
1\H_Y R(HVG HJl'IH L}r LEVI-SIVHA CHO CAC 

"PIIlJ(~'l'JG (iCf~tl'<JH CliiNll 'flC 

Trong [ l] Levi - Sivita phat bi~u dinh ly theo d0. c6- th~ tlm duoc h0 cilc nghi~m 
rieng d1a phuong trinh ch1nh ttic Ham in ton dta d.c h~ h0l6n0m. Dinh ly nay da dtrQc rnO rQng 
cho de h~ gyroscopic hdonc\m trong [2]. Chimg toi .muon phat trren clinh lj· cho h~ cac 
phuong trinh chinh tt\c Poangcare - Tr&taep itp d\tng duQc cho ca c<ic h~ khOng h6i6nOm. 
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Theo (1.3) ta th5y, m!.,Ji tich phiin ctau cl1a h¢ cteu 1J h¢ thtr~ bat bi§n va la ham 
doi hop cua ham Haminton. 

Ta c6 dinh ly Levi- Sivita mO n)Og sau: NJu cd-c phltO'ng tri1th cltfnlt tct~,-· <i.2) cOm 
hf thicc b~tt biln (hay i-Eclt phtin ii/iu) !tdi lwp nha.ii ·vd c6 tM gidi dtc(iC ~.:hom bidn y1 l .. ·l Ym. tki 
(1.2) _c(m r:d tkl c6 k + l - 2m h¢' th£·c bd'l biJ'u Jtiia. 1\rJ'u cdc It? tlutc blit bii'n nu5'i dm itupc 
1uty gid-i iluric cho cdc Ym+l}···s !fl crJn lg-i va m9t sd bi_Cn. Xi n1io .-16, th-l bdJ. toa.;, tic'h pltdn h! 
(1.~2)_ zlu·?·c l~!!a y_J ~~~i to;iil _Uc~ pf1~il~~ ~(_Pfwp~ll;:_; tr)nfl t'i. fJrj~~-ii Clia sO biJ.u Xi _ciJi~ !(1-i, ]:TJu. tt;ong, 
s(J cac hr,; dmcb~i: bJc' n ca cac tich ph 'iii ddit~ f! 1 J wo l!_u p.lwang -truth til f.1han uay chua ca 
i·c h/tug so' c;ta cdc tic,~~ p!u?n ddu dii. 
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giiH cho m bU§n y1, .•. ) Ym ta dna G:uoc ve d~~ng 

L_; = ytJ. ~- C(n. (:q,._,~ x"; Ym+l .. ,., y11 :::::0. (tl =1, .. ," rn) (LJ) 

D.ieu ki$n belt hien v;\ cL'\i hqp cho L::t dt·.- h~~ ti·Lrc, 

"">?' l] I 
.L:...(I.J .. ~ T 

m 
.,~, 

1---<d 
S=l 

rn 

k 
+ .. ,-..., 

L Csjv 

j=JntJ. 

k 

;:;___:_:} + 

OH 

•;: 1 

i=!TL·+J ~=J 

k 

0-:,\ 

j-:::::.r;_l +J 
k 

'j=l+-1 

\ 
H~ 

(1.6) 



l k 

+ y~ Cu;·S )'t' + '" ) 
'-'-' '-' 

S=l vo~ 1-r-1 

.] 

+ I: 
i,j=m+1 

l=-ili-[-l 

cll\'Vy:; 

i=m-+-1 

£iyr 

(I: 
s,1 

Cij'> ys + ':"f~\ 
~' 

')=l +1 

fy·-~;, 
J 7 C~t'd~Y~ + CG:•-: 
\L~J 

S=l ',1=1·+1 

\ 

'~) + 

= 0, (u~ v = 1~ .. ., m) 

Xet ham K Ia bi~u th1rc cua hitm H khi thay (l.;j) v!Lo 

ta duQc 
m 

aH 

Dy-s 
S=1 

111 

DK · 
+ Y' --= 

!,-=.! 

Thay (i.9) v9_o (1..6) rOi t~Dh 

{ DI~ 
]--

j=nl-+-1 

+ Cit'--: 

ay, 
Mu~fi v$y, liiy d~G 

,_-,,' ~ 

.tn 

~ + } 
L_r 

·,; .;:_;:: 

8H 

iJys 

c6 car h¢ 

(L7) 

CL8)-· 

(Ll)\ 



+ 

d ilK 

E (1;:- aK &2K 
X;K) --·-- X.· ·--· + ""' dt ay; 

' ' ilYJ ily; &y; 
i=m+1 

1 1 k 

L aK a2K (L + - -·-- CkiSYS + 
ilyk iJy;»Yi 

i,k=m+1 i=l 

L Ckiv y$) + 
v=l+l ' 

Ill k 

E oH ) aK E J2K I E E X a + CaiS ys + Cv;iv Y~-
!Jy. !Jy j ayi ayj 

v:=l i=m+l S=l V=1+1 

k 

L ;;: ( L Cbs ys+ L Ckiv Y~)] -

k=m+l S=l '1=1+1 

( 
iiq>" 
ay; 

i=m+l 

aK 
X;- , (j = m + 1, ... , !) 

Oyj 

(1.12) 

Dong thai lay d,.o ham rieng theo Yi c(ta 11.10) ri\i thay vao (1.12), ta duqc 

i=m+l 

d 8K 
-·-·= 
dt ay; 

Hi 

'\' .!!E_ 
~ fJya 

'}:::=:J 

1 

E ( aK 
fJy i 

i=m+1 

I OK 
j ·-· 

k=m+J 
\ Oy k 

k 

X· ' 
aK 

on 

.~~f-~-
iiy j 

\'.·. '' L Cto:v 

azK 
X;K) + -----

ay1·8yj 

ckb y~) -. 
I 

\"\. ;_:;(?[/. 

1.- 0\' k 

k_=m+l · 

+ L c,.,y~)J \ ,(j=m+l, ...• l) 

\'=1+1 

(1.13) 

CUng v~y-, <ip lJn luot c<ic toin tlr X-j va X.,. y.io h~ tht'rc (L10) rOi thay- cac bH~u 

thLi:c thu duqc vao d.c d:;lO ham tohn phJ.ri tbev t ella X_;I( VZI X.,K tlx (l.1.l), ta aUQc 

25 



dXJK ,~ ( .~K ~!.~.t~:.. ,~ cK _h~JK 
.X;XtK + .•. 

dt i-f 
i.=rn+l 

k 

L C.ik<>.•Y~ ) -1 
I 

'1~1+1 
l 

--· 
&yi 

m 

2~ 
&H 

Ov 
'" a=l 

OYi i-f i-J Yi 
l~k=m+l 

"'\., f ilK &XJCPcx ' i --- XtXfra ··· -------·· 
'--' , oy i ay 1 

i==m+l 
l 

- L Cji" a;~:-) Xu}~ + L ( Clak -

i=m+1 k=m+l i=m+l 
I m 1 

dyk 

aK [ ,, 
x.,K + L a;- [_ CjiuXu~a + /_.; 

i=m+1 u=1 k=rn+1 

k 1 k 

c,,,x,.rra - xi ( r. c,.,y, + L Cta,·Y~ - L 
v=H-1 s=1 'I=J..i-1 k=m+1 

k 

+ :L . c,., y~))] \ 
v=l+l 

dX,K 
---= 

dt 

k 

+ L C;hY~) 
'-J=l +-1 

\:-:::::m+J 

~-· 
.~. .. 

i•o•m+1 
k 

~ 
1-.1 

y.=l-H 
k 

r 
•1.'l(l 

(Jy i 

m 

, (j ~· m + 1, ,,., 1) 

L ( y_K 
\ \ !Jy j 

i=-"m+1. 

+ I~ c",,y,; ) ) ]( (-, = 1 '-1, ... , k; 

;.<.=l+i 

26 

i=m+-1 

1.r:t 

c"j IJT''·' -1-

k=!ll+i 
1 

( ') Cib)'s + 
\ 

1-.1 

s-~1 

m 

l 

(:L 
s=1 

(1. 14 

m 

~- )' ! c,,,, --
hr-.-.d \ 

Uo::::cl. 

1 
/'\'(' ' \ L -iksY:; ~r 

s=1 



C&c bfeu th1!c (.i.13) va {1.14) chUng t(:·~ Ye phai cUa c91Jng bang khong cU,ng v6i {1.5) 
wa (1.11) tuc theo c1inh ly Levi--Sivita ta cim c6 k + i - 2m b~t bi~n (L11) nu~. 

D~ cMng minh co the ctu~ bai toan tich phan h~ phuong trinh chinh tk v~ h~ 
phuong trlnb vOi sO bien it han, ta ch<J y rtmg K 1a cL;mg tofm phuang xac diah du?ng- ella 

' · h · h ~ · h JK ... " 1 · b'' •· Dem )'rrq .. ll ... , YI. nen cac p uong tnn tuyen tm1 - = 0 g1a1 uUQC c10 cac 1c:n uo._ · _ ._ 
. ay i .. . . . 

thay cac bi~u thUc CUa y1, ... , JI vao cac hi; thuc con l<ti d1a (1.11), ta QU(JC m<)t 8(\ h~ 
thUc .gitra c:ic bien Xi, m3 theo dinh ly Levi--_Sivita, chUng gilti duyc cho mQt sO~-:-giii t~tt 
cho n-p bitn cuoi cimg. Khi d6 ta iluQc 

Ys = Y~(xi, ... , xr); .Xr = x~(xt, ,,_, Xp) _ {1.15) 

(s = 1, ... , 1 ; r = p + 1. ,., , n) 

Dern thay (1.15) vao cac phuong trinh chcnh tac, l phuang ttinh dau tien va n-p phuong 
tdnh cuOi clmg bien th~tnh dOng 'nh~t thUc, de _Phuong trinh cOn lq.i 1a cac phuOng -trinh 
vi phlin ciia p bien x; con hi. Nen dieu ,kbang dinh da auyc chung minh. Giai M phuong 
trinjl cO sO ham an 'it han nay. rOi thay V~lO (Ll5)7 ta chrQC mQt hq d.c nghi~m deng cUa 
phuong trinh ~hcnh t~c chlla p h1mg so tich phan xac dinh theo c!ieu ki~n ban d~u. · , 

Ni'u trong s6 cite M thirc bat bien co cac tich phan &\u, thl (1.15) con cbua cac bang 
sO cUa cac tich phan dau. -Nen nghi~m ri~ng tuong tmg v6i ho vtra neu chtra cii de hang 
sO cUa cac tich phan nay ntra. 

V~y ajnh ly Levi,~Sivita da duqc 'chtrng minh cho phtrong trlnh chinh tic Poiingcare
Tnhaep <ip d \tng duqc _cho dl d.c h~ khOng h610tv)m. 
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Xe truQt Traplugyn tr&n tn~t phfmg ngang cO cJ.c pbuong trlnh cbinh tac. 
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Nem, theo (1..11), suy ra c!ic he thtrc bUt bien mOi 

X [C(r2 - ~2)- 2y2 ( y:(z- [fl 
. \ 

va tinh duQc 

Thay vao cac phuong tr1nh chinh de. ba phuang trinh cuOi cho ta 

F(i - r,,- . . ( c"~- . _·)\ 
'!' =. ---·c-;--- or~smch \ mYI 2 _ [li 

Thay bi~u thuc cila rp vlo cac phuong trlnh x:ic dinh ~' 1], ta duqc cac phu<Jng trinh qui 
d,o cua di~m ti~p xi1c v6i m~t phang. Loi gi<\i niq t.rung v6i !iii gLli thu clti<;~c b~ng c£uh 
tich phau tn,tc tiep phuong trinh vi ph'--" chuy~n d<)ng [ 4]. 

fJja ckl Nk41~ n,gtly 20-1.2~19/3.1 
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SUR LE THEOREM£ DE LEVI·CIVITA POUR LES EQUATIONS 
CANQ NIQUES DE POINCARJ'c.CETAEV 

Dans cet article~ le th<!:oreme de Levi-Civita est demontn~ pour le 'cas des equations 
canoniques de Poincare-·Cetaev appliqutes aux systbnes holonomes et aussi aux systemet 

nonholonomes. 
Un ex.erilple est considert sur .un systeme nonholonorne classique. 
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