-t" + f1.'2 + -- cosO -- )' ets '"'s 'lS-1 "':,-' "-·' ai = --- . o o + 
2:Va, v "---"' · 'I· ' \.:.... .,.., 4v2 · 2 

· s=l !=o a 

) ' ()0 -:.j.l1 i- V.]' + 2V.o' !J-1 "'-.--. · +- + L.. [i (i + 0 !hi + 2 lAo' l'·i' + 1-';') a
1

-
2 + 

a i==2 

_:j_ ~ • • , + . ' ~+i-2l , . ?• (lJ !hi f:.t.i ~i }-LJ 1 a ~ 
'·r= :n. -

d 
trong ct6 ky hi¢u (') = 'de-

(2.3) 

" 1 .< h I( ' ~ -1 @ i 2 ll ( --... 3') ? l . M • I ' ( ' 0o sinH c"-c ¢ su cua a-, a , a, a, a, a 117-. a 1a1 ,ve cua p1uang trmh 2, ~;,. 

,, llll di (t~n bl)! 1>huang trinh sau 

, 2VPcos9 v-i' + 211~ !At + ~~~ = - 2 -it~ 
fl 

'+ 

+-

--· ') ( + ~--~; )' ' 
_.;.j \ _, 
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+ 1 +1 
I, s=1 

rv 
-- --- sin!l (n- 1) 1-1. 

2a;~ n-1 

lhu: v$-y Ia da. l(lp .dugc h~ phuong trinh vi phan cho de h~ so chua biet !J-;(6). C~;c ph1wng 
rinh"'nay phAn ly i16i v&i cac ~n l'·i(fl) va cho phep xac d)nh !nan tv !1o(6), llt(8),. .. 1 ~. 

T6m l~i bang each tim nghi~m clh phu:ang trinh FPK (1.11) a d~ng (2,2) ta d~t <'hra' 
1hu:crng Lrinh d:;to ·ham rieng phi tuyen m:;mh (1.11) ve h~·phuang trinh vi phan pMn 1v (2.•1) 
'rong cac nghi~m cua (2.4) ta d~c bi¢t chu y t<Ji cac nghi~In rii'mg tuan hoan. -

j.~ 3 = InC = const, C > 0 

~1' 'T ~1 = () 

+ iW1= 

Ja ch(~ )r tt':l·i 
(2.5) cho c~-u~~ 

i, s = 1 

cl!l.ng duoi d:;mg 

(i + 
i, j ;;::; 1 

V·i(6) = fPi(tl), ~tk(fl) = 0, i = 1, N' K > N + 1 

khl fly ia lim duge nghi?m Mmg ci'm phu:ong trinh FPK (1.11) b d~ng 
0~ . 1 - ' 
-,.- == - + ~1(9) + 2<p~(0) a+ .•. + N•:PN(!1) aN~l 

va a . . 

hay 
<i>(a, 6) = lna + lnc + <Jll(£1) a + ... + (f•N(G) aN 

T1'!' d6 hum m~t d•! xac su:\t se Ht 
W(a, 0) = Ca exp! qil(0) a+ ... + (fN(fl)a:-; l 

sr 
--COS~) }k 

8 1 

, ). H 

\rinil 

C2. i) 



Hnh cluH tten se dung v6i nhih1 h~· !1;r chih< rhinh n1i€n c~ng 

d6i yi)i In~' Vander Pol 

X+ w2X =:" c:(i - i1X 2n( + cP cosVt + i/8 u ~(t) 

i'r day tm c6 
cl1 a I 1a3 PsinG 

K1(a, IJ) = -.,- + - - -- - --·-
. 4V~a 2 8 2\'l ' 

l:l Pcos9 
K2=- ----

2v ::Ja\' 

£1'2 
K1- --1 - 2V2 ' 

. ;P!nrang lrinh FPK tuang ung se la 

:::: 0). 

__ a [ (~ + ~ -~ 'f1a
3

. _ PsinG) w] + _fJ [·(~ _ Pcos9) w] ==· 
~a 4V2a 2 8 2V oil 2·v 2aV · 

o2 o2W . a 2 al!w 
=---+----

4V2 . oa2 . 4V2a2 o62 • 

Khi tail s6 ngol).i h,rc \' trung v&i tll.n so rieng cua h¢ w 

fl. = 0 

. h¢ pht.rorng trinh tucmg 1mg (2.5) cho nghii;m dung 

2VP v2 

f.tl(O) = -~ sinO, IJ.i(9) = 02 , · 

Do d:6 him m~t d(l xac suat (2.8) se la 

i 2VP . V
2
a

2 Td' l 
vV(a, a, = Ca exp l -~ sin8a + 0'2 - S0'2 a 4 i 

Khi llfc tuan ho~m tri~t lieu (P = 0), h~ (2.9) se la M Vander-Pol Otonom va 

(2.13) trlmg vai nghi~m da bHlt [1] thu dugc Mng phuang phap t-ach bien 

. ~ -y2a2 "''tV2 ~ 
W (a, S) = Ca ex:p --.,- - -- a 4 

ll.'r 80'll 

Ham (1[1) XaC suat (2.13) Se d~t ct;rc t["j l~tl CiJ.G diem dl'mg (&o, fJ0 ) 8&0 cho 

oW i'iW 
--~=0 .--=0 

(Ia o® 

(2.9) 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

nghi~m 

(2.!1) 

(2.15) 

'I'I'r cH:r !& Uw dm;rc h~ piwcmg trinh cU ''ac djnh gia tri tnmg binh cua bien va pba 

{ 

1' f\1~ 3 . . -- + 2V~a0 - -~- all - 2\'l' sin el = 0 
ao ~ ' 

· - 2VPa cosO = 0 
(2.16) 

Trong ttn:r&ng hgp khOng c6 lvc ng[u nhien (0' = 0) h~ (2.16) lrimg v6i h~ thu duqc eho 

tm&ng hqp tH~n djnh. 

Eta chi: NMn ngay 2215!1981 
Ft~n Ca H9c, Yi?n KffVN 
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PE3IOME 

K BOriPOCY PEWEHH)l YPABHEHI1I::i <POKl(EPA--·riJIAI-IKA-·
KOJibMOfOPOBA )J,Jl5l HEABTOHOlV\HblX MEXAHI1YECKHX 
CHCTEM C O)J.HOti CTEflEHblO CB050)lbi METO)J,OM PA3-
JJOiKEHH5l 00 OEOBLJJ,EHHOfi UHKJlHlJECKOfii l{OOP Jl,HHATE 

B pa6oTe npe~l.JiaraeTcSJ MeTOll: pernemui ypasHeHHJi <PTll~ s nepeMenmn lliM!Mil

Y.IUi 11 (lHi3hl. l1oKa3lHio, rno 91'0T M~TO.!l noJBOAlieT pa3t~:eJIHTh uepif.'IMeHnhle r~ ymt::J<nmNx 
·paBHCHW5!X. B Kaqecne HpHMepa 6nL1o nonylJleHO pememu~ ypasHeHIJ5! Q>fn\ ,\MJ 
pnHemHl 'Ban- )lep-flo,ux rrop, .n;eikaEHeM nep&W.~I:Fieci-cofi: mil!IJ u 6eJioro myMa. 
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chi Nguyen Van Di~p vang vi rli e6ng Ute xa. 

eon e6 dong ·"hi D(r S<:rn. thw kho3 hqe Ct.:r 
ehr-1 }~an tt'~J. h~. 

N~·i (·.ut;•e hQp la trao dl:ii Yil b~lil !hlu; c~e :in ~ . 
. u h ·vt) "(;\ {~.hi~·c hoq._t tlQng c'~n nganh :rnJt6{~ ·bt trong 
v .;tn b&n ih.r []Ji\.,) ve ch\i'c nang nhi~m Vl] v:'t [(j ch{~r: eke Ban el!.a 
t: i1i· bn·if(· lf'i~n kh:1i <'fmg vi{'c ci\a Ban tn:1 hi thl>i ginn t6i. 


