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Trong co hoc m6i truimg lien 11!< kh6 c6 the tim m9t tuong quan don gian, quen 
thu<)c vi! dugc su dvng nhi~u trong ho~t d¢ng ky thu~t han dinh lu~t Hook, Tuy nhien. y 
nghill ,ct1a dinh lu~t van chua auqc thau hieu ·hoan toan. Trong bai bi10 nay toi se chl ra 
rling a day cung c6 the nay sinh nhung y tuaQg hay hap dan bOi S\t trong sang vi mang l?i 
nhi~u k~t qua c6 ich. Ch.ung ta 1se vi€t cac cong thttc a d~ng ng6n ngil Tenxo khong chi s6 ; 
vi qua l)lal!lg lu6i chi s6 kh6 tMy OUQC '"' .don gian ct!a tu tu&ng aii neu ra. 
. Tat ca cae tenxo trong bai bao nity d~u lit tenxo Euclide. Chung Ia phln tu ella 
ciic b~e tenxo b¢i p : T p = :;:, @ ::3 @ ... @:;:, cua kh6ng gian vee to '' v~t ly » Eudide ba 
chi~u ban aau ::3. D6 Ia cite s6 a, ... , e, k, ... khi p = 0, de vee to~, E::··· khi p = 1, cac 

tenxo h~ng bai w, ..!·" khi p = 2, cac tenxo hang bon s ~ ... khi p = 4. 

Cac tenxo hang hai '""· duqc Uy tir kbong gian ten xa tQn d6i xting: 

c) == sym ::3@ :;:, C Tz 
tUc Ia, wT = w , 

- --
Cac tenxo heng b6~ se chi Ia cac tenxa Uy tu khong gian tenxo con 

J~ci@ciCT< 

Cac tenxo tri!C giao hang hai se ky hi~u qua Q, ... Bang a6i chi~u du6i day cho 
phep ta l~p tire chuy~n tir mot c6ng thtie bat ky trong bai pao nay sang cong thuc viet a. 
d<tng chi s6 Descartes : 
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~. ~ = ~ v6i mQi ~Ed' c6 vai tr6 to l6n trong cac suy lu$n ella chUng ta .. Ta Se 

goi!: Ia dan vi. Til djnh ngh!a suy ra 

E;;km = .2:._ (il;ko·;m + Oim Dki) 
2 

Ta nh~n th~y rang Q * E "" E v6i mQi Q E 8, nang d6 6 ky hi~11 nh6m cac phep bi~n doi. 
trvc giao cita khong gian -:::>. - -

Doi tuong nghien c{w c1'a bai bao nay chinh lit dinh lu~t Hook thOng thuorig. 
ChUng ta c6 th~ cho ding img su1h I a ham tuyen tinh cUa bien d<;~.ng, bien d<;.ug 1~, rihO, 
tr?ng thai t\l nhien khong ung suat Ia m6c bien d?ng, tenxo ung suat Ia doi xung, anh 
huang ci\a nbi¢t d¢ va cua cac trui:mg khac Ia khong dai1g ke. 

Nho v~y, dinb lu~t Hook c6 d~ng 

a= C. s; O"ij = Cijkm 8km (1.1) 

Tenxcr C dcroc goi la tenxa d(> cimg. N6i chung. dinh lu~t Hook cho nghjch aao: 
E = S , (J ; Sij = Sijkm Clkm (1.2) 

Tenxo S duqc goi la tenxa d9 m~rn. Cac tenxa C, ~ nghjch dao Ian nhau theo ngh!a 

CoS=SoC=E 

Theo truyen thOng da duqc x2c l~p, chimg ta· se mo ta d.c t\nh cMt dim hoi bang 
tenxo dQ cti:ng 52· 

L1y mOt v~tt the dan hOi C ttty 5'. N6i ct!ung, c.k te!:'!xa ling sua:t cr -va bien d~rig E 

lien h~ v6i nhau b1mg dinh lti?,t Hook (1.1), (1.2), khong nhtrng khong tf!e v6i nhau, tuc 
Ia cr =!== ), e v6i i, bat k)r. mfa th~m chi cOn kh6ng· dOng tr9c. V~.t the cLing hu(Jng cling_ 
kh£ng phiri lit ngo~i 1~. Tuy nhien, c6 the xay .ra tmoag hqp la d6i vai v@t the dim hoi C 
cho tru6c, c~k bien d~ng_: va Ung" suat.:!.. dm;c_ chon lt;m ~ao cho ~ va ~ tY 1~ hoan toan, 

ttic lil 

voi m(it hang sll t. nao d6. 

Tat nhien Ia dii!u do xay ra d6i voi 8 = "'' trong a6 ),, "' duqc xac dinh bang 
dieu ki~n : 

(1.3) 

D:inh ngh1a: ThOng sO ;\ dttpc g,oi let mOJun ilp cUug nta tl~f tb!J dan !J(jj C. nlu ·nlm 
((Ju t(l.i tn(H tmxa i10i xz'r.nJJ lt~;,ng lzai w -:+" 0 t/t6.1 miirz iifdn kifn (1.3). Cltinlt tgnX; u) ilur,tc 
,g~'Jl lr..~ trqiig thrfi dtln hiJi ri,>ng ttf.(lng -f:rug vUi tlti5,iwt "z!\5 ci{ng ci.(tt v4it t-.1:& C, 

thi 

h :Rj 1L N/u tenxo· U.) E d ,Ja tr(wg t!uii cia:<: li()i rifng tuc.rng /rng Nil mOdun i19 
J.. ct.liJ. v{tt tltJ· _c till vJi mOt pl<tp quay bdt k!l Q .. ·E &~ ten~o:t:/ Q ;} c·J ptl-ug Ia tr(utg rluii 

hOi riing tttang -ltn.g viJi chfilft ·mOdun ci(J drng J.,~1in t!(U tkJ Q ~· c·-~-

Ckitttg minh : Neu C. w = A (0 

(9_ • _9 · (Q < C) s;c Q, (£. "') = AQ "' "' 

Chung ta chl xet cac v~t tU dan hoi c6 tho' 

Z<ll (s) "'"' " . s = •. C • 8 

" "' a .0 

(1.4) 



_::. ~ -"'-' ~. ~ ·~~ =~ tr~"£_ 
Ia tich v6 hu6ng xac djnh d1tng ddn ~rong d. 

Cac teuxo _c: E J duQc coi nhu la cac toan tli tuyen tinh I : cl -> d bi<'n doi cl v~ 
chinh n6 

I (o,) "" C , ,,, 
v6i m.Qi uJ. - --

tuc !a 

Sl,l ton t~i the dim hoi (L4) tuong duong v6i di~u ki~n sau: 

_::. _c: .p = 1_ . _<:: • .::_ voi moi _::, ~ E d 

.-
Cac phep bien d5i tuyen tinh nhu v$y cua khOng gian Euclide duqc goi lit cac pkep 

biln i/Ji il6i xling. ' 

B~t ky m¢t toan til tuyen tinh nao tac d~ng trong khong gian huu h~n chi~u d~u 
duqc xitc clinh m¢t each duy nhi!t khi cho biet gia tri cua n6 t~i cac phln tu cua m¢t 
h¢ co so c6 dinh tuy y. D~ ti~n lqi ta lay h¢ ca so tn;c chu~n trong cJ: 

) 
0, K of= L. 

{0I, • ,, ,UJVI ; C.JK • Ct.lL = aKL = ' 
-:- - - - 1, K ·= L 

(1.5) 

trong d6 K, L = I. ... , VI. 

(6 day vil sau nay chung ta danh dttu cac co su trong d bang cac chii cai Ia tinh in; k!.~ng 
ldy tOng thea cdc chi sif l~p ). Khi viet m6t tenxo '"E cl bat kv trung h~ co sa nity ta c6: 

Ct. = OCl C•Jl + ... + C<VI u.nn, O:.K = a . CoJK, 

Bay gio ta c6 : 

~ • ~ ~ CI.I • s: . ~~ + , .. +. OCVI • ~ , ~VI = 

= [(C ·-~·ll) 0 WI+ ... + (C ·..2:'.Yl)@ _:uvl] . .::_ 

v6i mQi u. Ed. TU c16 suy ra ililng nht1t tltitc Cd bdn: 

:::. = (C ·,:UI)@ ,:UI + ... + (C . <0YI) 0 ':'_Yl 

v6i rnQi tenxo CEJ va rnQi h¢ co sO trt;c chuan (o)KEd; K =I, .... VI. 

(1.6) 

DOng nh1t thUc (1.6) tuong duong v6i k~t lu~n sau: v6i moi h¢ co sO trvc ckuEin 
(1.5) 

E = VJT 0 (oJl + , o, + WVI (gl (o)Vl (1.7) 

Trang ly thuyet v~ d.c anh X>% JOi x{mg clw de kh6ng gian Euclide 1 Ci;k dnh XfJ cliir!u
d6ng vai reO chinh. Ta se tim bih1 du:1c tenxo ci~1a chUng. Xtt khOng gi:J.n con (} C cl va 
phan bl1 tr\1C giao c;gl_. clw nh, C6ng thtic c5 = 9 E8 Cf-L c6 nghla n~ vGi rnQi tenxiJ 

o; Ed chl tOn qi bai, renxo Gf;rJl ~ -xl- :sa1) cho 
-.T ~'j" 

Tenxo _t:!:._ f}i thuOog dLrQc gQi la hinh chid u tr{tc giao cUa tenxa \I. :wOng khOng gian con ·rye 

Xet tenxo ~ E J duoc' x.lc dinh don tri theo quy tac 
~·· 

_!"' • _.::. = !":.'} voi moi o: E d 
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':l:'enx:c: tJ:ilr_ goi H X~!· chU:.; ti'~n: xud.11g khVn,g ghttt r:o·n !;JJ. De 
chl ra ! 6 d,;;mg hi~:n. Gia. sr; L = dim 1f < 6~ ta 
cho L ten.xo (tJK+t, .. ·~ ~K.,,.t niim trong 9. Khi dO 

h~ co sC tn,rc chuan wrl ... ~ wvr sao 

p ; Wl~+1 = Wl£:+1~·. ·~ E 0 ::::~=+L ~ t.;:Ktt 

P . ~.T = 0 v6i, mqi '(il'f ¢:. tf 
Theo dong uhat thUc (L6) ta nMn itttoc: 

!:._ = c.lK+l QY OV<+i + oo• + "-'K+L QY ~K+L (i.8) 

Thu nguyiln .,Ua ']! b~fig s6 hnmg de thimh ph~n trong bi~u dien (1.8)0 

dim (} = Pijij 

Hai linh x~ chi~u P1 xu6ng 'J!1 vii P2 xu6ng 'J!, 
khOng gian con 'Jlt, ']!2 tr~ giao nbau o -

H~ cac anb X~ chieu trvc giao nhau tung aoi mot ~···o·· 2) dtr<;JC gQi la khai trib 
cila don vi n~u 

.. ;'r_ (109) 
Phep khai tri~n khOng gian ra tong tn1c tiep cua de khong gian con trvc giao nhau 

tirng doi mot 
d = ']Jl EEl' 000 EEl 'J!p (1.10) 

trOng dO (}o, = Im ~to IX = 1, ... ., p 

tuong ung v6i pnep kh•i trien ci'la dan v) (1.9). Va ngugc lai. ph~p khai tri!!n dan vi (1.9) 
·"':v6i"Pa lit crk iinh xq_ chieu tn,tc giao xuOng ?r&,.a = 1, .• , p tucmg Ung v6i khai trien (1.10), 
, trong do ']>. j_ ']!~ khi oc + ~ 0 , 

Bay gio ta i!a san sang phat bi~u dinh ly chinh- dinh ly pho Cll,. ly th\ly~t v~ cac anh 
X~ a6i xung' cua cilc khong gian Euclide duqc ap dung cho truong hQp cua chung ta. ( 0 day 
va sau nay chUng ta se su d~ng cac chi so Hy lap cho cac khai trien (lo9), (1.10} va cho 
tat d de khai trien tucrng ung v6i chUng; kbong lay tong theo c:ic chl s6 Hy l?p l~p)o 

:Dinh If 2: V ai mpi v41 tltJ adn hoi C ton t~t clti mfjt kkai triin tqtc glao cu,, khong 
gian cdc te11Xa Adi x(ttzg lu;ng ha'i -

' 
(Lil) 

vU·i Cl. ;:j:c: ~~ p ~ 6 v& chi mPt t6 k?tp cdc th01tg sO kkdc nkau timg tiM mgt /,1.~·"~ !1.9 ; ),« ""F l·,B 
v(;i "' + J3 sao cho 

C = A! !_1 + ... + t,p !:£' 
ttong drJ £~c la- dtth xr; ckiJ'u trHC giao ;)CUdrtg ?o:., ~Y::::::: 1~"'"' p. 

(1.12) 

Cluing minh: V6i thU~t ngfr bol khk 0 d.%y, cb:Lrng minh CiiJJt~t Iy :naty eta c6 trong 
nhi~n tai li~u, chling h?n trong [1], [2], [3]. · . 

Cite kh6ng gian con 9v: sau nay G6ng val trO co biin vii cb mQt y nghla v@t ly ho;)n 
miEn r5 :r2ng, ChUng ba:J g0t1n t"lt ci !::'~C trzt£1§; tha_1 ct&n hOi vbi m·.Slhm d¢ c{,:ng 

. " 1 ~1" .. ' .. . c ,-., . 
J>o:oo cz:;;;;: ~ ,,.,,, ,P· .u~t V(Jy, vcn. mo1 _?.:! ,--;:: 7a t-a co 

~. _:::. = {),1 ~t + "o' + J..p Pp)" :::__ = Ao; -~ 
CG.c inh :KiJ chietJ Pa trong cOng thirc (:L12) duQc gqi. H. c@c anh ~@ chi0u t14t cl!,ft~· 

die khOng gian con fJJa Ia cac khOng gian con v¢t cldt, cOn cac khai tri~n (i.ti), (:t.12) 
la cac kh.ai tri~n v¢t chdt tuong Ung v0i v@,t the!:_. Sau khi viet h~ phuang trinh 

!: = 2'_1 + " . + EP 



l j_ 

p-1 
A 

p 

chting ta se nMn ctuQC clio bi~u thuc hien [1] 

n (l.a- 1-~)=FO 
p;;.a>~>l 

Pa = (C- A! E) o ... o (C - Aa-1 ];;_) o (C - Aa+t E) o ... o (C- '-p E) 

- (' .• -AI) ... (l\a - Aa-1) (1-a - t.a+1) .•. (1<a - 1-p) ' (1.13) 
!.X= 1, ... , P· 

Ta cling luu y die cong thltc 

"· = S:..· !:·; " = 1, •.. p 

Cac modun de:> cirng 1 •• la cac nghi~m cua phuang trinh d~c trung. 
a day phuong trinh d~c trung a6 c6 d?ng: 

DET (C- icE)= ).6 + a1 (C) 1.5 + ... + as (C) I.+ as (9 =0, (1.14) 
trong d6 : DET A =o det (AKL); AKL = VK. A. VL =Au< Ia rna tr~n 6 X 6 ung v6i tenxo A . 
va m<)t b~ co sa tr1,!C cbuh c6 dinh tuy- y VI, .. ~ VVI trong d. Vi~c Jga chon h~ co sa nay 

. kh6ng anh huang t6i de he, s6 a;( C). S6 - -

qa ':""dim ?a. = £..(a )Abab 

la b¢i cua nghi~m "· cua ph~ong trinh (1.14). 
Chung ta da trinh bay dinh ly pho o d?ng tong quat nh~t. each lam d6 co the khong 

quen thuoc lii.m,. Co the dan ra cac each phat bi~u khic tuang du:ong. Thea quan ni~m cua 
cbung toi, dinh ly do c6 vai tro trung tam trong vi~c m6 til cac tinh chat cua v~t t~~ dim 
hoi. Do do, dtr6i day chung toi neu len ba m$nh d~ tuong duong voi dinh l.y 2: 

1. V<ii mri v4i thJ dan hiii C ton t# it .nkat mPt hi trlfc ckuJn trong d: 

C.>JI, •••• (!)VI ; l'il!( • WL = SKL 

b~o giim cdc tr~ng thai ilan hoi ri!ng : 
c. CUI{= AK W!{; K ::::=I, ... , VI (1.15) 

2. V&i mri vgt thl Jan hoi C ton t~i it nhai mgt ik? cu sa tr,cc ehuJn (1.15) va 6 thong 

(1.16) 

3. Vtii mri v4t thl dan hoi C tan tqi it nhfit mrt hp' ca so· trztc'C/m&n (1,15) sao cko 
ma trtj,n CKL ~ .~{ , ~- < ~L cO dq,1;g iluUng ekio" 

COng tkltc (1.12) (l,oec (1.16)) du:cc g!Ji la cOniJ thtf:c c!iu trUe t:IJ bdn cUa vrJt thl dan 
luh. lvl{lt tap tt'~!·c c!tudn hat ky cUd cdc ttf}tJtg tluii 1'iJng .wK, K =I,, .. ~ VI t~f4 t&'u:;co _c::._· ilit{fc 
gpi Ia ripJ tenxrJ Nj,t chlft ciia. nO. 

Chimg ta hay h'a chon m(it thu t\r nao cl6 cho o:k thimh ph~n· trong (1.11), chang 
han thimh phlin Ao Pa cltr(lc viet tru6c thanh pMn AiJ..l:~ (khong Uy tong) n~u q. < q~. 
Ta van gifr thu t\1' tren cii khi q. =q, neu Ao >A~· Luc nay tat ca 1-a vi! P 0 (dt nhien 
H ca p - s6 Iuong cac thanh phan) ci~u lit cac gia tri c1za nhung ham nan a6 cua d6i so 
C tren J. Dieu a<.\ ciing se chr(lc chung ta luu y den khi phat bieu ainh ly sau. 

Dinh ly 3: Cdc thong sif f.t, ... , Ap ti:ng vr!i vqt t/z§ dan hoi C theo cong tk!tc cdu true 
(1.12) Ia cdc hang sd da" hoi v¢t chat, cbn cdc d11h x~ chi!u v4t chat, P1, ... , Pp Ia cdc tenx~ 
v¢! cka't t~tung itng tJ&i C. ._ ~ 
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Ia (\::! * 9 = ia (C), •x = 1, ... , p 

suy ra til dtnh 1)· 1, Tlnh chl.ng l~u6ng cUa Pa; 

~'a (Q c; £) = Q * !~.:' (:?) 
suy ra ngay tu cac c6ng thuc hi~n (1.13). 

Cac khong gian treng chai dong doi voi v~t the Q • £ theo dtnh ly 1 se la cac anh 
ci\a khong gian tqng thai ri~ng cua V~t £ 0 phep quay 9: 

Cuoi cung, chung t6i aua them m<)t khai ni~m c6 ich ntia. St' phan tich so 6 = dim c5 · 
ra cac s.o h;mg nguyen duong q1, ... , q(J (ho~c neu ti~nl ra cic J0 do Young [4]) tuong 
ung voi S1) khai trien ")t cMt ciia khong gian d (1.11). Chung ta viet sg pban tich a8 
c1 dang: 

< q1 + ... + qp >, qt <( ... · <( Gp 

va goi !a chl s6 ciiu true thir nhat ctia v$.t th~ C. Chi so c~u true thU nMt dt nhien se 
nhu nhau c.loi voi cac v$.t the lam tir mot lo~i vatli~u, no Ia d~c tinh d1a vat li~u. 

Nkqn ngay 18/7/1983 

TAT ueu THAM KHAo 

1. MAJlhUEB A. H. OcHOBbl J1llHei1HOti ame6pb!, rocrexil3i(aT, ·M. 1956 

2. XAJJMO!ll II. KoHe"IHOMepHHe BeKropHb!e npocrpaHCTBa, cf)]JSMaTrlls, M, 1963 

3. fAHTMAXEP ¢. P. Teopm1 Marpm;;;, HayKa, M, 1966. 

4. JJI0!3APCKHi1 f. )1. Teopml rpynrr H ee rrpnMeHeHIUI B ¢!!3HKe, ¢!!8M8Tn!3. 
M. J\)58. 

PE3.10ME 

MATEMAT!14ECKA)l CTPYKTYPA YIIP:Yfl1X TEJJ 
I. C0!3CTBEHHbiE .YfiPYfl-lE COCT051Hi1)l 

IIpe,r:r,.rro::KeH t-WBMti cnoco6 or:mc:aHuzr 3aT<oHa f_yr..,:a,ocHoBaHHhli-1 na nOHB:THH 
co.6cTBeHHoro ynpyror o COC'I'OJHHIJI TeJJ:a" Bee co6cTBeHHI:i!e ynpyrae cocToJ-nmrr 

Jl3.HHOI'O Te_,12 OTIH!CbiBBeT 'l'BOpCM-3. :t HOJ1}'i.t"'.;.HH c±•oprviy/lbi Bhlpa>KBK!IUIIC TE'.H3Dp 

,.-, 


