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VE CHUYEN PONG CUA CAC HE CO HQC VOT
LIEN KET KHONG GiU -
|  BOSANH

§1. MO BAT

Khdo sit chuydn égg_g ctiz mét hé co hoc, v tri cia nd duoc xdc dinh nhd céc
- toa d3 La-go-risg qi (i =1, n). Gid s ham la-go-ring cleh¢ R L = T ~ II, & dé:

a n
1 .. :
T= Y Z??ﬂim + }:E?Qi +a*; I "—"H(f,‘qi)-a _
| ij=d =1
cic hé s& 2%, a%, a* Ia nhing ham da biét cla céc tor &6 md réng gi (i =1, n) va thoi
gian t, [la%y|] 1& ma trén vuOng d81 xing va khong suy bifn. GIid s céc lién két d3t lén he

cé dang: : . L .
fo(t,qi) 2> 0 = 1,5, i; 1,n; 8 <7n, (L0
Lién két nhu viy duge goi la lién két khong git hay lign két mét phia. Khi (1.1
14y ddu bing t'1 lién két duwge goi 12 & trang thdi cdng, trong trudng hop nguoc lai lién
két goi 1a & trang théi khong cang. Chuyén dong cha hé vai lidn két (1.1) ¢ the xiy sa
theo hai giai doan : trong giai doan dau lién k& & trang théi cing, chuy®n déng cla hé
xdy ra nhu 12 véi liga két git: . '
' | falt, i) =0; a= fS, (1.2)

trong giai dogn tiép theo hé s& r&i khoéi lién két va hé chuyéa d6ng nhu.la mét hé ty do.
Nhy vy, trong giai doan ddu chiag ta ¢ hé hoé-16-nom vdi (o — 5) bic ty do, trong
giat doan tifp theo ching ta cé hé véi n bac ty do, tic 12 hé khéng lién két. :
Gid st ring tai thol &i8m ¢ heé ri khéi Hén kér (1.2). Ching ta =ét hai bai
todn sau : ' '
Bai todn T: Fac dink thad didm t; cing v&1 vi tei vA vin 8¢ cla hé tai thol didm naye

ap = qiltn); gl =a(n); i=In (1.3)

Baf todn 11 : Viét phuong trish chuyén déng cta he, sau khi he s khodi lign ké (1.2).

Chit vhick » Do digu kién hlnh hoc cfia lién k&, sav khi hé roi khdi Hén két, hé ca
th® quay tr& lai lién k&, tioc 13 lién két lai 6 the 116 lai trgng thal cdng. Treng trudng
bop nhu wiy, bii todn trd aén phic tap, vi kbi lién két chuydn tir trang thai khadng cing
sang trang thai cing, ¢ th® zdy ra hitn tuong va cham. VA ly do d& don gidn viéc khdo
sat, ching ta gid thiét ring khi hé o1 khoi lién ké: khong xdy ra hién trgng va cham va
tau khi hé roi khéi lien két, he khéng quay vé liéa két, Noi khic di, ching ta
gid thiét ring : ' : ‘

fo (t.qi) == 0, ¥t > t1.
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§2. KHAQ SAT HE vOT LIBN KET RHONG GIT. (L1

Nhi 43 noi & trén, tromg giai doan dau chung ta co the sem hé chuydn dang vai
lién k€t gitr (1.2), né c6 the vigr wong dang twong ducag [3, 4] :

: n :
Y Mg k10 =0; w=1S, i=Tn S<a . (1)
-ml ‘
treng d6 .
af a2, .. 2. . P LR L T
foi = —— , 15 =13 "~ giqj + = qi + = (22)

: T g E 8qi9q; o z dqiat b e G .

) : ij=1 i=1

- Theo nguyén ly tuong thich, chupin dong cla hé voi lidn két (2.1) duge ma td
bing phuong trinh: o . ‘
d oL aL ' :
et e = (4 QF - {2.3)
n de aqi &q; - 1. ) : .

trong d6 O = Qi(t,qj,q5) 12 lue md rong cia cic lyc khong the, QF 1i phin Iye lién két»
nd duge xdc dinh nhé bé phuong trigh: .

n
) Y FuiQl +Fo =0, a =15, ' 24)
= | |
)2} R
3 dQi=0, y=1p=1-5 25)
i=1 '

~ Céc h¢ 58 Fei, Fy 13 nhing ham 44 biét chia toa 46 md 19ng, Vin tGc md réng va
thol gian, ching duge tinh theo cac cong thec sau [1, 3, 4] : '

n e n
Foi= Z fajasy; Fo= {2 & Z FoiQj + Z faitis
’ . $ .1 i
j=1

‘ n o B ) n . . .

i Wy = Z&;i [Z (k m ]) C.lkfim e Z(.—.{E@_ — -._aii.__.__ “"a:{;—]"")c.ik'i-
i ' _ Wl 0qy at -’

5 IS k=1 k=1

N ( M S \}, (2.6)

3q; Jt dgs /
faij” [2 ma tran Nguce éﬁa ma trin quin tinh HQ;E[, no Cﬁng ja ma {rin vudng Cip n va
khé n.ghl;(:h. - .
1 ¥ . +
(e, m, ) = .m_( 92K, fami  daly
2 8qm a9k 3

) 13 kj hi¢u K&-rit-t6-phén (loai ba chi s8) loai mot.

Fhuong trinh (2.5) bitu ditn ditu kien Iy tudng ciia lién két (2.1), [1.4}, & &6 cac
he $8 dvi 12 cde hé 6 trong cic bidu théc cua gia tdc La-ge-ring duge bitn difn qua
tc gia tde gid khi k& dén litn ke (2.1): ' '
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¢
]
5
o}
T
-~

Tir (2.43, (2.5) chiag ta tim Juec
0% = QMhdpg) i=Ln | (2.8)

Sau d6 ching ta tich phdn hé phuoag trink {2.3) v6i ditu kién d1u xdc ik ching
ta titm dudo: ‘ . o _ : ‘ .

o mmaa =g =i @Y
Thay (2.9) vio (2.8) ching ta nhéin dugc: N o g o
o = QML) — o L (219)

- 13 ham &d bife clia t, ‘ _ .

O Nhu &3 bide, tai thoi di2m hé coi khoi lign két, tuc la tai thoi didm ma lién két
chuydn tir trang théi cing seng trang thai khéng cdng, phin = lwc lién ké&t cin phai trige

tidy. Viy thoi ditm 11 duge tim to phuong trinh . L ‘
A ' Q#(t) =0 oo C(2.11)

Sau khi xdc dinh théi diém t1 ti (2.11) chiing ta thay ching vio trong (2;93'

ching ta xdc dinh duge vi tri’ va van tdc tai thoi lem hé ol khai Tién két, téc la cic

dai lvgag (1.3} : . o .

Trong mot s& trudng hop cu thé ching ta ¢d the "xac dinh trgc tiép thol diem 1
ciing voi toa 46 va van tde cla ke tal thoi &i&m nay, ‘ .-
Ching ta hdy quay vé cdc phuong trinh (2.4), (2.5). Ching ta gid thiét ring:

Foek0, a=1, S. , - (212)

Trong trudng hop nguoce lai khéng ton tai thot di€m t1 theo § nghia néi trén, nghi®
1a hé khong the roi khoi lién kér. Trudag hop niy la trudng hop khi (2.1) 1a tich phan d3"
cfia co hé khdng lién két, tic 12 co bé ma chuyén dépg cla né duge mo d biing -hé
phuong trinh : :
¢ 9L aL ] e - ‘
dt 31‘_11 'aqi Qi - B . ( 3)

Ching t gia thigt didu kién sau dugc thye hign:

det EI Fa b o, 7 (2.14)

[ Hyi
!

¥hi 46 QF( = 1,n) triét tiéu khi vh chi ki

) By, qi i) = 0. | (3.15)
Lic 46 ching ta shin duoc 3 phuong trish (2.4), (2.5) +4 (2.11)
n .
:f; gi+ a;: =0; «=1,3, o (2.16)
S I
chga (2n-1) 3n _ {ql‘, of, v . _ _‘
o 'E,‘.-Iéér_ﬁfcbﬁng 3 < 2u+1 nén bai todn s& o6 1ot gidi (e la s& tinh duoc, cde dgi luong

"'__t-L;’-qlg, ci}) néy ching ta tim fuoc (Za +1 - 3s) tich .p}aan &4y cta hé (2.3
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Dé dang thdy tang trong giai doan tigp theo, tc la sau i roi khoi lign ki, chuyéa
dong cha hé s& duge md té bing hé phuong trinh:

d aL sL R o
=0 i=10 S @D

dt B(;Il qu

Lot dizu kien dau (13)
T gy Khio sdt Ch“}'éﬂ-‘d@ngcﬁa con Hdc

Chdt ditm M co kh8i lugng m =1 vi do dhi cha day OM bing! — const, Tai thoi L

_—

giem diu con lic léch véi phuong thing ding mot géc bang ge vi shin dudc vin w8 ¥,
-~ thing goc v&i OM, trong mat phing thing dang. : SRR
Hay xic dinh vin t6c va vi tri ciia chft ditm M khi day chuyén ti trang tha cing
sang trang thai khong cing va viér phuong trinh chuyén déng cla chét ditm M trong glal
doan tiép stheo. ‘ : - | . |
" Chon cic truc Ox nam ngang v trac Oy thing ding, Vi tri cfa chdt dicm M duge
4o dioh oho chc toa 0 x vy, Phuong trink lién kér codang T L.
x2 4+ y2 — 12 \<\ ) . . | (218)
B tin vi tri vA vin toc clia con loc tai thoi diem ¢y ching ta st dung dity kita
{2.15). Ham La-go-réng clia con lic bing ; :

L=T-Ti=— G4y +ey

Theo céng thée (2.6) chéng ta ¢d

- Fa=x24yi4gy .o (2.19)
Do 46 digu kién (215) ldy dang: o L
| (22 + (312 + gyt =0 : (2.20)
a6 cho ching ta xac dinb xl, ;'1. %!, y! chiag con thda min cic phuang trich sau:
(22 + ()P -12=0 | (2.21).
xt £ iyl =9 o (2.22)

 DE bai todn <6 loi gidi ching ta cio tim thém mt tich phin du. RO rang hécd
tich phin ning lugng : .

(1) = {y1)2 ~ 255" = % — 2gls0sts B )
T (2.20) rit ra ngay: , B o n
' yl < 0 Co(2.24)

Ti (2.20) v (2.23) ching ta nhén dugc
¥ = (2glcoso, — vE) [ 3¢ (2.23)

Ty (2.24) ching ta thiy réng vin 8¢ diu eaa con lie chg théa man .
78 > 2gleosy, '

Toa do x! dwoc xdc dinh tu (2.21)

o = YIS GNE (2.26)
con vi duge tinh tir (2.20) ‘
, : =Ygy = V{¥t—2glcoso) (3. - .o 227y
Chuyén dong iz con lac sau khi lién ké: bi mdt, tdc 13 khi ddy da bi ching sE
duoc mo té bing phuong trinb : _ ' _ -
Ch : ¥ =0, y.= g - R N -{2.28)

voi dita kien dau (2.25). (2.26) vi véi moi 3> ti,
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§5. KHAO SAT TRUONC HOP KHI TREN HE BAT CA LIEN EfT CIT
VA LIEN KET KHONG oI

&id 5@ cdc litn kév d5¢ lén hé duoe vit thanh hai ghém:

felan 9z s 90) 0, € =T, BRERY
gﬁ (q}.) Gar ey f:‘[u) = Os ﬁ 213_8_2; SI + S’E : S- (3-2)

Ching ta s& gidi quyét bii tosn dd néu & trén, Gid st ring tai thoi didm § he
s& rai kboi lidn ke (3.1). : : IR
Nhu & ‘trén, chiing ta xem ring voi moi t < 11, hé chuyén dong dudi tac d¢ng cia
sée Yén két gia va 1y tudng (3.2) va (3.3) : -
S fa(qt: Q25 ver Qu) =0} @ =13], , (3.3)
com v&i mol t 32 t; bé chiu chi lidn két Iy'tmﬁng (3.2
Trong giai doan d%u chung ta c6 hé vai (a—s) bde ty do, phuong trink chuytn dong
clia aé cd dyng o S ' o )

d aL . aL . aF LT h
——— = Qi wp Q?Q + Q:g JI= 1, n, (3-4)
- de dg, 9q; '

trong 46 Q% va E}} 13 cic phdn luc lién két cla c4c lign k&t (3.2) va (3.3). P& zac -ﬁiﬁh
ahitng phdn luc lién k&t niy ching ta st dung nguyén Iy tiong thich [3]. -

13 n . .

Y Fa Q@+ Y ROt 4 Fom0; 0 nE (3.5)
j=1 i=1 ‘

o o .
Y G 3 Cudt s G0, -1 G.6)

;] i
): 47 Q% =0; Z 4oy QT=05 v =L Bl =n—~Sua=1p, = o - 5, (3.7)
i=1 =1 ' )

‘rong @6 céc dai lugng Fai, Ggi, Fo, Gy duoe tinh nkd cic cong thue (2.6, khi lign ke
(3.3) dugc viét trong dang {2.1) va lifn k&t (3.2) duoc vie trong dzgng :

i
- Z g,s;_t'qha + ge =0,
. i.‘:l
trong 4¢
a
Bpi = *?-gilg% = Z LI
8q; ' dq18g; 1w
' ij=1

Céc phuong trink (3.7) biku dizn digu kign ‘Ey tudng chia cic Hén k&t (3.2) va (3.3)
trong 46 cic dai lugng dey va dy, duge tinh nha phuong phip da néu trén, N6i cich

khic, d2; (EU,) la cic he¢ 35 trong bitu thic eig gia t8c La-go-ring duoe bitu dign qua
) oy 2 . v ¥ P . "
co gia t8e gid khi k& dén cdc lign ke (3.3} (cde lien két (3.2)).
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Khi gidi cic phuong trinh (3.3), (3.8) vh {37), chung ia nhia duoe

()“‘-"” = Q% (¢, % ij)' é’* = é# (ts gis (EU) (5.8)
Khi tick pham\ che phucmg trinh (3 4) vai didu kign iy, @ o
G- ai) 3.9
. vado dd L o e
| Ot =ot@; Qt=0%). 0 G0
Chuag ta gid thidt ring (3.3) khéng f)hﬁi 12 nhing tich phan diu cta ke, tﬂclﬁ[ZJ _ G
Y FaQh + F#0, N (311)
i=1
rrong d6 Q. I nohxem ciia h§ phuong mnh
n
Y GpQh + G =038 = 1,2, - - (312
~ _ _ S
Y 4% Q% =0,y =L pr= - - S (312)
=1 '

06 chinh 13 phin lgc sinhra do ede lién két (3.2) khi B3 qua #oh hudng clia lida két (3.3)
Pitu kién d& hé roi khai lign két (3.3) B

&) = 0. | (3.43)

Tir &6 ching ta xdc dinh duge thoi 4i8m 1) va.theo 0 xdc dinh duge vi tri va vin

téc cua hé tai thoi ditm nay.
Sau khi hé rdi khdi cdc litn ké: (3.3) chuydn déng ‘cha né 18 duge mo td bang

phuong trinh
d 9L = 4L
T - "‘5‘=' = Qi 4+ Qf, (3.14}
aqi Qi

Trong mét s& trudng hop cu th® chang ta cé thé& xdc dish trgc tiép thoi dikm 13
chmg vOi vi tri v3 vin tdc cha he tai thai didm nay.
Gia thi€t ring ma trén

Z Faif 8 + v
d'fj
¢ bang n. Trong (3.15) 3;: & ky hidu ko-ro-néch-ke, con vy duoc tink theo céng thuc

¢} .
: Ag;
wji = = ) Gpi—— (319

(315)

trong 46 A =det|[ A]l, corn Api 12 phin phu dei s8 cla yéu t8 &p; cia ma trdn Al
G
LAl =% (317).
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Phan Yoo OF s& iy tiga ghi va chi
o

Z‘ Foildfe + Fo = 0,0 =1, 8, (3.18)
el

Ngeai 12-ta b 28 pauong tunh (3.2, ( % {218y a (3.20)

fi

Z"“ﬁg—‘ =058 = 1,8, o (319)
Cedi : ' ,
i=1 '
n .
Z ik qi= 05 o= 1, 8, (3.20)
' dgi- ’ : :
i=1 ’

Nhi viy ching ta ahén duqc {25 + 1) phucmg trinh chua (20 + 1) in i gl g }
Néi chung, (23 + s1) <" 2n + 1 néo bai todn s& gidi dugc néu chung ta tim duqc 2a + 1 -
- (25 + 81) eac tich phan diu,

" Chi thich
1. Phuong phdp trinh ba) trén le tét nhlén con cd higu luc trong truémg hep he
chiv cdc li€n két khong hé-16-ndm tuyén tinh hodc phi tuyén d6i voi van tée va C4 trudng
bop tuyfe tinh d8i voi gia téc.
2. Ciing c6 the st dung nguyée 17-Gao-xo cho bii todn dﬁ aéu teén,

smise! Pia chi: ' _ Nhin ngiy 13]12]1982
Trwng @af }:ac Buc‘k k?zﬂa HN
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SUMA Jﬁxﬁ.%

OM THE MOTION OF T\.-‘iEuéANLCRIQ SYSTEMS WITH
UNILATERAL CONSTRAINTS

The miovion of the system -with unilateral constraints being imposed may be divised
into positions, so that in certain positions the copstraint is taut and the motion occurs as
if the constraint was bilateral and .in other positions the constraiamt is net taut and the
motion occurs gs if there was no such constraint. :

In the present paper two problems are discussed: .

1. To determine the copstant of time along with the positions. and the velogities of
the system when the system hds just been released from the comstraint, _

2. To write the equations of motion of the system when the system has been relea~ -
sed from the sonstraing,
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PE3IOME

BOJIHH JIIBA HA LJMJIMHIPUMUECKO! [IOBEPXHOCTM YIPYTOMN.

CPEALI C HAHAJIBHBIMHM O4HOPOIHBIMHM HEGOPMAIIUSIMHU

B pafore H3yUeHO PACHPOCTPAHERHE BOJH/SBA HA MAANHIPHICCKON nomep-
XROCTH YHEPYTOH CpPeAnl ¢ Ha%aJAbLHHMH OAHOPOAHHMH aedopMaunsiva. MaTepaan
CYATARTCS CHMACMEIM H BHA YIPYTOro oTeRLHaNa npoussoani M, [loaygeno nuc-
NepNAOHHOR YpPaBHeHHE NJAS ONPEIS/AeHHT CKODCTH pAacOpOCTPaHEHHS BOAH B
ofmeM cAyude, a B caAydae, KOTAa AJMHHA BOJH MaJja 10 CPABKEHHIO C PAZHYCOM
DUARHAPA, BELASHO NPHOMMKEHHOS ZACHEPUUOHHOE YPaBHEHAL.

2. F¥3b AH. O Boskax n198a B TeAaX ¢ HAYAABHEME HaHpH}}{EHHHMH ',[[AH‘__; T



