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H]!: CO' HQC HAO TOAN CO CHUA 

TQA DQ lN SUYRQNG 

NGUYEN DONG ANH 

Trang ca hoc gioi tich cac phuong trinh chuan tile Hamilton i:la cho phep vi~t phuong 
trinh chuyen dong a d~ng rat c6 dong va kh6 khiin co ban dua ve vi~c. giiii· phuqng• tt)nh 
Hamilton-: Jacobi. Phuong phap quen thuoc la phuong phap tach bi~n. fla ti.m.quQc ·tl:.u9ng 
hQp tOng qu:it d!a c:iC h<;! co hoc chiu tich ?ie'n vd c:ic h~ m\y c6 rlt nhiht Ung. dvng trong 
th\rc te. Tuy nhien d~ dang nh:ln thay ding de he co hoc chiu tach bi~n kbong ·th~:bao 
gam tat cii cite M co hoc g~p trong ky thui\t va nghien c(Tu. Vande d~t ra Ia can de oghi 
phuong phap giiti phuang trinh Hamilton-Jacobi ung v6i cac h~· co h 0c nay. M(>t tro0g 
cac huang mi\ r(>ng phuong pbap tach bien !a phuong· phap khai tri~n thea tQa d9 an suy 
r<)ng trong do cite bien khong tach nhau hoan toan ma lien h~ v6i nhau theo m\>t quan..M 
niw i!~y [1]. Trong bai baa nay i!e nghj ap dung phuang phap khai trien theo t<)a i!Q: an 
suy r<)ng ile giai phuong trinh Hamilton- Jacobi .. fle lam vi du da xet chtryen d<)ng etta 
thanh trong m~t phang quay, trong d6 c1c bien khOng tilch nhau. 

§ l. Hl): CO' HQC CIIUA MQT 'fQA D() AN SUY RQNG 

Ta xet h~ co hoc h6l6n6m btto to9.n trong khOng gian toa dQ pha (qb ... ,. qn+l 
pt, ... , Pn+l) duQc ·d~c- trlrng bOi ham Hamilton sau ·-' 

n+1 

H(t, qt, ... , qn+l, pJ, ... , Pn+l) = L A;(t, qt, ... , qn+l)pf + AJt,qJ, ... ,qn+l)• (1.1) 

j=l 
Ta gia thi€t ding d:Oi vOi h~ co hoc dang xet nay toa dQ q:rq.I Ia toa dQ an suy r¢ng C~p 
hai (xem [1]) va c:ic ham A;, A, c6 khai trien sau 

A;= b;(t, qr, ... , qn), (1'.2) 
Ao = C0(t, q1, ···~ qu)q~+l + a.:ft, qtp ,.,) q:u)qn+l + bo(t, q1_, ... l qn), i = 1~ 2, .. ,, n+1. 

Phuong trinh Hamilton - Jacobi tuong tmg se b 
n+J 

iJS + '\' b;(t, q,, ... , qn) (~~-)' + Co(t, q,, ••·• qn)qL, + 
iJt £... iJq; 

j=l 
(Vi) + a,(t, q,, ... , qn) qn+l + bo(t, q,, ... , q,) = 0 

Nghi~m ta tim a d~ng khai trien thea toa d¢ rtn suy r(lng va trong biti bao 
khai trien cap hai 

nay chi 'dung 6 

S(t, ql, ... , qn+l) "= <'() 0 (t, S!o ... , qn) + '!'1(t, qt, : •. , q.)qn+t +' 
+ cpz(t~ qb "'? €J:n)q~+1· (1.4) 



T~-&1, y (1 •. 4) vto ( L3) 'VM so s~inh cik h~ sO t-a-dng t'rng ta cd 
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'-' b, oq:·· (1.5) 
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Dil!u lden tuong thich cua h~ (1.5) cho phep ta xac dinh cac h~ co hQc thea man phuang 
phAp khai tri~n tr~n va de dang l~p phuong trinh cho cite M s6 bi, a 0 , b0 , c •. Tuy nhi!n 
trong thvc t~ • .:dt ph:it trvc tiep tir h~ (1.5) thuilng ti~n IQi bon. D6i voi h~ co hQc 
m¢t b~c· t\I do 

b; = 0, bn+l = b(t), Cn+l = C(t), a0 = a.(t), 

b.= bo(t)1 Co = c.(t), i = 1, 2, ... , n, (1.6) 

d<pz . 2 dt- + 4b(t)'l'z(t) = - C 0 (t), 

drpt dt + 4b(t)<p 2(t)<pt(t) =- a0 (t), (1.7) 

d<po =- b(t)rpt{t)- b
0
(t) 

dt 
vil lu<m luon tuan!' thich. 

§ 2. H~ CO" HI[)C CH(YA HAI TQA D(J AN SUY RQNG 

Ta xet M co h()c bao to an holonom trong khong giail tQO il(l pha (t, y, 
'll• , ..• q., px, py. p!, ... , Pn) duqc cl~c tnrng b&i bam Hamilton sau. 

H(;;;, y, q1, ···J qn, Px• py, Pll ···1 Pn):::.:::. 
n 

2 , 0 2 .L \' 2 .L Q( ) ocpx -r t>Pr ·, L; O:iP 1 1 ·~ q 1_. ... ~ qn~ x, Y , 

i=1 

(2,1) 

w"'g do "' fl, ~~ Iii cac hang duang, Ta ae giii thi~t rang x, y la elic t<;>a dl} an ~'IY r~n01 
Yl Q C€J d'!J'lg 

M i+j"'s 
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. I 
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•I ., 



(. ~w- )' ( IJW )' L" ( aw )' "' --- + ~- + ~i -- + 
, lJx 1 · 

1 /Jy Oqi 1 

1=1 

M k+j=s 

+ I: [ I:, Yk;(qx, ... , qn)xky] = h 

s=O k, j=O 

Ta dung phep tM bien 

trong do 
ChU y rang 

x = Rcos~~ y = - wRsin'l', qi = qb 

w' = ~~~-

aw aw &W sin'!' 
-- = -- COS'f' - -- --

OX oR. D'f' R 
aw aw sinq> iJW 
-- = - --,.. -- - --

&y &R w B'f' 

Thay vao phuong trinh Hamilton- Jacobi ta tbu duqc 

n 

(..!!!!_)' 
aR + ;, + E ~i ( :: ) , +. 

i=l 
M 

+ L p,(q!,. .. ,q •• '{l)R' =h, 

k+j=s 

M<Jt, ... ,qn,ep)= L n;(qi, ... , qn)cosk'jl [- v ~/oc shvp]i. 

k, j=O 

Nghi~m tim 6 dong 

W(R, cp. q1, ... , qn) = L fl!(q!• ... , qn; q>)Ri 

i=O 

(2.3) 

(2.4) 
(2.5) 

{2.6) 

(2.7) 

(2.8) 

(2.9) 

trong do fti(q!, ... , qu. 'l') lit cac h~ s6 chua blet. Thay (2.9) vilO (2.7) ta thu .;lu~c ~ 
plm<~ng trinh ••" : 

lP, ( ;:, r + 13-· = o. 

R-1 : 2 &fll . ilfLo + ~-! = 0, 
O'J' 8'f' 

~0 = b, 
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0 2 _£_!!:!:__ _?[Jv2 

• · u<p · acp 

i+j=tn+2 i+j=m+2 

E ii!l-ifLi + E 
i,j = 0 i,j = 0 

• 

.,_._, __ p._,_ 
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.. n 

'\' [z iif1-o +LJ "-y . 
' . iiqy 

'[=1 

i+i=m 

+ E 
i,j=O 

+ ~z- 0 

n 

E 8p.i OJ.ti 
+ Pm = 0, O.y---· 

iiqy iiqy 
'[=1 

ill = 1, 2, ... 

[3m= 0 khi m > M. (2.10) 

Nhu v?y ta da l$p duqc h~ phuang trinh cho d.c hr~ sO chua biet (J.i, d.c phuoog trinh nay 
la tach nhau va cho phE:p .xic- dtnh tuan tt.t tat d_ [_.tj. C6 the chi ra trw';ng hQp khi h~ 
(2.10) cho nghi~m ngat auoi d~ng 

W (R, 'I'• q!, ... , qu) 

ill 

E (Ji (q;, ... , qn, tp) R1
. 

bO 

Ta xet chuyen dQng cUa thanh trong rn::J,t pbang· qeay [2]. Thanh chtHen dQng uong 
m4t ph:ing tt_r quay v6i v?n tOe g6c (•J quanh trt;Lc ngang thuQc m~t pb~ng. Theo [2) ham 
Hamilton se la 

H ·= · _2__ (pf + ~-- p'?• + p~) ---
1

-- (:.l 2 q~ -- u.sinwtq., 
2 . k' 2 ' 2 -· b ·' 

; " 

(3.t) 

0 Aay }<l. __ c?. gs la to a dQ _'an. H~ phuong trlnh (L 5) se lb. 

1 ilmJ 1 Oyi 01 2 

2cp~ (t) + -;,- ---;"..::. + -;·k··;· --:-'" .. --- = 0, 
. L; c: qt ~-.. -~ oq2 2 

dil2 + 
dt 

8tpn 8'?1--- _l_ O·p.o Dcp1 . 0 
2'Pz'f'l + -- -- + . -- - gsmoJt = , 

· 8q1 Bq1 2k2 aq, aqz 
Oqn 

+ at 

.2:_ q>~ + ~ (}'fo l 2 

+ .J:_ (' oqJ -)' - k'w' sinqz = Q. (3.2) 
2. 2 , aqt 1 zk' · aq2 2 

a:p 0 

+ at 
Tich phan h~ (3.2) ta thu ctuoc 

l7 + _,::..._ ( sine0t -- coswt ), 
2w , 



t 
(" ~~ 

2 j lA.te-tDt ·+- Zu) 

0 

q, 

+ k v >.~ + k2w sin'qz q2 + - A3 -- 1.p t. J I --·;;--~,--.,z-:-· d 1 (' 2 .... 
• - 2 -· 

0 

Thay (3.3) vao- (1.4) ta d~oc nghi~m cila phuong trinh Hamilton - Jacobi (1.3) !a 

S = ~ wq; + [Ate-'" + _lL (sin<oJt - coiwt)] qs + 2:_ (A; - I.D t -
2 ~ 2 

(sino;t - coswt) dt + - ]2 

0 

i\1, A2, l.s = const. 

(3.3) 

(H) 

K~t qua nay da nMn du0c trong [2] bang phuang phap khac. Ta eM )• r?•ng trong 
(3A) cac t 0 a 01) qt. q2, qs lien h$ v6i nhau phuc qp han quan h¢ tach bien 

Dia chi Nh¢, ngay 15-11-1982 

Vi!n Ca hrc, Vi!n KHVN 
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