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. CAU TRUC TOAN HQC CUA CAC V~T THE DAN HOI. 

HI- CAC TR~NG THAI RIENG CUA CAC V~T THE 

DANG HUO'NG NGANG 

RYCHLEWSJ{I J 

Chung ta xet ba lap don .gian nhilt ctia qlc v~t the dan hoi : ly tu&ng, dang hu6ng 
vil dang huang ngang. 

A- cAc v ~T THE DAN n61 Li nr(rNG 

· Djnh nghia 1 : M9t v41 thff ilan. hoi ilurc gpi Ia v41 thJ iliitJ hoi-li tita·ng t~du nhu 
mpi tenxa b¢c 2 tlo'i xicng J'Ju la trt;,ng thdi ~tin lzOi riJng Clia nd. . 

Ta nh~n thay ding neu bieu thUc cau true (1.12) chua nhieu·hon m¢t thanh phan 
thi se tbn tc:ti nhUng tenx<J kh6ng phai la tenxo rieng. Vi v~y khi p = 1, tenxo d¢ c-U:ng 
vit eli nh lu~f Hooke c6 de.ng : 

c = AE, (5 = AE, A > 0 

cac chl sO du ~tttc se nh~n nhtrng gi9. tri t6i h~n: 

' <6>, [1 + 0 + 0 ]. 

(3.1) 

Nhiing vitt the nay c6 the ton t<Ji tren ly thuyet, nhung chua cMc la S\f ly tu&ng 
h6a tOt each d6i xU thvc tt cUa v~t li~u. 

Dinh n.ghHil 2: Afi)t Nlt tltd ?tan lzi'Ji du(fc ·gf!i la vtjt tlzd dim ltOi ifdng !wOng tt!u 
nktc m(Ji ph,;p ll'lt!Yt th.tti'in t1Zy !leu ltl- trg,ng tluii ~tafl .hDi riJng c1ta n6. 

Dinh Iy 1: Drfi vO'i v4t the" dang hu6·ng, phip kkai trihz ~\ft ch!it{1.11) sJ cd d~lni ; 

d='?EBCZI 

Lrong ci.t) CJI ]a kh6ng gian. mQL chi~u c8.c tenxo ciiu, Cj)- khOng gian 5 chi~u cac tenxa )~ch· 

Do ta ct\ biet ccic phtp chieu xu6ng khOng gi~n cac tenxo cau va kh6ng gian c.ic;: 
tenxo l~cb dS~.ng 

E 1 . . E 1 
-9 = - ~ ® 3 ; _a. = E -- 6 ® il 

3 .- - .[) - 3 - ~ 

cho nell tenxo d6 cU:ng etta v?t the cl:dng htr6ng se la: 

)9 -) 9! 
= ____ 3 ___ i) ® i) + ),'tl.§· (3.2) 
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Phep kh•i rriho (2.2) se tro tbimh 

:! = '!/} + '!_ 9J ; ~ = !_']> + !_9J (3.3) 
a clay co th~ l~y . 

'!..']> ·~· !!:'J> . '!_ = ( ~ tr cr )~; :!.9J = E9J . :': = ~ - '2.']> 

Phep khai tri~n tn,tc giao dinh lu~t Hooke (3.3) co dang sau 

'!.']> ~ 'A']> :? ; '!. 9J = A 9J :, 9J 

huang 
C6 the tHy rllng tit ca cac bieu thuc da qua quen thu9c deli voi v~t tb~ dang 
nay tht;c te chl Ia ca.c truong hqp rieng cua d.c M thuc tong quat cila chung toi. 
Cac hang so Lame duqc bieu dien qua cac. mo dun a(> ccrng nhw sau 

1 
), = '-'J> - '-CZJ; fL = 2 '-CZJ 

M6 dun nen the tich va M s6 Poatxong b~ng 

1 
K=-

3. 

Cac chi s6 cau true cua. lop c:ic v~t the dang huang se Ia : 
< 1 + 5.> ; [2 + 0 + OJ 

cac tham 36 pharr b6 l~i dQ cirng Yjl, •.. , 11 12 va cac gOc U:ng v6i thi nghi~m rp1, ... , 9 3 
se khOng xuilt h~~n trong trubng hqp nay, bOi vi trong v~t the khOng tOn t~i mQt sQi v~t 
chat n~i b~t · niw, cho nen khOng c6 ly do gi de phan bo lai. khOng c6 moe nao de dinh 
huang. . . · 

So sach (3.1) voi (3.2) ta thiiy rang v~t the dan hoi ly tuong Ia v~t the dan hoi 
ding huang voi h~ so. Poatxong bang khong, v = O('A']> = 'A9J). 

Ta se bat dau bang m(>t thi du rieng. 
Hay m6 ta tinh chat dim hoi cua mi)t v~t Compozit "cho tren hinh 1. M<)t matrise 

d~ng huang c6 cot Ia ho song pbitng cac tam mong lam tir v~t li¢u diing huang khic va 
b6 ·d.c sqi mem d~t vu6ng g6c v6i d.c dm. Hu6ng· cUa cic sqi duc.tc xac chnh bOi cliat 
k 0 k. Ta su d~ng co so tn,rc chuan n1, n,, n3 = k. 
-·- ---

Nh9:n xet thW nhOt : _ r5 dtng ding v1 chieu 
Ht giua cac tam vii cac soi khong phai lit cling, nen 
bi~n d,ng nhi\) loai : 

day ella cac- tam la mOng. mOi lien 
v6i mQi bii.~n d$ng truqt (nh11ng Ia 

(: : :) p q 0 

(3.4) 

ca.c tam va cac sol se dich chuyen nhu cac v~t cung, nhu th~ chi con c6 matrise .la lam 
vi~c. Do tinh dang huang cui matrise nen bat ky phep truqt nao ciing Ia tqng thai rieng cua 
no v6i cung m¢t modun d¢ cung. Vi v~y m0 i phep truqt d'!ng (3.4) &u Ia trang thai dim 
hoi rieng cua v~t the Compszit dang xet. Ta da nh%n duqc kh6ng gian con '}>3 - kh6ng gian 
2 chi~u cac phep truqt dang (3.4). " . 

Co sa trt;c chuh trong 'J>s se Ia m¢t c~p cic dai luQng sau : . 

1/2 1/2 (1~ o~ o~) ~Ill = ~2~ (~! ®.!:: + 1< ® ~~) ~ 2 
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/0 (' 0 \ ' 

\~ 
0 ~) 2 1 

Phep chieu xu6ng <]'3 c6 dqng 

Ps ~ wm ® wm + w1v ® wrv = (3.5) - - - -
= !__ (<>1 +cr2 ~ o) X [S ® 3 ~ 3 ® k ® k ~ k C) k ® ll] + 

2 - ---- -.·--

1 +- k®k ®k®k. 
2- - - -

trong d6 . 
z = (1 2 3 4) ; 0"1 ~-c (1 3 2 4) ; "' = (1 4 3 2). 

Nhan xet th.:r hai : V oi moi bien dg.ng tru0 t trong m~t phang cac tam, nghia 18. 
v6i moi bferl dtJ.ng sau 

(
u v o) 
v,-u o 
0 0 b 

(3.6) 

cac soi se chuyen dOng nhu d.c vat cUog, chi c6 matrise va cite dm lit lam viec. ca 
mat rise va ca cac tim deu la d<ing huOng. cho nen cac- bien d~ng trttQt (3.6) la cic tr;;mg 
thai rieng cua chUng. Vi v~y moi phep truQL dang (3.6) d~u la trang thai clan hOi rieng 
cua vat lieu Compozit dang xet. ChUng ta c!a nbiln duoc khong gian con ? 4 ~ khong gian 2 
chi~u cac phep truQt rieng dang (3.6), a clay <J'" .l ?4 · 

. Co sO trvc chuan trong '7'4 c6 t e ltiy nhtr sau 

-o/2 ' 
-- (n1 ® n1 ~ nz ® nz) ~ 

2 - ~ - -

Phep chi~u xn6ng <]'4 co dang 

112 
2 

-o/2 
2 

P4 = Wv (g} Wv + VJVI@ WVI = 
- -

(

1 0 
0 -1 
0 0 

_1:_ (en + a 2 ) X [il@ k@ k- k (,?) k@ 3] - Zk 0 k@ k@ k. (3.7) 
2 ------ ----

a day 
a1 "" (l 3 2 4), cr 2 = (1 4 3 2). 

Nl1{i" >:<\! th.:r be : Lily 9 ~ (9'3 EB 9'4)~L Neu nh,) k1 cac dmh nghw (3-4). 
(3.6) ,..;; cac khOng gian 9 3, <]>4, thi chUng ta thay ngay ph an phu trvc giao 9 se la khon~ 
gian 2 chih1 va n6 bao gOm d.c tenxo d<;tng 

DOi vOi v~t the Compozit ella chUng ta cUng nhu d6i v(Ji moi vit dan hOi khac. 
phep kbai trien khong gian d ra tong ca.c khong gian cac traug thai rieng phiH 1a· 
phep khai trien day dtt. Vi v~y. ho~c la 9' bao gom cite tqng thai dim. hOi rieng, ho~c ·~a 
9' duqc tach ra thimh 2 kh6ng gian con m(lt chi~u cua cite trang thai rieng, 9 = 'f>1 $9'2 . 

Trong truOng hqp chungj nghia I a v6i m(1t tO hop btlt k)', d.c dQ cling ella matrise, cUa cac. 
tam, d.c sc:;i v~l tO hqp ba~ ky d.c t4e tich rieng du~ dtc tJ:m~ cite sqi, kha nang thU- nhS:t 
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kh6ng cO cu sO, VI v3.y din. thieJ.: ph8i xi:~ tiit d cftc ph~p t<kh tn,rc gla.c. cUa r}l, hay 13. 
tat cii cac c~p tr\lc chuin M, MJ trong ?. De nh~n thay ri\ng chOng hop thimh t4p hop 
ml]t thong so co th~ bieu dlen.& d~ng thu~n ti~n sau ( +) 

_ ·r (sinr, ) 
"'' =' -y2

2 [.sin~a + i/3 sin{"',-- 11)k ®k]- 2
2 

sin1J . 
- - . - - S101) 

~[ ] v- (COS'/] ) ~II = y 22 COS']~- [3 COS('IJo -'I])~ 0.!:-- , 22 cOS'/] --v 2 sin7J . 

CJ aiy 'I] - tham so ho, them vito <!6 khOng 8(1 m~t tinh tong, quat ta c6 the coi 

0 <:; 1J < 1t/2 

con 'lo duqc xac d!nh tir a'ieu ki~n ~~ = V; ~ nghia lit· tg1] 0 = VZ . Nhu v~y, a6i v6i 

v~t tM Compozit dang xet ta da nMn duqc 9t - !~hong gian mi)t chii!u cac trang thiti rieng 
tl Je voi ~ ; '1>z- khong gian mQt chi~u cac trang thai rieng ti 1~ voi C.}JI. 

Phep chieu xu6ng ?1 c6 dang 

E,t =~I® ~1 = ~ sin 2 1J(~®~) + v'/ sinl)sin(1Jo- 'IJ) X[~®__!:®~+! ~.k ®_ 8] + 

+ _1_ sin2("r,, - ·r,)k 0 k@ k ® k. 
2 -·- --

(3.8) 

Con phep chi~u xullng ']>2 se Ia 

1 -.;- . 
!:• = '!:n®~11 = z-cos

2
11 @®~ - / cos 'IJCOs("'o- 7J) X ~ @~® ~ -1::. k ® ~0~ + 

+ ]__ cos2(·r, 0 - ·r,) k ® k ® k f2) k (3.9) 
2· ----

Nhu v~y, tiit cii c:i.c trang thai dim hoi rieng ci'ta v~t th~ Conipozit <lang xet da 
duqc xac ofinh. 

Trong khi tim cite tr~ng thai ilan hoi, ta da dt,ra vao cac hinh dung co hoc gan v6i v;jt the 
Compozit duoc trinh bay tren hinh 1. Nl)ung n~u de y ky m¢t chllt ta co the nh~n thay 
r~ng viec tach cac khong gian ci\a ciic phep truqt rieng (3.4 ), (3 .5) se dung cho moi du 
true c6 a6i xung tn;c. Di~u nay da duqc chung minh mot each ch~t che trong I3J, nhung 
do each trinh bay thong nhat o day, ta cong nh;jn dinh nghia sau : 

Djnh nghia 3: Tagoi m(it v¢t tid dan hoi Ia v4t thl ilan hoi a!t.g huang 11gang nlu nku 
co tk& cki ra m(it pkuong iiu0·c xdc d;nh b.1i iliat k ® k sao cho bilt ky phi p tru~t dang: _ 

"= ~® ~+ k® !; ~~ ~ 0 (3.10) 

1: = : ®_b + ~@_!; ~~ = ~~ = ~~ = 0 

~1u Ia cdc tr~ng tkdi Jan hoi rilng cua no. 

0 i.l:ly 

( +) Cting c6 th~ trong d:)ng khOng kem pli~n thu~n tie• sau : 
~~ = g(S)@ + S~iZJ J:l ~~~ = g\t)@ + t!:.ciZJ J:l; 

(3.11) 
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l'U dinh nghla nity IJ. se jua ra ci;Jng cl!ot tenxv d0 cUng, Tru6c tien cO tht nh~n 
thiy rbng cac phCp trtiQt (3.10) hyp thJnh kh6ng gian con tuyen tinh trong d. Tutmg tv 
v~~y. ciic phep trUot (3.1:L) cfing bop tb8.nh kh6ng gian con tuyen tinh trong J. Cric kh6ng 
gian con nay chinh l.a 9£ •/i 11J4. CO th't chtrng rninh duyc ding cite phep truqt (3.10) c6 
lnodun dQ cting chung va cUe phtp truot (3 .11) cilt1g c6 mOdun dQ cUQ.g chung. N6i kh~c 
di f}l3 va r]J4 la cic. khOng gian cac tr<;~.ng thai ri€:ng. Nhung khi fly d! IJ1, f}z trng v6i mQt 
th<Im s6 71 n~w 06 ph1,1 thuQc vao vc.ir thE> cho tru6c cUng la ciic khOng gian cac tr~ng thai 
rieng. Nhu thi' ta c6 ajnh iy sau : 

D6i v6i m()t v~'tt the cLing hu6ng ngang bat ky phep khai triCn cau trUe c6 d~ng 

0 day 'h r}z ph~ thu(lc vito ·r, va .Jc:..1?9 1<, 6on if's, if'" p)l~ thuc)c vao k:_ 0 ~ die11 nav cc 

nghla Ia tenxo d¢ cling duQC xac dinh bOi cOng thuc ; 

C = iqJ', .. ,·r,,k @k) + /,2 P2 ('r,,k 0 k) + i.sPs(k@ k) + A4P•(k@k) 
-:.... -~- ---,-------

trong a6 ~ ... ,.!.'_4 cho tru6c t.u. (3.5), (3.7), (3.8), (3.9). Thay the cho doi so!:_®~ c6the 

dua vi10 hai g6c 'fll, <p2 l:itc djnh · k ·@· k trong phong thi ngbi~m. - - . 
Trong tru:Cng hqp tOog quat, de chi sO cau tnk cUa lOp ·cac v~t the dAng hu6ng 

ngang se bnng 
(1 + 1 + 2 + 2) , [ 4 + 1 + 2] 

C\c tr~ng thai dan hOi rieng cua vat the <l£ng huang cgang dur,~c chi ra tren hinh 2. 
Ta cta ttrn duqc 5 hang sO v~t li~u cl1a v<.lt the dan hOi d&ng huO.ng ngang /q, A2, 

Aa, A4, 'fJ· . . 

Y nghia ciia. 4 hang s6 dau tl,r n6 kha ro; thi d~ nbu l.a, ),4 chi la cac modun truQt 
cua (3.10), (3.11). Ne)i dung Cd hoc cua b<) pMn b6 d¢ cirng '11 c6 pMn nao phtrc tap han. 

(N guyln Van Dif p lttr~e d jch) Nhqn· ngdlj 28/2/i984 
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