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Mf)I 'fRIH)'NG NI-UEU L(YP BAl'H; ]'HilJONG JJHAP TRUe .. 
NGU VAN UN)'C ··- Vf' VAN DAT 

Noi dung bai bito cao nay la xay dung nghiem gdi tich s6 cho bili toitn th~m phang 
dung qua d;!p d~t gom nhieu lop tbi\ng dung. Trong truong hop moi truimg dong cMt vii 

• moi truang hai l6p, bai to:in nay: do cluac giai bang phuong phap true trong, [2, 6]. Muc 
dich cua bai nliy Ia mo r¢ng' cac ket qua tr.en cbo trui:mg hop sci lop biit k)'. 

Gia sir d-~p d~t co tiet di~n chlr nh~t trong m~t phaog Oxy: 

D = (0, a) X (0, Yt) 

ngiin hai l6p nu6c cod¢ cao khi!c nhau lit Yt va Y, (Y1 > Y2), trong cl6 a, Yt, Yz !a cite 
so th\!c' duang. 

Giii su clap dat c~u t~o tir r + l lop thaog c!Cmg (r !a sil nguyen khong Am) voi he 
•6 tMm la hang s6 trong moi lap. ' · 

>; ~ %(x) ~ "k• nEu ak-1 < x <a, (k ~ 1, 2,.:·• r -t- 1), 

0 = a 0 < a1 < ... < ar < ar+l = a (1.1) 

Ta goi bien phan chia vUng thUrn nu6c v~t vtmg khO trong chp Hi bien tv do va gi& 
su plntong !rinh ct1a .,.; c6 d;;tng : 

y ~ <j;(x), 0 < '<a. 

n = j(x, y) E D I 0 < X a, 0/ y < '!'(;; ;l 
Khi d6 bai toin th&m c6 th'E ph4t bftt; nhl! ssu l3.J. 

~AI TOAN ft., Tim de ham i·io( 
th&im~ thOa man cic .dieu ki~n sau : 

~'t) H' '"'( ) . •· ' '.' t (? am. y' __ ;X :Z::2C llpi.Hl., IlCD .l}C; 

lJ!(O) = 

rp( x) y) ht -him the cUa dOng 

(ii) Ham ·~(x, y) Ia nghi~m cua bai toan bien ,au 

div(" grad 'f) = 0, n~u (.<, y) E 0, 

~ = Y 1, !leu x = o, o < y < Y1, 

.qt = Y 2~ ne'u X ':::-: a, 0 <- y < Y Z.o 

~::::; y, neu x =a~ Y2 <; y <~ !f;(e.)~ 



c~) I = m I • · ai -o · -r ' a-t+o 1 (i = 1, 2, .. ., r). 

6 day ~ la d~o _ham theo ph£tp .tuyCn ngoai, Dx -··· d:yJ bam thea x .• 
&n 
Ti du:a viw bi~n ct0i B-tiocchi [1] 

trong do: 

Y, 

u(x, y) -= f [;(x, t) · t]dt, 

y. 

q>(x, y), neu (x, y) E Q 

y, neu (x, y) E i5 /Q 
q>(x, y) = 

Trang [2] da xet bid tm\n bi~n cua u trong truoug hqp hai lop va neu ra khli nang 
mil ri)ug cho truimg hQp ohieu lop. Chung toi sci dung ky thu~t trong [1] v6i vai thay 
doi nhO de chuy~o bai toAn .6\sang bid toan B trong truong hQp nhi~u lap. 

Bill TOAN B: Tim ham u(x, y) Ia nghi~m cria bid toan bien sau 

div(><gradu) = xX0 , neu (x, y) ED, 

u = g, neu (x, y) E &D, 

< u I ai-O =· _u l ~H+o, 'XiDxu ! _a1_ 0 = Xi+1Dx.u I ai+o ~ i = 1~ 2~ ... , r 

vi! thoa rniin cli~u ki~n : 
u(x, y) >O, neu (x, y) En, 

(1.2) 

u(x, y) = o, neu (x, y) E i5" Q (1.3) 

0 eta y" ta sU diJng cac ky· hi~u gau 

\ 
\ 

g(x, y) ,~ ~ 

I 
·•. 

t r:ong d'6 

) 1, neu ( x, y) E n. 

I 0, neu (x, y) E lJ' . 

.2:_ (Y· - y)2 neu x ·= 0 0 < y < y, z ! ? ) ' -.. L' 

•2 (Y,··y), 
0, 
0, 

neu X= a, Y2 <::: y <_- ·y1 

neu 0 ·c:.:: X ·<:a) y = Yj,, 

_,_s_ __ (x --- 3.1-i) + r~:i, :oe'u ai----1 <.~ 
:tL;i 

-- :<.; { i 

f1 = Yf, 
. q 

fli = - --(ai- "i-l) + ~i (i = 1, 2, ... , r), 
Xi 

r+1 

q = (Y, ~ YD/2 L 
i :=' 1 

(1,4) 



Ta xily dvng liJi giJi giln dung ch® bai toan B b~og phuong pbap trvc. D~ lam di!u 
d.; chdng ta dua r a ho cac d uim g tMng 

'h h a Xi= 1 ;· = --, i = 1. 2, .. 'l N, 
N+1 

trong do N la s6 nguyen duong nao <16. 

Ta tbay cac d•o ham' theo x o (1.2) bang c:i.c tuang w sai phan cua chung v:i !lii 
thi€t them ding cac duimg thang phan chia cac lap d~t trung voi cac dubng thang ni!O '"" 
cua ho duong philn chia. 

a;~ Xn!+nz+ ... +n;+i ~ (n1 + 112 + .:. + Di + i)b (i ~ 1, ... , r + 1). 

Ap d1Jng phuon~ phap n6i ~uy tich phan [4) ta thu duoc M phuong trinh vi sai 
phi\n cua phuang phap trt;c doi vc'Ji bid toan (1.2) ohu sau 

_,. 
d2u 1 __,.. __.,. 

- +- (p-lT.- 2E)u ~ f (2.1) 
dy2 hZ 

_,. __,. 
trong do u , f !a vecta N chi~u; p, E, T - ma tr~n vuong 'cap N 

__,. 
u = {ub u~, ... , uNj, Ui = Ui(Y) = u(Xi, y), i = 1, 2, ... , N, 

f ~ 1£" fz, ... , fr.ri, £1 = %(y1)- 2~2 (Y1 - y)2, 

£; = X(y;), (i = 2, 3, ... , N -1), tN ~ %(yN)-~ (Y2 - y)2X(Y2), 
2h 

p = dtag ~1, ... , %r, , Xz, ... , . [ X! + 1<2 

2 . 
' 'Xr+ 'Xr+l ] xz. ···~ 

2 
• 'Xr-~.t, ... , Xr+l 

E - rna tran dan vi 9 

T ~ diag [T1, Tz, ... , T,+l\, trong do Ti (j ~ 1, 2, ... , r + 1) !a ma tr~n vuong dp 
ni + 1 deng. 

a day 

[

() '<j 0 ... 
Xj 0 'Xj .:. 

Tj ~ 0 "i 0 

(JQ 

0 0 
0 0 

, 0 0 0 Xj 0 

(j ~ 1, 2, ... , I + 1), 

Z(t;' ~ I 1, nell 0 < y < ~ 
J I 0, neu I',< y < Y! 

Trong [5] da nghien cUu S\t tOn t?i c~a bieu thUc cac gio£ tri rieng va vee to rieng 
cUa rna tr~n p-tr va dua ra ca.c h? thuc. 

p- 1T ·~ W A W*p, WW*p ~ W*pW ~ E, (2.2) 

trong doW~. (Wij) (i, j ~ 1, 2, .. , N) lama tr~n co so ciia p-lT, 

W* - rna tr~n chuyen vj cua W vit A - rna tr~n duong cheo voi cac phan tii bang 
eSc gla tri rieng cUa rna trin p- 1 T 
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(2.3) 

trong d6 
--'.<> -·~, -:r 

v = W*p u , g W*p f 

Ta c6 tlie 7iet (2.3} iJ d'!ng thiwh phan nl:.u satL 

(2.5) . 

trong 06 

Nghi~m- cU8. phuang trinh (2.5) thOa man d.c di~u ki~n tren hai Oubng bien ngqng 
y = 0 va y ·~ Yt trong (1~4) co d~ng [2]. ' 

. sh.Y~~·Y 1 
Vk = --=-- --· Rk(Y!) + 

sh1i,"k Y1 2fkk 

trong ilo 

N 

+ L WikPiUt(O)] 

i=1 

N 

1 . . 
-- Rk(y), (0 < y < Y1, k = 1, 2, ... , N) 
2~k . 

(2.6) . 

[ (Yz - y)2 + _,2_ ]· 
!Lk 

R,(,) I 
I 

N 
'":!~, \~tlkpif_ ., 
4• i w tkMik - ---·-· LO' 1 - v )-

/-,J_ b2 ' .· 
i=l 

, 1 ___ \ 1 neu Y2 < y <- Yi· 

+ 2j--
flk 

v61 1~.1k -- , _ 

{ ch-vP-k (y -- y1) n.€u Yi < y ·~ Y1. 
(I - 1 0 N) ,_K- 1 .,.,, ••• ., -' • 

~-.;.. 

1j o.:= w '¥ 

(2.7) 

l2.1i) 

D!NH L~t",- Nghi~oo gi-ln i:l:Ut\~ cl\:a b~- phuang trin.h (2.1) dO.i V<~i b&i t•J;in (1..2:1 
gi.11 bttng phucrng philp tn,rc c6 d<.ii'lf: : 

N 

Uk(Y) ''' L 
j=l 

N 

xW,j r t;W;; ·- Qk(y)- Sk{y) (k = J, 2, ... , N). (2.9) 



I 

"' 

JJ. 

Qk(Y) ~ r _:!:_ Vft;p; 1 
=' j.l.i ? 

i=1 

1 
- WkiPk 
[lk . 

k~1 

N 

t; ~ - )' 
~ 

k~ 1 

N N 

N 

1, neu 0 < y < Yb 

cbv';;:j (y - y;), n~u y; < y < Yt, 

[
___1:_ (Yt - y)2 + 2.._] + 
2 l~i 

+ LWkiPk L WmkPm [-
1
- + um(o)J. (i, k ~ 1, 2, ... , N) 

[l.k 

k=1 m=l 

(2.10) 

(2.11) 

(2.12) 

(2.13) 

T.rong tr_uGng hqp r = 0 (m6i truOng GOng ch:lt) va r = 1 (m6i truCrng hai l6p) ket 
qu'fl thu chrQc tren day trUng v6l ctic b~t qua tuang lrng ,Qa thu d:uQc trong (2j 61. 

BH~u tb(rc giii tich sO (2.9) ChUa ck tham sO Yk (k = ::t~ 2, ... , N) lAde tham sO xac 
chnh m?t t~r do. t)c~ xac dt.rJJ cbingl ta tinh cac gi<i trj clta Uk(y) t:;:i ·d_c Gihn n: nhO 
c6ng thUc (2.9). · 

D~t 
(3.1) 

Tu dieu ki~n (1.3) suy ra rang vi~c tim bien tv do dua ve viec giai M phuong 
trinh dai so phi tuy~n 

<l)k (yJ, yz, ... , YN) = 0 (k = 1, 2, ... , N) . (3.2) 

Day 18 he phuong trinh d?i so khep kin d6i _voi (y1 , yz •... , YN). sv ton tai nghiem cua 
(3.2) trong hai tmong hop i!~c biet r ~ 0 va r ~ 1 da xet trong (2, 6]. 

27 



f)~t 

Tilp d6 qua tdnh l~p nhn •au : 

(i+1) y{i) + (;]$[i) 
yk k k 

. (3.3) 

(k ~ 1,2, ... , N; i ;= o, 1, 2, . .,) 

trong do w Ja tham s6 duQc chon de qua trinh l~p h<:>i t\1 tot han. 

Tieu chuiin dirng ciia qua trin4 l~p !a 

I 0 ' (i-t, 1-· 
1~~<N yk. ~ yk -,e, 

trong do s > 0 OuQc chon hry theo dQ chi9-h xac cUa bai toin. 

Thay d.c gia t:c! gan ct1~1ng tinh. duqc ·nay cUa Yk (k =---= 1, 2~ ... ,- N) v~to c6ng thUc 
(2.9)- (2.13) ta thu dtrac loi giai" giln dung cila bid toim B . 

. D~ nh~n du 0c nghi~m cua b~i to an ·A ban il:au ta sir d1,mg phep bi~n doi nguQc 
Baiocchi [ 1] 

cp (x, y} ~ y ... Uy (x, y) 

Ta ciipg c6 th~ gi&i t!vc tie¥' bJj to.in A b3ng mOt phuong phap gan dUng nao d6 
vi sau khi xic dinh duQc bien t\l do thl mi~n Q clii hoan toim x:lc di~h. 

Chung t6i da l~p chuong trinb theo ngon ngir FCHRAN va tinh toin ba.ng so tren 
may tinh dl¢n tU MINSK~32 cho mQt truOng hop Ci). the nhu s~m. M1;1c nu6c thuQng luu 
Y1 -= 1.0m, m\rc nu6c h~J luu Y2 = O,)m) chieu day d<)p·a ~ 1.0m. D~p gOm hai l&p dat 
v6i duOng phan ·chia al = 05m. cac h~ sO th~m tuong {mg la ~1 = o.OOOl rr:.fs, Xz = 
= O.OOO?m/s. Lay dQ chinh x:k e = 0~01. Ket qu<l tinh bi~n tv do cho tren bang 1, khi 
Uy bu6c chia n ~ 12. 

Bdno 1 
b 

1 ~~,~;-~~r~~;~~-~~~-~ ,--;~ .. --~~~- · ~-----~~·- 1 ~- ;;~~- :1: 

J~· ~-~ .. ·~-~~-1 ~-·--~-~"!-----~~-1··~-~-~ ~~~--i-~-~- ---· 
.l 1F / o.972·i tJ.B408 j o.8908 j o.s,Jsf! c./775 ! GJLW-± j 
I~---~-~~~----~---- . _ -'"-~---.. --.. -·-L ... ,.-~-~-·--~-~ .. --~·--·----·-··---· .. --.:...---- -------

Kr/1 lut}.n : Phuong ph3p gtirl. dUng trinh bay trtn diy tq;rc tiep .m0 rQDg ket qu3 ella 
l?hage trong truCmg hQp d<Jp d<1t dOng chat sang truGng hqp d?.p gOm nhieu lap dilt vtJi 
h~ sO tham ~hac nhau. N6 c6 uu diCrn la cho ph6p tr1,rc tH~p ti!'.h bien tt;r do~ yeu tO quan 
tn:mg nl1fit dta b&i toSn~ mil trong c4~ phu(mg ph<ip khic pb.:ii tinh bien tJ.,r do giin tiCp 
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thOng qtJ.a nsh.i¢m b;;i tO:le ( d::fng J"~C:.tXl phuaf.g pb.cip ""iUCCiii {1]) lf:!J nhif.::"; V'n de 
hQi t1.,1 cl1a pb:~ong pbap d.n duvc tiep t1Jc ngbiel..'l cttu vi ngay ,.;5. trong tnr0ng hqp d:~p 
Mt aong chat van <l~ n2y cung chua ctuqc xet [ 6]. 
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PE3fOME 
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fOCJJOv!HOi;i CPE)J,E METO,U,OM IlP5lMb!X 

B ).lRHHOH pa~oTe;, c ... '1e.ayH [5], nocrpoeHo <IHCJiem·w -- aHaJIHTHqecKoe 

peure.rme G)lROi"f 33,D,a"G.H £}lfi!lbTp&1.\HH B l\IMOfOCliO}HlOfl Cpe)J,e. CO C.E060)J,HOii 
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