
DAO D(ING (~lTA lL~N J1l<Hll'~G CHfr !'H-I~T 

t:o KE DEN TiNH Tl'r BIEN cuA v !T u:F.;u 

HOA.NG VAN BA 

Tr<ong fl.], ilii. nghien cuu m<)t each c6 h0 thOng dao dong phi tuyen he mot b,jc 
t'·' <:\1, cho'qc mo tii bang phuong trinh vi phan cap 3. 0 [2] khi H den tinh tir bien cua 
v,~.t li~u~ da gi.ill mQt s6 b~ti · toitn daQ dc)ng tuyen tinh mQt chieu ella v~t the CUm bOi. 
Bil toJn dac dQng phi tuy~n hai chieu cUa v~t th~ dan hCli, khi ke d:~n tinh ttr bien ·dta 
1:c}t 1i#u trong truOng hqp tOi h%n, tbe9 de gi8. van chua duqc nghien cU:u. 

Sau dd ,,. se mO hlnh va l~p phuong trinh c~uyen dQng cUa bin mOng chu nh<~t c~a 
·b~ti tmh~ trtn v1Ji d:ieu kien bjen wyen tinh, dOng tbOi xay di,tng nghi~m ti~m c$.n cUa 
bb.l toim :16 bti.ng· phu:ong phap ti~m c~n [3) 'dOl v6i h~ O~tO-nOrn. 

XEt b1n rn6og chfr nh~t c6 kich thu:Oc v~t h(~ tQa dQ nhu hlnh J., T.reu· co sO 
:t;l}~t yeu tt! don vi bat ky cUa ban c6 the rn6 hinh nhu hinh 2. 

'" --'~ {f'' 

i:? -l· 

Tto:-,g d:6: rn, q(t) h kh6i ltn;ng v:l lvc tAc d1,1ng tren don vi d·i~n· t:ich, k, £ 1, 

\,I c<J,: l.r!Jng s6 dsJ,c trung ch.o tinh ch~-'it: v~t l)' cUa vc~.t li~u [2). Chu_yCn dQng ella kb6i 
"" c6 thf: mO d b8ng h~ phuang tdnh sa1.1 : 

o2vJ r "Q oQ \ - I a')Q 
"" E1 ( _':'_c.L + -~'-1 1 + d: ( ___:~ 

&t?, \ ax 3y / ' max 
___ _ D2~2~"L 

f~t~ly 
+q+f ( 1,1) 



(1.2) 

trong u6 f Ia bam 

asw \ .. 
oy3 t 

(1.3) 

- " E2 D E1b3 . 
'' day ' = -- , "'~ = -; D = . El~ don gian, coi m = 1. Phuong trinb 

k m 12(1 -- v2
) 

(1.4) c6 th€ vi~t du6i d~ng .sau : 

usw - azw a ('''W) ' z"'W F (e w aw ) -- + ,. - + ().}2 -- .,; '-" + ;;w J = e , x, y, , --, ... ats " at2 &t ax (1.5) 

Ghi su ban chiu cac di~u ki~n bien tuyen tinh thui\n nhat nhu sau : 

L!j [W] = 0, Lz; (W] = 0, Ln [WJ = 0, L2k [W] = 0 

(x=j,j=O,b) (y=k,k=O,c) (1.6) 

( 
aw aw i!

2
W azw ) . ( asw . asw ) 

Lq[\\] = L1; --, -- ,-
2
-, - 2- , Lz;[W] = Lz; W. --, --

ilx i!y ax i!y Jx3 ay3 

., { aw aw iJ2W azw 1 . ( _ iJ3W asw ) 
Ltt[W 1 = L1k ·--- , --_-, -·-_ --, --,- 1, Ln(W] ·~ L2k W, ---, -- , 

\ ox &1' ilx2 By' / . ax3 0 y3 

t-rong 06 , Llj, .tzj, L1k, L;(;;, h c<i.c toin til tuyen tinh Laplace v6i h~ s6 hang, F la 
ham tu~tn hoan ch'J k~- 2:n.: theo fJ va c(; th€ khai tri~n thb.nh chu6i :Fmie hth1 hqn v6i 

c:K h¢ :s6 12.. c:ic hJ.m gi&i Llch ck)i \l~Yt cJ.c hien { x, y_. -w, 

\ 

Phuong tr_inh chuyen di)ng cC. d~ng sau day: 

-- +!; -- + ,,12 -- ('J4W) + ~cu21j4W = oF(x, y, W,-, ... 
asw a2w a . aw ) 

. ot3 . iJt2 at . ax ' 
tro-ng ct6 ve phoH khOng chlta t 

(2.1) 
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Gid. sU rang khi s ~~ 0, vO_i cip~u .ki~-~~ bit·n t).6) c\) th~ dm dtt.;YC cic gia td ri&ng 

~~<<>! va d,c hUm ri~ng tucng tTng 1z,~(x, y)/ trvc giao tdn m.i.i::n chCr nh~t H- {0 ~ x < b; 

0 < y < t:L Khi dt.) 11ghi\~m cU.a (2.1) cO d?.ng ~ 

W,(x, y, t) = L (2.2) 

r,s=:l. 

0 day, .A .. ,~ 'I.Frs" la c~k: hang sO ttty y de dinh ttr 1di~u ki~·n di'lu, Qrs la cac tan sQ rieng 

(2.3) 

Gia s{t. phuong trlnh._ (2.1), khi 6 = 0; c6 nghl~m kh6ng tilt dan v6i do s6 Q11 va 
khoug co 11()i c<)ng huong di\i v6i QH 

(Q?, -- n2Qr,) + g, (r, s = l, 2, ·-·; n = 1, 2 ...... ) 

Khi d.O nghi~m rieng cfia pht:ong trinh (2.1) tim du6i <hng: 

W(x, y, t) = az11coscp + sU1(x, y, a, <p) + e2Uz(x, y, a,'!')+ g3,, (2.4) 

9 ~ Qin + th ul.i Uz td\n hofu.1 -Chtt k)· 2n: theo cp, cOn aJ ~' cluqc xitc; dinh tit h~ phuong 

trioh vi phan sau : 

da 

dt 
= s At(a) -!- c2A2(a) + s3.,_ 

d'i' -- = e Bt(a) + e2Bz(a) + e.3 ... 
dt 

{2.5) 

cht1 y den (25) rOi thay vA6 (2.l), trong xap xl thU 

nhl'it ho8n thi~n, ta thu duQc 

ns asu~. , " "' 
""""11--.--r S "r:.ll 

&r.r-3 

(2.6) 

..,). VJ. Ut thOa ru~Ln de di.~i_t ki¢n 
/ 

0·, Lz 1l --.. G 

theo de ham rieng ! zrJx, y) J ta c/:: 

b c 

Ft., = r f FtZn dx dy I 
J J 

0 Q 



Thay cac bil:u thlTC -n9.\' v?lo (2.6). sa11 kh~ tinh tofm t-;,_ (,<_· 

+2QJ1(~A1- nuaBt) sin?+ 2Q1.l(0 11 Ai _~1- t_. a E1) c.o~cp, 

·3u· ~2r; "lT o3 (}' lr3 "' r)2 1rs () -'1 'J 0 irs ,- -- ') - l" 
"'~11 --.--'+ ; )~11 --2--+ ~~1·1 ~t:;7, --- + .~_U,~~ U.trs = ''1-re 

d<p" Dt.p - r?q; - · 

(r, s = 1, 2, ... , r = s + 1) 

Vai citch khai tri~n nay U 1 t\I thoa miin dieu ki~n bien (2.7) 

MOt lUn nUa khai q:l'En ,-,,k ham U1r6 , F1rs, theo tp 

U \' ( "''' ( ) "'•'""' (' \ . ' 1 rs --- i_; .. .Vln _a_ cosncp + w ln a; SJ.n n<p·;, 

n=O 

F \' ( ("''' ( .) l "''' ( ) . ·, lra = '-..1 gl.n a cos n~ +- 1l'n <l sm nq;,;, 

n=O 
2n 2n 

(a)=~ f 
2n 

S Ft ,.,cos ncp dcp, 

. 0 0 

21': 

h't'n"' (a) 
1 f F · =·- <h., sm nrp dcp. 
rc 

0 

(2.8) 

(2.9) 

(2 .10) 

TM (2.10) vito (2.8), (2.9) v6i dieu kien Ulll khong chcra .c6c so h;mg. dieu boa cos 'I'• 
sin qJ. A1o B1, U1 duqc xac d:inh thea cac· cOng tb.'rc sa1.1 clAy: 

A _ .. Q11glf1'(a) + t;hji'1l(a) , B. 
1 

= _ .~ gg'11(a)- Cli1 hH'1'(a) 
1 - -- 9 " (2.11) 

. 2QJ1(Ri! + ~2 ) 2al!i1 (Qlt + ~') 

ul - E E !l(;gi~'s) (a)- nr.!uht~: 3 ) (a)) COSlV? +· (nL2ug~'rrlt~) (a)+ 

n=O r,s=i 

(2.12) 

Khi r = s = 1 thi n '9~' j 

Nhu nghi~m (2.4) trong xap cJ thir nhiii 

Giii sl't ding, khi c = O_v{:li giii tq ban diiu naG l1o. be tu11 t<;d N2 dao GQng khOng · 
tat diil"L v6i tan sO: (Q11 , 0 121 ... , QNN) va kh•)ng c6 DQi c()ng lnr,Jng d6i v0i cac t!in sO 
trl:n 1 tt-rc' lit 

N 

Q~,- '( L qkr flkr )' -/· 0, (r," -

k,l=l 

.,.) (2.13) 



,, 
·~F:i k"';, 

W(x~ Y~ t) .:--= 

k~1=1 

dakl ,, ( l 2 A ( - 3 -d --- = "'';bA + o -•lkl a)-+ < ... 
t 

d·h: ') ? 3 --- = eB1ki(a + e-Bzu(a)_+ e ... 
dt ' 
a =(a;;, a12, ... , aNN); W = (<Pu, <ll12, ... , <l>NN); lllkt = Qkil + ljlki 

(2.15) 

aw "i.f1··w a3w _ 
Tinh -- -- tu (2.14), chu )' cten (~-15) roi thay vao (2.1) trong x§p xi thir 

Ot 3t2 ' 3t3 

nh~t hoitn thien ta thu duoc 

N 

+ 2 L [Qkl(;Ap;t -- Qktak!Btkl)sin<l>kl + Qki(QidAtki + ~aktBlkl)cos<'l>Ic~]zkl (2.16) 

o day: 

k,l=1 

Ltj[Ul] = 0, L2j[Ul] = 0, L!k[Ul] = 0, L2k[UJ] = 0. 

N N 

F1 = F { x, y, 
\ 

N 

L1[thl=( L R,,,
8
:kJuL 

k,\=1 

N . 

( 
"'"' a \3 La[U,] ·~ L [!},, -

3
<llkl} Ut 

k.l=1. 

N 
a z 

Lz[Ut] = ( \' Qkl --) U1 ; 
'-' il<l>kl 

k,l=l 

Khai trlen clic hUm U1.. F1 thcG cil.c hllm riCug { Zrs(x. y)! 

''\' U; = l 
.. k-d 

' 0 c 
r 
Tl 1-;; = 

t f' 

' I ,l 4 
0 0 

Thr~(a, «D)zrE; F.:i = L Flr9(a~ W)z"',~; 

r;>s=l 

' -c· -· :lxA-,- ,I 
-'-' {Lrs' -' .__,_J 1 

I 
0 0 

(2.17) 

VOi each khai t]·itn nay U1 tv th6a m§,n cHeu ki~n bien (2.17). Tha·y de bltu thUc nay v:~o 
(2 .16) ta ,,; ; 

1.0 

= Ftki + 2Clk,(~An, - ClkiaktBtkl) sin<h1 + 2Clk!(ClktAtkl + !;aklBtkt)cosQlk;, 

Lil[Ut,·g1 + .;L2\.U1.n] + £HsL1[UJn} + :;n;~ U1n ~ F1rs 

r" ~ ~ (N + 1) 1 (N + 2)1 ,, 

(2.18) 

(2.19) 



p p 

(2,20) 

0 0 

-N 2-fii-;;-

P = (pl!, P12· ... , PNN) 

Thay cac bieu thuc (2.20) vi;o (2.18), (2.19), viii c!ieu ki~n. UlJ,, kh6ng chua cac di~u boa 
cos<Dk!~ s_in£Pkt, sau mQt loqt cac ttnh toim c::tn · thiet ta c6 : 

= 2n 2rc b c 

Ut = L L ) J ... J J J F\z,, exp[ -i(p11 <D11 + .. 
p r 1s=1 o o o o 

+ pNl'i<DKN) ]dxdyd<Du ... d<llNN/(2rr)N2 (~ + iLt)(Qi, ~ L2) X 

b c 

X J J z~,dxdy ~ z,exp[i(pu<llu + ... + pNN<I>NN)] 

0 0 

N 

Khi, r, s < N thi o;, - Lz + 0; Lt = L Pkl[lkl ; Lz = Li 
k,l=l 

1 

(lk,(QuAtkl + ~auihu) = 

2rr 21t J ... J F1k1(a, <ll) co'<llkl d<Du ... d<l>NN = - Gkt(a) 

0 0 

flu~Aw ·•· >lk~&uBtki) = 

2"( J F!u(a, <D) sinil)k,di!lu ... drllm-; = ·- Hu(a) 

0 0 

TU h~ h~_i phuong trlnh (2.22) ta tinh rluqc 

~Gki(a) - iluHkt(a) 
.••• n ("' "'') ' 

S.kl~kkl "-li) + ~.'"' 

(k, 1 = 1, 2 ... N) 

(2.2 i) 

\2.22) 

(2,23) 

Nhu v~y aoi v6i truong hqp aa tan, x!'p zi th\; nb(l't hoitn thi~n da duQC xac dinh;·. 



i ' 
Xtt: ban chU uh~~t, chiu lier1 ket h,rs 4 c:~nh~ c6 kich thu6c va ·h~ tqa dy nhu hinh 

(1)" Chuy?n dl)ng ctln bi<n rrtn n~n dan hOi c6 mQt h~ sO nt'n duQc 1116 _til b?tng phuong 
trinh sau: 

a / · 2~ 4 ~ , . ""'( , " • + ---- \ u) \/ V,1 T ·:;'Ill) + ::; (,)~ \7 -\'XJ + 7JW) = 
Ut" 

= e r~f + _!).!__ ~ E~i' !_. (\7 4W)]. (3.1) 
&t E1 Dt 

.I azw a2w I 
~v .·- ! ~o;.--··z- + v--?~ =0; 

lx~·o,o Jx &r x=o,b (_3.2';· 
1 · il2W a'w I w I = o ; --,- + " -- ·= o. 
y =o,c fJy- Ox 2 y=o,c 

l) H¢ tuy~n tinh 

f (I x, y, w, .!JW '.·") = 0; F =- Ezul2 L (\74W) 
. ox E 1 at 

i • 

Th~o c6ng thUc (2.11) ta xac c[jnh duQC 

A1 = ··~'{a; B1 = iltl'f-; a i=o a. exp(- a;'{(t); 

"'~" n11(1+ s'i5) t H.; n[, = )"'' [ ( ~ r +(: rr + + 
, , 2 [( 1t ')

2 
(· r: )

2
]

2 
/ , ("'~ eZ) "G = b2w b! + :-; ZE1 "'tl + c, • (3.3) 

2) H~ phi tu y€n : 
f = - f3W3 ; ~- = const > 0; 

F = .. ~0Ws - _a_ (~W3) -
8t 

Th:1h t0&n tuong tt,t nhu tren t:a c6: 
A1 = .. ~cea; /31 = IInce +. 27~a2 /128i1ll; 
a =a.} exp( ~ e~Cf,t); 

q> = !J11(l + >'i5) t + 27 fl a;exp ( -2e~"Gt)i2561111.;<G. 
Qu• coc c6ng thlk (3J), (3.4) chung ta thay ding, tinh chat til bien ci\a, v:)t li~u c6 tac 
dl,'lng bm giJm bien ClQ dao dQng nhu life din ngoi:ti. Ham phi tuyCn f chi lam th~y OOi 
p~a dao ct~),.r:g:,_kh6~?g .~nh b~,?mg dr.in bit.;l ct_Q d~(' O¢ng. Tinh chfit tlr bien d1a v~t liS:u eta 
hffl thay do1 tan ;;o r:teng mot luqng nho co t, 

t. Da mb h~nh va ldp dtHJc phuang trinh vi phan chuy.§n ct~\ng c&a b:lu trOttg tnrOng 
hqp t6i h<;in~ kht kt' den tlnh tU: bien cUa v{J.1 li~u. . 

2. Da. xay ch,rng ciu:Qc nghi~m ti~rn c~n b~ng phuong- phap ti~m c$.n {3] trong hai 
tn.timg hqp dan tan va cla tan. . . 

~3. ve m~t: cqnh tinh da neu ctu:yc v:l\i tit:~h ch~t dao dQng~ do tlnh tlr bien ella v~t 
h@;u gay ra. 

'Elja c,~J 

Pqi hgc Me -~ Dja. ,-/,Iii 

l 



1, NGUYEN VAN Dl).O. Non,.linear oscillat-ions of higb or::ler systerns. NatiOnal 
center of scientiH.c research of Vi~t Nam - Ha n-~)i, 1979. 

:z. PiKAHHUblH A.P. Teopu;r IIOi!3yqeCTll.l13.n .• "rTepJTypb! rro qpoi1Te,Ilbc 
CTBy. MocY.Ba, 1968. 

3. MHTPOIIOJlbCKHI~i !0. A., MOCCEHKOB fi. M. AcnMITTOTII'!eCKHil 
perneHHH ypaBHeHIIi\ a '!3CTHbiX npOH3BO.!(HbiX. l13.n. npn KrY. KneB, 1976. 

' 

SUMMAHY 

OSCILLATION OF ·THE RECTANGULAR THIN PLATE 
WHEN MAKING MENTION OF THE CREEP OF MATERIAL 

In this work, the author have modelled and set up the equ:::tion of motion o£ the redan· 
gular thin plate with regard to the creep of material in critical case. The asymptotic solu· 
tion was constructed by means. of method .[3.! for autonomous system. 

To illustrate the presented method a concrete· example had been analysed. It is seen 
that the physical charactet of the material decreases . the amplitude o£ the oscilhition a~~: 
viscous· friction. 


