Vietnam Journal of Mechanics, VAST, Vol. 40, No. 1 (2018), pp. 63-78
DOI:10.15625/0866-7136/10417

H/V RATIO OF RAYLEIGH WAVES IN COMPRESSIBLE
PRE-STRESSED ELASTIC HALF-SPACES COATED WITH
A THIN LAYER: AN APPROXIMATE FORMULA

Nguyen Thi Khanh Linh!, Pham Chi Vinh**, Le Thi Hue®
1Thuyloi University, Hanoi, Vietnam
2YNU University of Science, Hanoi, Vietnam
3Vietnam National University of Forestry, Hanoi, Vietnam

*E-mail: pcvinh@vnu.edu.vn
Received July 01, 2017

Abstract. This paper is concerned with the propagation of Rayleigh waves in a compress-
ible pre-stressed elastic half-space coated with a thin compressible pre-stressed elastic
layer. The main purpose of the paper is to establish an approximate formula for the H/V
ratio (the ratio between the amplitudes of the horizontal and vertical displacements of
Rayleigh waves at the traction-free surface of the layer). First, the relations between the
traction amplitude vector and the displacement amplitude one of Rayleigh waves at two
sides of the interface between the layer and the half-space are created. From the conti-
nuity condition at the interface and these relations the displacement amplitude vector of
Rayleigh waves at the interface is determined. Then, a third-order approximate formula
for the H/V ratio has been derived by expanding the layer displacement amplitude vector
at its traction-free surface into Taylor series at the interface. It is shown numerically that
the obtained formula is a good approximate one.

Keywords: Rayleigh waves, the H/V ratio, compressible, pre-stressed, approximate for-
mula for the H/V ratio.

1. INTRODUCTION

As addressed by Junge et al. [1], the H/V ratio (the ratio between the amplitudes of
the horizontal and vertical displacements of Rayleigh waves at the traction-free surface of
half-spaces) is more sensitive than the Rayleigh wave velocity as an indicator of the state
of stress, and, in contrast with the Rayleigh wave velocity, it is reference free. Therefore,
the H/V ratio of Rayleigh waves is a convenient tool for nondestructively evaluating
pre-stress of structures before and during loading. For extracting the pre-stress from
the experimentally measured values of the H/V ratio (the inverse problem) we need an
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explicit formula for the H/V ratio which is the mathematical base for solving the inverse
problem.

While a large number of explicit formulas for the Rayleigh wave velocity have been
derived, see for examples, [2-14], a few of formulas for the H/V ratio have been ob-
tained. These are the H/V ratio formulas for an isotropic compressible half-space with
traction-free surface [15], for an isotropic compressible half-space subject to an impedance
boundary condition [15], for an isotropic compressible half-space coated by an isotropic
compressible half-space layer [15] and for an isotropic incompressible half-space coated
by an isotropic incompressible half-space layer [16].

In this paper, an approximate formula for the H/V ratio of third-order in terms of
dimensionless thickness of the layer has been established. This formula is derived by
using the relations between the traction and displacement amplitude vectors of Rayleigh
waves at two sides of the welded interface between the layer and the half-space, along
with the Taylor expansion of the displacement amplitude vector of the thin layer at its
traction-free surface. It is shown numerically that the obtained approximate formula
is a good approximation. As the structures of a thin film attached to solids, modeled
as half-spaces coated with a thin layer, are widely used in the modern technology, the
obtained approximate formula is significant in nondestructively evaluating pre-stress of
structures.

It is also note that the H/V ratio is an important parameter which reflects funda-
mental properties of the elastic material [15], it can be thus used for the nondestructive
evaluation of the elastic constants of material [17], beside its well-known applications in
seismology [18,19].

2. RELATIONS BETWEEN THE TRACTION AND DISPLACEMENT AMPLITUDE
VECTORS AT TWO SIDES OF THE INTERFACE

2.1. Basic equations for a compressible pre-stressed elastic layer in matrix form

In the deformed configuration, we consider a compressible pre-stressed elastic layer
—h < xp < 0 of uniform thickness h overlying a compressible pre-stressed half-space
x2 > 0. Both the layer and the half-space are subject to a pure homogeneous pre-strain
(see, Dowaikh & Ogden [3] and Ogden [4]) and the principal directions of pre-strain of
the layer and half-space are aligned, one direction being normal to the planar interface
x; = 0. Note that a rectangular Cartesian coordinate system x1, x, x3 is employed with
its axes coinciding with the principal directions of the pre-strain. The principal stretches
of the initial deformation of the half-space and the layer are denoted by A, A2, A3 and
A1, A2, As, respectively. They are positive constants. The layer is assumed to be perfectly
bonded to the half-space. Note that quantities related to the half-space and the layer
have the same symbol but are systematically distinguished by a bar if pertaining to the
layer. An incremental (infinitesimal) motion in the x1, xp-plane is now superimposed on
the underlying initial deformations, with its displacement components in the half-space
and the layer being independent of x3 and denoted by u1, u; and i, i1y, respectively.
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For the layer, in the absence of body forces the equations of motion governing infin-
itesimal motion are [3,4]
S11,1 + 5212 = Pl , 1)
S121 + S22 = Pz,
where p is the mass density of material at the static deformed state, a superposed dot
signifies differentiation with respect to ¢, commas indicate differentiation with respect to
spatial variables x;, and

Sji = Ajz‘lkﬂk,l , (2)
A,-ﬂd are components of the fourth-order elasticity tensor defined as follows [3,4]
- - W
JAiijj = /\i/\jia/—\ia/—\j, 3)
S OW - 9W. A2 o
it Ay )se 25 UFLA#A)
S oA; AT AF = A
JAijij = 1 LW (4)
5 JAiiii — JAiijj + A 87\1») (i #j,Ai=Ap)
T3 -z - = S OW
JAgji = T Ajij = JAiis = Xigz= (07 ), 5)

withi,j € {1,2,3},W = W(Aq, A2, A3) is the strain-energy function per unit volume in
unstressed state, ] = A1AxA3.
In the stress-free configuration (3)—(5) reduce to

Aiii = A2, Ayjj =7, Ajjij = Ajjii = 1L, (6)

where A, ji are the Lame moduli. For simplicity, we use the notations
i = Aun, & = Any, &y = &1 = A,
71 = A1, T2 = Anz, ¥+ = Annz,

(which are different from those defined by [3] by a factor J). In terms of these notations
Eq. (2) becomes

)

w0

11 = ®11#11,1 + X12llzp ,

|
I
=y

2 1201,1 + &ilpo ,
S12 = 71 (fi21 + Y4il12)
521 = Y« (21 + T2il12) -
From the strong-ellipticity condition, &; and 7 are required to satisfy the inequalities
[4,13]

(8)

a1 >0, &» >0, 71>0, 7>0. )
Substituting (8) into (1) leads
R110111 + Yoli1,00 + (R12 + ¥« ) flo,12 = Pl ,

_ o o o . (10)
(@12 + T )Ti1,12 + Y1121 + Roofln 2o = pily .
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ual _ [My M| [U
7= ] 7] &
where U = [y ] T 1= (521 522 T the symbol “T” indicates the transpose of a ma-
trix, the prime signifies differentiation with respect to x, and

From (8) and (10), we have

! 0
0 —7’281 %
M; = , My = ,
—1’181 0 0 1
i (12)
_ [moi+pot 0 T
Y= [ 0o e MM
here we introduce the natations 9; = 9/9x, 37 = 9°/9x3, 07 = 9*/dx?.
= - Fomo w2 o &2
p = @12 py = ?/ ry = b2 0612’ Y — _'Yl')/% ’Y*. (13)

_ 7 _
X22 T2 X272 Y22

Eq. (11) is called the matrix equation for a compressible pre-stressed elastic layer in
plane strain.

2.2. Stroh formalism for a compressible pre-stressed elastic layer

Now we consider the propagation of a plane wave traveling in the x;-direction with
velocity ¢ (> 0) and wave number k (> 0). Then, the displacement components of the
wave in the layer are sought in the form

iy = U (y)e* 1= G = kS, (y)e* 1= 1w =1,2, y = kx,. (14)
Substituting (14) into (11) yields
& =iN¢, y€|—¢ 0], e=kh, (15)
where the prime signifies differentiation with respect to y and
-_|Uu 4 _ |t s _ [Z _ M N2
=z asfa] ==l velunl
in which the matrices Nj are given by
! 0
. 0 —712 . % . 7’3—|—X 0 T
N1_|:—7’1 O:|/N2_ 0 i /N3_|: 0 7,.4_{_}_(:|/I\]4_I\I]I (17)
X

where X = pcz. Eq. (15) is called Stroh’s formalism [20] for an orthotropic elastic layer.
From (15) it follows

Nl(n) Nz(n)

z(n) _ N ‘/ N" -—
pr=ewg e[

], yel—g 0, n=1,23... (18)
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2.3. Relations between the traction and displacement amplitude vectors at two sides
of the interface
Let € := kh be small (i.e., the layer is thin), then expanding into Taylor series ¢(—¢)
at y = 0 up to the third-order yields

_ _ _ 82 1 £3 =1
8(—e) = 8(0) — e (0) + 58'(0) - Z8"(0). (19)
Substituting (18) into (19), we have
_ 2 e _
E(—e) = |1 —&iN — EN2 + gz'N3 &(0). (20)
Eq. (20) can be written
U(—¢) = AU(0) + BX(0), (21)
Y (—e) = CU(0) + DX(0), (22)
where
2 } 3 B
A 1_5(76+X/'7’2) i(Si’z—f(t5+t(,X))
- &3 _ 2 _ ’
z(srl—g(tl—i—th)) 1—f(7’8—|—X/0_£22)
1 e e n 2
1—T+*t+X/_2 =+
B = [ T 6(9 72)] 2 T Az )
e r r € _
(A l[—_fﬁ-f(flo—i—x/ﬁc%z)]
2 7 ax Ry 6
3 2 2 (23)
. o & D¢ € _
z[—s(rs + X)+g(t3+t4X+_—)] 5 (17 +15X)
C = 82 ~ ’)/2 . _ 83 _ Xz 7
E(r7+r5X) z[—s(r4+X)+g(t7+t8X+&—22)}
) _
X
1—€—(r6+_—) iery
D= 72 _
2 X ’
iery 1—=(rs+-—)
X22
with
r3 74
rs =¥+t te= _— +riry, Tt7=rtor3+riry, t§=—— +r11172,
T2 X2
r3 T (24)
t3 = riry + 1316, tg = — + 11¥5+ 16, t7 = 1or7 + 1418, tg = —— + 1215+ 13,
72 X2
At the surface x, = —h of the layer, the traction is free: £(—¢) = 0, so that (22) can
written as
CU(0) + DX(0) = 0. (25)

The (25) is the relation between the traction and displacement amplitude vectors at layer-
side of the interface y = 0.
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According to Ogden and Vinh [5], the displacement components of Rayleigh waves
in the half-space are given by

uy = Uy (y)e*™1=D) g = k%, (y)e 1=t n =1,2 (26)

where
u; (y) = Blefbly + Bzeszy, U, (y) = i(uc1B1e*b1y + ange*bzy), (27)

21 (y) = i(,B1B1€_b1y + ﬁsze_bzy), Zz(y) = 771B1€_b1y + nsze_bzy, (28)
here ay, By, i are defined by

L= —<"‘122+7*)bk , k=12 X=pd
aby — 11+ X (29)
Br = 72bi + vsar, Mk = w12 — aoby ,

and by, by are to with positive real parts roots of the equation

Yarpb* + {(a12 + 7:)? + an (X — a11) + y2(X — 1) }b* + (X — a11) (X — 1) = 0. (30)
From (30), we obtain

P42 = (w2 ) Fan(X —an) + (X —n) —s,

X222
(31)
(X—an)(X—7) _,
X222 ' )

It is not difficult to verify that if a Rayleigh wave exists (b1, b having positive real parts)
then

b3.b3 =

0 < X < min{ayy, 911}, P >0, S+2VP >0, by.bo = VP, by +by =1/S+2VP. (32)
Taking x, = 0in (27) and (28) gives
u1(0) = By + By, UZ(O) = i(alBl + Dész),

21(0) = i(B1B1+ B2B2), 22(0) = 1B1 + 12Bs. (33)
Eliminating Bq, B, from Egs. (33) we have
® o
£(0) = HU(0), H= | %) Sl (34)
[«] [«]
where
[, B] _ re(enn = X)(b1+b2)  [y] _ vowabrba(by + b2)
] an =X+ 7biby (6] an — X+ bbby’ (35)
Bl _ 7elenn — X) — yoansbiby  [a,n] — [B]
] a = X+ 72bib ] [

Here, for the seeking of simplicity, we use the notations

[f:8] = f281— f182,  [¢] = 2 — 1. (36)
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Eq. (34) is the relation between the traction and displacement amplitude vectors at the
half-space-side of the interface y = 0.

3. AN APPROXIMATE FORMULAS FOR THE H/V RATIO

The layer and half-space are taken to be bonded along the interface y = 0, so that the
displacement and traction are continuous across the interface. Thus,

u() =u(), X(0)==x(0). (37)

Substituting (34) into (21), (25) and taking into account (37) leads to
U(—¢) =QU(0), Q= A+BH,
ZUu(0) =0, Z =C+ DH,

R R S R IR ()
comto 3 )51 (22 5 v DB
Q21—1[{71+“122u}+ ] {t1+t2X+<t10+ >a]}]

2
5 0
conr- L5 (3 2) )5 (o D))

(38)

(39)

and
=i [ el e} =5 {(nr ) ) i {ern e )
=g b} 5 {rent (v )
S R e A G G ) F
wsigelno el {be Ry st )
From (38) and (40), it follows

- [l =l - (G oz

where Z;1, Z1; are defined by (40), elements of matrix Q are defined by (39). Note that,
due to |Z| = 0, therefore x can be given by an alternative formula

_ |Qu2Zo1 — QuZan
Q227Zy1 — QuiZn |

(42)
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After some manipulations, we arrive at the desired approximate formula of third order

for the H/V ratio, namely
&2 3

AO+Ale+A2 + Az— c +0(e*)

X= 52 3

By + Bie + BZE + B3g + 0(84)

(43)

where

PR

(8]
[’
A1 = —TI2 [IX, ﬁ] r m

o Rl
B [ n\ B2+ [ Bl “

Ay = 2113 — 17 + (21’2 — 1’5)X —|—41’11’2m —+ (5_(22 — 72) W,

—r74(r2 — r5)5<] [a; B
72 o]

X _
A3 =3 [”%72— 7r2(r§ * )} M—F [t5 + 3rore+te X+3
[1%) [0(]

Bl — —7’3—X—21’17—_7{X—]2,

By = — [76+78+X(+ ! )} LaJ +2<r3_+X—r§> u

an Y2 (] %) (45)

&22

X
][$+%*

In the dimensionless form Eq. (43) is of the form
B B 2 3
Ag+ Ae+Ar— + Az— + O(€4)
X= |2 3 : (46)
Bo + Bie + BZE + Bsg + O(e*)

r7 + 15X
X2

[
3 - 3 1 _
Bs = t3 —|—3(7’37’g — 1’11’7) -+ <t4 + 3rg — 3r115 + _7’3) X+ <D_é + 7) X?
2 2

+3 (rl |:7’6 + ;Z} +r {rg—k

in which the coefficients Ay, By (k = 0,1,2,3) are given by (63) in Appendix and they
depend on the following dimensionless parameters

5 S S - R ¥ S % | B § BN 5 |
(L= —,6=—,66=—6=_—,6=_—,66=_-,
T Y 1 T a2 T

5 (47)
. Im . e X X _ 5,
C = —, 0= T/TU—*/X—f,X—f,X—Tvx.
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It is clear that the H/V ratio x depends on 9 dimensionless parameters: ¢, e (k=1,2,3),

ru, v and & which are subjected the inequalities [21]

ee>0,8>0(k=1,2), eex—e3 >0, &/8 — &2 > 0.

(48)

Note that the H/V ratio x depends on the dimensionless Rayleigh wave velocity x that
is a solution of the secular equation (35) in [21] and it depend also on 9 dimensionless

parameters mentioned above.
When ¢ = 0, from (43) we have
_ | 4o

=13,

[B] '
[; B]

On the other hand, from (34) and £(0) = 0 we have |H| =0, i.e.,

[B]? + [a; ][] = 0.
Using of (50) we have

o B ] ambiba  fam [ —X
= [0‘;13]2 B [‘X;ﬁ] B a1 — X N \/Z Dé11—X'

When the half-spaces the half-space is isotropic, formula (51) is simplified to

4 1=x o
= \/1—735’7_/\—1—2;4'
Eq. (562) is Eq. (12) in [15].

When the layer and the half-space are both unstressed isotropic

M=72="7« =W, €11 = &0 = A+2U, a1p = /’)’:m;

NMN=T=T =, 81 =8&n=A+20, &2 =A, 7=

With the help of (53) and (47) one can show that

(49)

(50)

(51)

(52)

(53)
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The H/V ratio is defined by Eq. (46) with A; and B; (i = 0,1, 2, 3) are given by
11—9x—(1=29)VP

Ag=—— ,
T 1—qx+9VP

A — 1| (1—9x)VS+2VP \/S+2 VPP

1= —— - (1-
| 1—ax+9VP 1—’rx+'rf

1—9x+yVP
(1—7x)(S+2VP)VP

Ay =4(7—1) +2917x —
T
37 —1[1—yx — (1 —29)V/P]> -

g [1—yx+ VP '
Az . 3(yr3x — S+2\F\f +[(557—1)r2x — 49] (1-7x)VS+2vP ,
T 1 1—yx+yVP 1—yx+vVP
and
_ 1 (1—9%)VS+2VP
Bo=—
fu  1—gx+ ’y\@
Ty 1—yx+9VP
[ —ax— (1 =27)VPP - (1—yx)(S+2VP)VP
7 [1— 7x + 4/ ’
_ 1 o (1=yx)VS+2VP V' §4+2v/P\P (55)
By = — |[[2— (1 + 7)r5x] +2(1—gr2x) —
T 1—yx+ VP T—yx+9VP |’
By = 8(7 —1) + (14 37)rpx® + 4(7* — 2)rix

(=292 — 67+ 1)r2x +47+31 —yx — (1 —29)VP

T Ty 1—yx+ VP
—29 — 24 (72 437)r2x [1—yx—(1—279) VP2 — (1—yx)(S +2v/P) /P
T [1—yx + VP .

I3
4. NUMERICAL RESULTS

We consider the case of isotropic pre-strains (equibiaxial deformation), where (see

[22,23]) o
M=A=A, A =21 =A (56)
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From (3)—(6), we have
W
87)\%,

1/0°W ’W 10W
nEMs 2<aA§ s o)
. 1<82W *W 18W>’

X11 = &pp =
(57)

9A2  0A10A; Ao\

2

for the half-space and there are similar expressions for the layer. The continuity of the
normal stress (see [22]) implies that

<= OW oW
A/\STM — /\)\3@. (58)

4.1. A compressible neo-Hookean material
We consider the strain-energy function given by (see [23])

W= %()\1’2 + A2+ 732 =3 —2In(A1A203)), (59)
for the half-space and similarly for the layer.

From (56)—(58) and taking into account (47), we have

A+ 1 ___1__7@+1
61—62—7)\2 ,e3=23=0, 64—ﬁ, 65 = 5 = ,gl_T’
1 1 A2 1 (60)
5 [ 2o~ 1 B 5 T2
62_61/ 64_/—\21/\ _)LZ—‘l_r(l—/\z) r}l_rl rU—\/R(/\ +7’(1 A))

4.2. A Blatz-Ko material

We now consider the strain-energy function for the half-space given by (see [23])
1
W= 5 (A2 + A2+ 232+ 204015 — 5), (61)

and similarly for the layer.
From (56)—(58) and taking into account (47), we have

e =e=¢6 =3, 63:)\4,64:2—)\4,65:1, ,6_2:1/6_1,6_4:2—/_\4, es =1,
34 At 2 R P o upA (62)

R o Y/ e O G A I

Figs. 1, 2 present the dependence on ¢ € [0, 1] of the H/V ratio that is calculated by

the exact formulas and by the third-order approximate formula (46) for the neo-Hookean

strain-energy function and the Blatz—Ko strain-energy function. It is shown from the

Fig. 1 and Fig. 2 that the obtained third-order approximate formula for the H/V ratio is a
good approximation.
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Fig. 1. Plots of x calculated by the approximate secular equation of third-order (dashed line) (46),
and by the exact secular equation for the neo-Hookean strain-energy function
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Fig. 2. Plots of x calculated by the approximate secular equation of third-order (dashed line) (46),
and by the exact secular equation

5. CONCLUSIONS

In this paper the propagation of Rayleigh waves in a pre-stressed elastic half-space
coated by a thin pre-stressed elastic layer is investigated. An approximate formula for the
H/V ratio of third-order in terms of dimensionless thickness of the layer has been estab-
lished by using the relations between the traction and displacement amplitude vectors of
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Rayleigh waves at two sides of the welded interface between the layer and the half-space.
It is shown numerically that the obtained approximate formula is a good approximation.
It will be employed as theoretical base for extracting the mechanical properties of thin
films from measured values of the H/V ratio.
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APPENDIX
The expressions of Ay, By(k =0,1,2,3)
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