
Vi:: PHUONG TRINH DAO DQNG CUA VO MONG 

NGUYf:N XUAN HUNG 

' Trong bid nay cac phuong trlnh dao dong cua vo mong co tinh den cac yeu t6 phi 
tuyen hinh bQc GI!QC xay dvng tren co sa cila nguyen ly Hamilton vit phep tinh Ten·X\J. 
Khac v6i cac ly thuyet khac [3], [5], [6] a day c6 tinh d€n sv bien doi cua Ten-xo Me-trik 
doc thea chi~u day cua vo. Tj_ep theo, hai ly thuyet don gian cua vo du<;Jc xay dvng Mng 
each b6 qua m¢t 86 s6 h<Jng trong bieu thuc nang lu0ng cua vo - Trang truimg hgp tuyen 
tinh cac ly thuyet don giiln nay tritng .h<;lp v6i cac ly thuyet da c6 tru6c day. 

§ 1. M()T so D.~ C. TRUNG HiNH HQC CUA vo 
Ta ky hi~u xi (i = 1, 2, 3) Ia ciic tQa d¢ cong tong quat trong khimg gian ba chieu 
-+ _..,.. _.,.. ~ -~ 

cila vO, gi = {,i = ·ar/Oxi la d.c vecto co sO (cO varian) va gq = gi. gj lit ten-xa Metrik ella 
khOng gian vo. 

f)?o ham Covarian trong kh6ng gian duqc ky hi~u hOi hai vach thang dung (vi 
dv Tij II k) ...,. 

. Gia thiet xi Ia M toa ci¢ cong trong do ban kinh vecto r cua mot diem thu¢c kh6ng 
giati rro ducyc bieu dien du6i d?ng: 

" 

v6i cHeu ki~n : 

_,.. __,., -;.. 

r = r (x 1, x2) + x3a.,(x1, x2), ( 1.1) 

\ .... ...;!>- __,.. --;:... -+ 
r~a " a3 == o, :13 > aJ = 1, (1.2) 

( tir nay ve sau ta gia thiet cac chi so viet bang chu·Hy lap "· ~. \, v lly hai gia tri 1 vi! 
2 con cac chl so la tinh i .. J, k, ... lay cac gia tri 1, 2 va 3). 

Phuong trinh x3 = 0 x<ic dtnh m¢t m?t (m$.t trung binh· ella vO), ban kinh vecto cUa 
tnQt di~m tren m~t x:k dinh b0i 

~ 

v6i vf.:cto phap wyen_dnn vt aa 

fo•f(7.')=f( 0) (U) 

cac vecta co S(J va cac t~inh phan c1Ja tenxo metrik ella m~t duoc xac dinh bOi; 
c 

--"!- ~ ........cp. --:? _.,., 

Sa = r,a :== gu (x'~', 0); aaj3 = <lBa = ao: • a13 2 gal) (xY, 0); 

TenxG dQ cong cUa m~t &w;c x<k dinh qua bif:u thtrc 
~···7' --;c ~-;.. _,_, 

bafi = bB(,: ~;:-. ®S , a,.of! ::::::~ -··· a'i' . a;.il 

(1.4) 

(1.4) 

(1.5) 



H = =- b~, K =I b~ I= ·- 1 I "·ll j ·= bjb~- b\b! 
"' 

' (1.6) 

D0o bitm. co varian ct6i voi m~.t auQc ky hieu bOi m9t vech thang dirng (vi du 1·.~ I y)· · 

. Tit {1.1), (1.4), (1.5) ta nh~n duQc qnan h¢ giiia tenxo kh6ng gian va tenxo miit 

~ ~ \' A 
gap= ga. gp = !-1.~ (J.~a.,JI.~ (1.7) 

(1.8) 

Til (1.8) ta c6: 

(1.9) 

' 
'(1.10) 

Theo [1] ta •co bi~u thirc sau day: 

(!L-');= L z•(b•);, ( 1.11) 

n=O 

(1.12) 

Gii thieit T i va 1\ lJ d.c thanh ph in cUa vecto T d6~ vOi eac vectc co 

----)• -----:> __ .,. ~-+ --9 -

T ::..:::: T !gi .::-.:.- I:igi = T ag~t ·'r T 3g8 = T<tga -+ T®gs, (1.13) 

u ----·~ c ··---"'> 0 __ ,, 

T = T -+- T-J~l.3 =Tr:r'iaa + 

1 (1. \';} 

T" = (lL- ) . T" 
I iJ ' 

0 0 3 _¢1 @3 
,. ( -1)" T' T" .. " T' T.' = T = T3 = T -1 a ::::::: !L V ! = (-"V , ~ (1.14) 

(1.15) 
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Tlx dinh ngh1a cU.a d<;J.o ham covc1rian U!. nh<';G 
cova:rian iiOi v6i kb6ng giau va 0.::5;_ 'Ib l'n.~r 

iLl<i) 

Tenxa bien d~ng theo Green ou<;;c dinh nghia nhu m¢t ni'ra hi~u giiia te11-xo me
trik cua vo bi bien d~ng cl6i v6i vo chua bien d~ng. 

' 
Tir dinh nghia do ta nh~n duqc bieu rhitc sau day ctJa tenxo bien dang 

~ --l>- -~ 

Trong d6 'lf.(xa;, z, t) ::::: CUi. gi ::::"; cur; gi la _vecto dich chuyEm cUa mQt eli em cUa 
Tir (2.1) va (1.16) ta nh~n duqc bieu thuc chinh xac .sau day cila ten-xo bii'n d?ng 

v~...J. 

(2.2J 

0 

YY.:. = cu3,3 + 
trong d6. 

12.3J 
c 1.~ -

t\ ,y -.::::: 'f{.gl r.; f- b c; i'- Ci(. ~: 5 

0 0Nru Cf/:j ]8_ C}C tb~u~h pb~,11 d1a ~v (_i,:LJ)), V63 {j t;i_ thi6t 

0 

CZt3(xo:-, Z; •t) = \l!(xC'', o.~ r2.4} 

Trong <2AJ cv,., w hi ca.c·thanh phlln ciE1 v-ecto chuyen d(.Jl cih, m<?t OH~rn tren m~t tri.mg blnh 
1 

::da vO; CV.a la g@c .quay cUa phap ·.tuye1~ cUa m?t rd1y, 

.'J., 



v6i 

·• 
A"~y8 = i\[looy8 = A'"~By = A y8e<fl 

. ' 
caslcs = cJ•3a3 

Cong bien d<1ng cua vo duoc xac ajnh tir bieu thlrc 

Trong d6 

n = +I oikTfkdv = n<1 + TI, 
y 

h/2 

ncr .. J J ""'r.w.Y;;:- dzdx 1dx 2 

Qm -h/2 · 

h/2 n" = J I 2cr" 3
YasjLV;;:- dzdx 1dx2 

S1m -h/2 

Vl 0'"' a6i ,xung, tir (2.2), (2.3), 11. 10) ta c6 

1 1 . p i cr""r·~ = cr"~fl:l· [c~, + zepy + 2 tfl·1)y (a .v e~A epv + '"~wp l 

12.51 

(2.61 

<2.7) 

12.8) 

(2 91 

12.10) 

Khai trien (~. ' 1 J~ theo Z va chi gitr lai cac s6 hang Mn b?c Z 2 tir (2.10! ta nhan auqc 

v6i 

1 1 r_? ,.,.! 
Pfly = CJ3y + 0'( :~'\ 

2 

1 
-;_- •:J)f:/(•) 

.!,_ 

. 1. ). v 1 1 

+ 2 ,a . e~l.\v 
1 1 

+ OlpOly), 

eap = "'iJ~ I a ·· bapW, "'" = W,a + ba~"l!P, 
1 1 1 1 

. "·~ ·= "llpk (•)u_ = bt;q~ CijB" 

(2.11) 

;2.121 

(2.13) 

1.7 •. 



Tir (2.l1J, <2,14). ta nh~n 

s ITa = J 
2 

(2.15) 

Qm 

T:rong {2,15) N~-"~ M~Y~ Lf!'t !a cJc \mg h;rc~ m()men va < bi-mO~me_n :-, chUtig ch:rQc xitc 
t!inh nhu sau 

h/2 
I' 

N~" = J 
-h/2 

h/2 

L~"' = 

I . y a~ l· - , ,,, Y~"''P .,. '- BY~"'I'p + B Y~"'l'.!l . . 
~-t..l.o; ~ zc z ---' .L u y t'fl% ' 2 cp~ 3 ~% ' 

-h/2 
h/2 

f -1 "" 2 . l[lxtp" , y(3wp yi3xq>J 
F·F·(;{. o-, t: dz = z.B y cpx -r- sB p9x + il Y~x· 

-h/2-

Tir (2.15! (2.16) bieu thuc H.~ co the viet duoi d@ng sau : 

..... '" 

VtH r=(y q:.'X~ Pr.pi{' 

Tir (2.19; ta th~y: 

Hi 

II = __ .:_ - J j' 
(j 2 

Qm 
1 

_, ---"'_,- 2 
F B y v a dxldx . 

r tp 'X) T va ma tr~n ct6i ;.:{mg B 

B= 

,-_. 
lil,_.' • 

"J 
-h/2 

(2.16) . 

(2.171 

(2.18) 

(2.19) 

(2.20l 



Tlx ;::!., ~} ta c6: 

Sau mot so bien dlli bieu thuc cua 11-r c6 th~ viet duoi d•ng: 

V6i 

Trong (2.241 

IL = ~ f 2Q"'ya3 y';;- dxldx2, 

SJm 
A ~· . Q" _ 8 ocs s , .. 

- o . I A3• 
h/2 

0 B~,).s = zk4 J c"3'3£Z(zlfldz 

-h/2 

h;Z 

k2 = h J f 21z)dz 

-h/2 

VOi f(z/ Ja bam bieu dien S\1 phim bo kh6ng OOU CUa o'rt3 theo chieu day CUa VQ, 

(2.211 

(2.2'2) 

(2.23! 

Eieu thuc (2. 7), (2.151 vii (2.23) Ia bieu thuc chinh xac cua c6ng bien d~ng cua 
VO voi gia thi<'t (2.4) va giu l@i de s6 heng be b~c (z/R)2, ' 

' 1 

D6i v6i ly thuyet tuyen tinh ciia v6 tit (2.12) ta c6 HY = 0 va til day nh~o ilueyc 
Ht qu:l cua [1]. 

§ 3. CAC PHUO'NG TRINH CHUYEN IH)NG CUA VO MONG 

De rut ra cic phuong trinh chuyen d¢ng cila v6 m6ng ta sil d~ng nguyen !y Rami
ton trong d~ng 

(3.1.) 

Trnng dC. T~ II_ tucmg Ung Ia d(1ng nJng va n)n.g bien d~tlM: d'1:;; v~J., w L:t cfmg cUa t2i 
tt'Qng ngo.ai, w' 1a c6ng clt;::J, lvc d.n trong va ngoai, 

Tir (L9) v9_ (2.4) ra nh~n duqc hiCu th1rc ella ·r 
h12 

T = ~ P f r [ qjoJlia + (~{312 ] f'dz y;; dx 1 dx~ 
Qm -b/2 

= _1:_ .. ph f [<'0lJa C(l'" + W21 ( 1 + .£.. K) + ~ 
2 ' 12 12 

Qm 
h2 l' 1' ' 

H(cllc"l!" + CW•'-(90 1} ..;;; dx 1dx2, 
6 

Ill 



(U~I, 

'w ·= J (p"ciJ" + qW1'(a dx 1 dx 2 + 

£lru 

.~ ~ 

··l" Q~'N -!-· M_'~ ::2.~., 

J 
Ttong (3.3)" p~- vt, q !a cdc tii trong Li.Cp tu yCn v·il tuyen Ci6i vOi mfit t rtmg binh cUa 

v6j N{>\ ~ Q, Ma Ia cac tai trQng bien tic dung len bien C ella vb. 

cong kha di cua IJ,rc dn giii thi~t co di)ng 

Sw' =- r [R"tc:'z9.Jsczg"' + K" i\NJ2W] 1/a dx 1dx2
. 

.J 
Qm 

C·h. · ., · h "" · · By~xcp h znOJ . b'' th' u y aen tm uo1 xung cua 11 t eo ( .~ va 1eu uc: 

ta nh~n auqc bih thirc bi~n phan cua IT: 

(3.4) 

SIT = f (N~Y3y,~ + M~Y8p~y + L~'lo~lh + 2:Q"Ii·r.asl lf'O: dx 1dx2. (3.6> 

Qm 

Sir. d11ng c!inh ly Green trm1g d@ng 

~ ~ 

J F(x"J /n1'8: dx 1dx2 

Qm 

(_n =no: a a Ia ph3.p tuyen ci'1a C tm~lg m;~t 
each tinh cic bien phan, bien dOi va s?.p 
.duQc cac phuang trinh chny~n a¢ng 

.20 

, J I. 1 
N"~l + ~. (e~. N"YJ , + 

" 2 /y 2 

1 ~ -- b.";/, 
2 

+ 
.. 
" [Cb~; 

h2 
.. ) b" _ ph[c~il {1 + -1~ K -- H -" 

\ _!'.__._, -·- -~·-·---

ch .::;·Ja_ -;r()\ tlr plnrang trinh {3.1; b9.ng 
h~i- thinh d.c nh6m dQc l~p ta- nb~ .. n 

l' r, '. fo ! 



va cac ditu 

1 
+-2 

\' l ~~ ' 

0~ 13 '; i _;_, 
' . 
I (( 

-+- bo: C2Jv0z,: + , <"I' I 

{Nf_d\i ... ol') ~ -+- b~ ~pMu.f3-+- ~ (b~ h; epv-+-
k 

ki~n bien tren c 

( 3~ 1 ' 1 ., 1 
N"~ + v 

I ' ~ ef> 'Naflnu + M~fle~ n11 + --eo: jnp-, 
c, 
~ I 4 

1 1. bR + QP~,n~ +-U 2 e~ no:+ bp 
p e~ n )MQ<~' + 

p 

p l 

+ rb 2l " + tV{ v n JL"P -NY (v=i,2); (2bp e~ "" ep Do: ee~, = (jj ' p . p p 

1 ol p I 2 p ' (b2)p )L"~ Q~ 0 + -- (4Dr.< 6) Ilc -t- tO )R 0J .11.;; T o Wa 11 - = ; 
__ 2 ___ '"__e_ ____ ~"__i? p p -

(3.10) 

(3.11y 

{3.12) 

v~t d1e dleu ki¢n bien d.10;, (3,.i 1)7 <3.12) Oli 

ae xac cHn.h 5 8n CZJa.(Xi;l., t\ 1)7(~·;"",. T}, C(;ia(XC'.J t)~ ·(rx-=:: 1, 2). 
Day h cite phucng trinh cbnlJ j_c hlYl cUa _J.}" thuyet vO r:n6ng so vOi. t5J. [6]; [3]. 
cac s6 h<mg g~ch dit -crong de phtrang trinh n3y xuat hifn do tinh den sv bien 

cl:Ji cUa tenxo rnetrik theo phuong phtr tuyen vOi m:H trung binh cUa v6. BO qua. d.c. S6 
h0-ng nay ta nh?n d~Qc c.ic phuong rrLh chuytn dQng v2 cac di~u ki¢n bien tuong Ullg 
dw A. C. Volmir [5 j, [6]. · 

Bo q:-'a bi~n dang truqt re nh:Lo ctuqc c;\c phuang trinh ly thuy~t vo eGa Koiter [3]. 

f!ja chi Nh4n ngdy 20/1/11982 
Tnr.Ong f)qi hrc Bach k!wa 

Hd N¢J 
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ZUSAMENFASSUNG. 

VON DEN SCHWINGUNGSGLEICHUNGEN DER DUENNEN SCHALEN 

Auf der Grundlage des Tensorkalkuels und (Jer Anwendung des 
Hamiltonschen Prinzips werden die allgemeinen Schalenbew~~ungsgleichung hergeleitet. Dabei 
werden die Metrikveraenderung laengs der Schalendicke und die Schubdeformation beruech
sichtigt. 

H(H Nf~Hl QU6C TE VE DAO HQNG PHI TUYEN 

LAN TUU 10 TM BUNGARI 
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