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vt :!Jll'<fH LY TON T~I NGIH~M BAl TOAN BIEN 

CUA l,Y THUYET DEO DOl V(H QUA TRINH 

BIEN D~NG CO DQ CONG TRUNG BINH 

flAO HUY BiCH 

Chung minh dinh ly til,, lei nghi~m eGa bai toan bien cua ly thuy~t deo co y nghia 
quan tr0ng, n6 khang <!inh tinh dung dan cua bai toan d~t ra, dong thai cho phuang phap 
xac dinh nghi¢m, Vi v~y dii duoc nhi~u tao gia quan tii'1:dheo hai huang, ti1y thu¢c vito 
vi~c sfr dung ru6 hinh cua moi truang cleo. Thea huang s(r dung ly. thuyi't chay cleo c6 cac 
cong trlnh cih C6ite [2] Clae Gilmxcin [1] Camenhiagio [3] Uinanxki [4], ... Thea huang ly 
thuyCt, die qu.8. trinh bien d~ng dan deo cO de cOng trinh chUng minh. djnh ly~ tOn t?i cho 
qua trinh bii"n dmg dan gi:k (Vorovi::h va Craxopxki [5], Buc6p va Satnhep [6], ... ), qua 
trinh bien d:;mg c6 d¢ cong nho (Br6pc6 [7]1, qua trinh bien d;ng thea qui <ho gap kh1ic 
!Nheaexcu- Clegia [8]). · 

Trong bai nay xet dinh ly ton. t?i nghi~m cua bili to:in bien cua ly thuy~t deo d6i 
v0i qua trinh bien d:~wg c6 dQ cong trung binh, chUng mi:t;th. dinh ly troflg cac truOng kha 
di lien l1JC va mil rl)ng trong t~p hop cltiQc Jam day ci\a cac truang khi di (baa dong theo 
chuan Lz). . , 

DO.i v<Ji qua trinh .nay ta cl:a xJ_y dvng duoc ly thuyet deo tuyen tinh h6a pht1 hQp 

v6i de b~t _qua th~tc nghi~m, lien h~ gitra vect~ t6c dQ tbay ctOi Ung suat -;; va vee co tOe dQ 

bien dqng 3 c6 d~ng sau da_y (9] : 
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7 1 -.f 1 3 = --- cr ·i" I ---- -
k(S)cru l W'(S) 

(1.1) 

(LZ) 

trong a<> $'(S) = d<l>jdS va k(S) la ci\c hiun xac c!inh dad¢ dili cung qui}'lao bien d9ngs, 
chung d~c trung cho tung loai v~t lieu. Viet du6i dang tenxa, cac he thtlc (1.1.), (1.2) cho 
ta lien he giUa tenxo tOe dO bien dsmg vi tenz:o tOe dQ bien dOi Ung suS:t: 

(1.1') 
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He thlrc (Ll')_,_ {L2') tuytn ttt1h d6i ~'6i ttk d¢ bien d<:tng vit tOed¢ thay d1Jl irng sutir. 

D~...~i \"zli quil rdnh niLy ra da chung minh duqc nO th6l rnAn nguy€-u I~- bi~:a "pMtn 
[10] : U-ng vbi W-Jog thi1i thvc ctlng suiir bifn d~_mg d~t gift ti."! qrc tiht. . 

Gqi ~~,-~ li t6c dtj thay· dUi Unzr su1lt kha di tinh hoc, ~ :'. ~- tOe dO bi~n dang tuorH~ l c . 1j ' . b 

tmg v6i t/Sc dQ thay ctC\i ti:ng suiit kh:1 di nelt tren (chttng 1dc G~nh theo he thUt (1.2'); 

n6l chong e':. khOng tuonrr thi.ch. 
lj h ' 

~~. H'i t6c d¢ bi~n d;;mg khi'i di dQng hoc 0 th~~o (~ .. 1 ') ., ' 

xac ii\nh toe d¢ thay alii .:mg su~t ~:. , o6i chun• ~·- khcmg thoa man phuong trinh dn bhg. 
lj ~ 1] ' " 

DUng nguyen lf bien ph~b Lagrang 0:6i vOi t6c do thAy dOi Ung ~wlt klii di rinh 

bye * va q-i j 

= - .. 0 .. ~~-- + ----·a .. e_, I f/ 1•*·* l·o·, 
\ ~ . lj lJ 2 I] 1) 

(1.3) 

Q 

Ni~c chtmg -minh cl!nh l~;, t(;n t<;ii ngbi~ru r.:~~a. bid toia bien Iy thuyet dEo d~ra uen nguyen 
1)· · Dirklt: sv tOn t~:i gi~ tri c1;c tih1 rn:ong duong v6i S\T tOn t~i c~n du6i ~U.a phitm 
ham L 

CHT.FNG l\K!NH ODIH LV 1'0N T.j!.I NGHIJ!;M TUONG CAC 
TRUdNG lHIA. Di LIEN T"rc 

x_et eye t!eu cl1a rrhiem ham· I r:rong lOp cite _t6c d(1 bi~en d .. ~ng kha di d¢ag ht)c 

~;;;~ khi chu tOe d¢· thay c!(\i twg su~t kha dJ. tlnh hc.K ~-,·:,. kh6n,g Q~-:d, "'i j ) ' 

Gia dr ~~-'1 1a tOe dQ bi~n dt~ng htn- cho I c;1,t;; tif!u v~~ giJ. 
lj 

hay t:i~~i l7ng s-u~t tiob th~.c' hr~ thtrt (Ll') 

(2J.) 

trong d-6 -~~·ij 

3h f l 
+ ----- I :-·-·---- . 

;?,, !_ k(S)iJu 

c~} dinb ') ; 



den tinh tuyen· tinh <:Ua cic h0 thtrc ghra. £ik d¢ bi~:n dqng v~ 
bH~n dl:'d ta duQc 

hay Ia 

trong a6. 

Ji (~ crij h t;ij + 
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k(S)cru! ~, ' 

(2. 

Nhu elf. biet k (S) > 0, <!>' (S) > 0, "" > 0 ni'>o N (h~;;) la deng toan phuong khong am 

, 9h2 / sii~ij \
2 

::-::::: ~ .. -_--. -- ! ... _ . .,_. -- ~ + 
8$' (S) 1, Gu } 

.b.a:i 

\<~hi 0:6 bang Lich cb)n. 
thll Y~l th tr b~~ c{u~ bl~u tb.trc du6I 

Cf-Ct nh_;j h th!-:h hqp ta c•5· tht cho ;;.;_) 
tieL. nh/~ .. 'tWJ nhb hi) ~' ;;:.,(_, 

:~0 h?ng thi1 nh~t . .DE~u n0y .d~u:; Gen 

. (2,4) 

;fOi mQi tOe dQ blen .dzing tuong· thich- -'liJj ltng v6i t6c dQ chuyen dich bJ.ng .l~h6ng tren Su, 

Theo ngl1y€:ra l}r bien ph<iu Lagriiug_~ ttt h~ thlrc vlra nh~~n du:qc ~fJD -- ~ii d6ng vai t.rO bi~n 
phgn eli?~ tOe 1¢ tb.ay (i{)i 1mg suSit:1 (:mg v6.i sv thay _Q{)i. cUa. hrc m~t tr~n SrJ b~!ng 
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rn·:;i ph.~..wng trir:h di.n nen n6 chinh 

§ 3, MU W}NG CHU'NG l\Hf<ll JO~NH L t TIJN T~I NGHIEM 

nAI TOAN JHEN TRONG TM' HQP nuqc LAM BAY cirA 
CAC TRIJrrNG KHA Dl (hao, dong theo ehulin 12). 

t.! tl/S 

nghi.~m 

Neu ch1 gic\i hen iJ lop cite tnrang khcl di litn t~c (tron), c6 the phi~m ham I khong 
d:;tt c~)n -du6i trong d6. Vi v~ry ta brn day theo_ chu3n L2 cfic trt.r~ing kh~l" di thuan_ nh!St 

~1j~ ~,:i (thC}a man phuvng_ trinh c&n hang va dieu ki~n biet'.! bing kh6ng)J \:rong dll tru~ng 
kba di bat ky c6 th~ bieu dien duoi deng : 

~~- = \''t. + ~J __ ;-,. 
l) L,ij ~ 

· · · * :o ·'la tnr6nfl. rieng cO dinh ~flo ctay·, Khi dO dOi v6i ta_p u",· (rren So, ~::n = VOl ,Zli ' _ _:ij ..., 

Illy bao d60g theo chttrtn Wz: 

r " · 2 " • ·] l L, ( Ui,j) + ~- (ui)' d\l. (3.1) 

i 'j i 
' Dung cite b~t dang thirc ,)a biet 

= 1.._2 J
' 

Sl 

c6 the ch'i HI rlc~ng j::.EL< diy (u~ L h(d ~\1- ve u~ trong \'\r~l. thi d~y tuong l'mg (etih. hoi tu 

·vt~ ~~-1 trGXH! L"' v·ft DFUQC {t[ti, . ' ,~. "" -' 

B~h CUtng _tb{£C (3.2) \hi)H (,;-,;,,_{'; lltU Ililh, n Ht Hi-~t li·~c/ 
~~kqc kb/.1ng c6 dierr;_ E:L r·-: rif,·.r td~c;_ Win ({n?. 

f ~dP = 

n 
1c:h i d6 (3 .2) v ltn c(m c6 }~ nghia. 

0, J ~· ;< ~- d<::; 

n 

0, 

ttrng Hn'1;;::) .~.i61. n(d'., vi 
~.ho l_c;;,c thl t6c d:.:' 

Ky hiGu E0 (Q) Ia khOng gie.n Hinbe nh%.u.-ctuyc btwg brAo dOng kh6ng gian tn.tCmg 

1" ·'- }_ 
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Qyi. l:{ -= L;' + _z\ E~ = E,_., + ~,~, la t:~:P .:::f1c truGng kha di tinh vfi <i<)ng Luang ·Ungo­
N6i chung ht y lOp -n~an xet 0 bai toan nay thu(JC kb6ng gian L2 (:E i: C .J .. 2 ~ Ef' c L2 ). Gi4 
thiet dlng cac gb tri uq(x, tc,)j Bij (x) to)~ to E [0, T] cho tru6c tr~ng mien £i nhtc 

the n-ao ddy sa,ocho fiJ 1 
tspk. s{1u Ja nh:U-ng hil.m gi6i nQl~ d~1 duqc t.rong:CL Khi d6 tU: vi¢~ a'i 1 E L2• 

E oij E L 2 va 6! cac h¢ tht:rc (:1..:(·}, (1.2'') suy ra 

·Do d6 nhiem ham (L3) xi<c dinh tren 
dien dH6i d~mg 

X Eo va ch\1 y d~n (1.1'), (L2') co tM bii'u 
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(3A) 
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V6i cac tru&ng kha di Hen tVc, de trubng n11y trtt m~lt trong L:"i va Ef va phiem h~un I 
Hen t'!,Jc~ n0n biit d<ing tlu!c tOn t~! vOi mol 

* --O"ij ":::: 

I( ;,,., ' .:;,~·.,* ·.o _L '"..t~"' ' 
_ (tv· •J _,_ 1'.:iu-··fl tl8· ·1 1 •:,~., ·' l 
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~ tel,:; 1-t!~ bie~ t.h:r:g kha d1 d¢f1g ho~~ thjJa man d.i~u ki~K! bien thuan nl:-dft trCn Su { H-{ = 0 
f•~i:J Su), 
n- v~y 

. * . * ~?., )L f r:· . J L* ~u1 (crij! {j i j2f eiji = e?. dQ = dQ -lj"' .2 ij lJ i} OX.j 

il Q 

• 

s '}'* . J "I\dn= = .. n;tt~ds - ' o. 
""=' lJ ' 

U; 
BXj 

s [! 

(3.8) 

c) Pili3m hatn (1.3) r.J t•i p#il!; tuyiln tin.k thea Gato. 
Vi~c tinh . vi phan GatO cita phiem ham duoc tiCn hfmh -trong kh6ng gian :E* X Ea 

1ht.1.ng vi _c"'' va "_:o cO cltnh 1 nen c6 th~ ti~n h~mh nhu sa.u : 

. -· .. 
·{-, 1 " ' D<ll ' i' 0 - ..4" Aet wu tn..ror:e cr:".* _,;;;.: va cs .. ~ ®,1. ,r.rong u.o 

<ii> l J 1 J 1 J " 

bl.en th1{1.n nh4t t:reu o:~u -~q .. u~ ;:._~,-~ r':to 
;ng vC1J v~x~ tOe cho:ty~n dich bang kho tr,;;n 

Thee _,J.inb. nght.a v1 phitri G£~.U:· t;:;. (;(l 

-- Hm 
h-+f:l h 

.. 
AHD 

_h .. .---3·') 

1 
[l 

h 
)-

)J (3.9) 
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DI = 

lim 
h->0 

1 I J(~ lim a:t';t 
h-;.Q h I 'J 
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-J 
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1 r [ ~ . (~** 3'* + 
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' i I ___ _:::.____ --
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+ G'?'? "'" ~" 'J 2 lj 'J 

-~-- l 2h §-t: Y.fl) + 1_hli:.fl1'' ,, z L ~ 

+ 2h3~-~-~J + 9Kh2 ~ 2 1-"- Ih(cr'· -~- + 
1 

DI = f 
·• 

i\ § 
' 

n 

~2 

K.hi cO ci:bJh .t6c d¢: tbay dOi ling S1.Hlt kb:i -dL t1nh hoc 
c~n duOi tU (3.1.0) suy 'ra dw;c h~ tht'rc (2A) 
-~"-~-'-------

11) Ta co 

--]' ' fJ 

;._. )w-** (i'ij 
') 

'r 
·:.-1 

(3.10) 

= 0), theo ilieu ki~n d~t 
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~lJ tbU(; tuyen tinh dOi ~6i ~fl, eiJ., hoitc kh6:ng dOL 

Ta xet 

h~rig sau c1J.ng bang kh6ng, vi ±ij1 eij 1~. ca(; tr-u~Jng' kba di. th6a 'man phtrcng trinh din 

:~g ·;a die.u ki~n bien thu~n nhat ( xem ('Ul)); cac s?i h0ng con l?i t\JY~" tinh doi vl1i 
• 0 va eq. 

E 

tq.i 



etiEEl 
va. t.eoag mr'Ji tnrbng h0p c~n du6i dqt duqc 6 diEm du y nh<lt. 

DOl v6i phiern ham lOi, vi phfin duoc theo Gat6, dH~u ki~n can via 'ctu ae d~t-:4u.Qc 
c~n duili lit vi pban cua n6 bang khong. 

Tren day ta cia, chUng minh sv tOn t~i nghi~m cl1.a. bai toan bien Iy thuyet 4eo _cac 
gua trinh bi~n d~ng c6 ctQ cong trung binh_b~ng st.:t ti)n. L;li. c~n d\.r(1i d1a phHhn .ba~naTig 
1uqng L 

Dia chi : 
T;u:intg fJ(ti '!roc Tbn.g lb~'P HA n9i 

Nh411 ngiry 16-6-1982 
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