
DO'N_ (;I AN PHUO'N G TRINH CHUYEN m)NG 
? .,. ? 

CUA VO MONG 

NGUY~N XUAN HUNG 

Trong bai [5] da dua ra phuong tr\nh dao d¢ng t5ng quat d1a vi\ mong c6 tinh den 
bien d~ng truqt va S\f tbay doi eiia Ten-xo metrik theo phuang phap tuyen v6i m~t ph~ng 
trung binh ella vo. Tuy nhien cac phuang trinh nay rat phuc tap cho nen kh6 Str dung. 
Sau day ta tim each don gian de phuong trinh nay v6i clieu kien <;lam b~o den m¢t mire 
d¢ chinh· xitc nb:\t dinh. C6 nhieu phuang phap l:h:ic nhau d~ clan gian phuong trinh eGa 
vo rnong [3]. Sau clay chUng ta se don gian b1mg each b6 di m6t s6 s6 h~ng qong bieu 
thtrc cUa nang luong. 

Trong lj thuy~t nay ta sc; dung cac giii thiet •au: 

1. Vo Ia mong, h[L, <>::1 (L
0 

la mOt dai luQng c6 thu nguyen chieu diti so Xiic 
dinh sau) 

2. Bien dang cua vil la be 

3. B6 qua bien dang ;wQt ci\a vb (y.s = 0). Ta dua vl.o in~t. tham s6 daiL d~c 
trung cho tj s6 giU·a bien d~ng trong m~t pbltng trung binh Ctla v6 vl bifn d~!'lg· 1.16n 

1 
L = Va[Va (4.1) 

1 
Thea (2.12), (2!13), (4.1) ta c6 the ,,iet bieu thirc cua y~., p~ 1 , nr nhu sau: 

·r~r = (Y~Yltlil;fn linh + (·i~·Jphi tuy!u 

"(P ·r ( 4.2) 

v6i: 

(nr \uyfn tinh = e~y -

._ l . ). 
(y~-,) ,. . • = - (a •'1 e~) eyv + rupooy) 

pnt tuycn 2 ' 
(4.3) 

R lit b:in kinh cong be nMt cua vo, 

A"·~&~. trong (2.5) la m(lt tenxo kbong gian, theo (1.15) n6 auQc. xac dit>h nhu sau: 

Ao.'<&,,J. ( 1)"' ( 1)6 ( 1 8 ( .. ·t)u. A'vpoYr, 
~ ~ fi.- v fL-~ p.- )"' l'--~ ' (4.4) 
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'" iYp(oJ'fj 1• -vo1 a ~a tcnxo m<;~t. 

Tu (4.4), (2.19), (1.11) s.u.rn6t s6 bien dt>i ta nh4n auqc cit bi~u thuc 

Bv.fo/,·r, !A o.J.pi.61 ,,~ ~'l b2 1~1] l \' 0 ( .h") I 
(\ =l' oo-f-- )+ --, 

P ~ 12 p·; 3 R 4 , 

B:;.~J.·r, = hAp.pJ.-r, { h2 
·· Iro·r,-'- o (J::_) I 

1 'I 12 p~ ' R 2 I ' 
2B 1"~)·'1 = hA1;.pi,·r, l ~ 6~ o·r, + 0 (~)I ' 

I 12 p 6 R2 

1[3•; ~ 6(~ b 'I + b/3 3Y - 2H6(3 6 y 
·r,p 1j p 1] p 'I] p 

113 ·r, b" = b~ b·r, - Ksl3 s·r, . 
pv 6 ' p li p S 

V6i cac gia thiet 1 va 2 b~og each dua viw m<)t tham s6 be s ta c6 the viet 

(H·r\uyln link = O(s), 

(.;" ) =' O(e2} 
'"" phi tuyln ' 

h 
=O(z), (L0 =min (L, R)). 

Lo 

Trong d6 ta hieu lim O( •n) = hang so. 

•" 

( 4.5) 

( 4.6) 

(4.7) 

. Tu (4.7) vii tit (2.15), (2,16), (4.5) v6i, do cbinh xac den O(e4) ta c6 the viet bih1 thUc 
cua Ila du6i deng : . 

(4.8) 

v6i 

(4.9) 

.;~·t = (y~., )tuyiu tiuk + ((~'t) phi luyfn = Y~v· 
* 1 

Piv = (p'") tu~/n tiuh = (eh )tuy!n tinh (4,10) 

~~J.f!.i,·'i = hAiJ.p!.& (a~ a 'fJ + ...!:.__. 

2 1~~ b~). 
o p 3 12 pv ~ 

B*'""'}:" hA
0 

i"p}.3 h' lf,·r, t•t"=_ --o, 
12 p 

( 4.11) 
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Tlr giti thiet 3 v<\ (2.22) t~ c6 

Il =a. 

Ti:r (4.10) ta nMn duoc 
* p,"= -w.,l~ c 

V6i d6 chinh xac O(s4) bieu tht'tc cua T c6 d;mg 

. . . T= + phf[(~r.<~· + W2) ( 1+ ~~ K)+ 
12m . 

h2 • • . • • l :_ 1 2 + -- (oJpW" + 4Hv"w.) ..j a dx dx . 
12 . 

* . 
Voi chu y den sv d6i xung cila nBI~"'I' ta c6 

6 ncr = J (N" or~y +M,YOp,y) ,r; dx 1dx
2

• 

Dm 

( 4.12) 

(4.13) 

( 4.14) 

( 4.15) 

Tu nguyen ly 
chuyen a<)ng 

Hamilton (3.1) sau m(>t so phep bien dlii ta ~Mn d,;oc de phuang trinh 

.. 1 *11.*1 N"~l. +- (e~ N"Y) +-'- (e~ N"~J 
2 y 2 " 

1 .( b~. 
- y Wa + 
2 

+ p' + R~(;") - ph[ ~-'(1 + ..!:.:._ K) + -b~ h' ;;,a+ h2
H ( ;,;~ + b!.~") _]= 0 

12 12 6 . • 

(~ = 1,2 ), ( 4.16) 

6·1 + b.~Ncr~ +-.:Lew. N"~)~ + -.:L (w~ N"~)~. + 
" . 2 ~ 2 . . 

1 -
1
0 

(b~,e~+b~).e~ )N"~ + q + Rw(W) -ph[( 1 + J:~- K \~j-
_ I' · 12 } . 

( 
h' .. Hh

2 
•• )I] - i2·-Ct)IJ/' + ··-6-vr:J, ~ = 0 (4.17) 

va d.c dieu ki~n bien sau 
"- *- 1 '* ~ ~ 
N"~n. cc M"~bgn" + z (e~ny + e!n.) N"y + b'P(Mnny + M" y.1 ) :- ll'' = 0, (4.18) 

· Me~13ne~t1p·- Mu = 0 

Trang do luc dH duoc xk ~inh bang bieu thtic : 

Qp = .M·•l. 
~ 

$ Ia toa dO cong ella bien C} -r = -'t'o:aa la vec-td don ·vi tH~p tuyen cl1a C 

( 4.19) 

( 4.20) 

(4;21) 



±X)i v~._1i y~)t li¢u isotrop ta c6 

'N"~YYJ = ~ [Ya'·tl 2Y~+ ~ (a't 1latl'l + a'''•P'') j' 
. 1- \12 2 

(4.22) 

DOi v-ol h~ to~ d¢ cong trvc g'iao va chuyen sang de th~nh phan v~lt .l;i tUa cole 
Ten-no, cite bieu Lhire (4.9) co d;mg: 

' 
' tllr Eh [" * h

2 
(' 1 l ) ( y 111r * ) ] N =. -.--- Trllr +'l'(rz21 + -. ----- ---+Pill! 

1-v2 . . 12 , R1 R2 R1 
. I 

'·Eh 
[

* * ],2 ( 1 1 ) '( :(in! * . ')] 
·.(1221 + vy 1111 + -- -.-- -- . + Pe221 

. 12 . Rz . R1 , R2 

* (12) 
N Eh [ * * , h2 ( 1. 1 ) ( !, 211 . · 

0 
) ] = _..::.::_ Yr12r + '112o + -- ----- -'-- + Pr211 

2(1+•1) .·12 R1 R2 R1 

* t:?l), 
N = 

;11: ( 2 2) 
M = 

Eh '[·;, 12r + Yrz1l + .JC. (_l_. - _1_) ( ~<121 + ~r!'l) 
~ (1 + '1) · · 12 . R, R1 R2• , . 

( 4.23) 

Trong d6 quan h~ gifra cite O<Ji hrQng '(tatll> PI•P> v6i cite chuyen djch v 1.r.W theo ( 4.10) 
( 4.13) bay gia tro thiu1h . 

• 1 
ymr = 2 - (1£ 1 + 2/u + 1~ 1 + l~1) 

• 1 . 
y,,,, = 2 (1~2 + 21,, + 1!2 + lh) 

* 1 
'(tl2; = 2(2/11 + /11/a + lzt122 + 13111,2) 

w 1 
'(tziJ = -;;-(2112 + lul12 + 1,,1,, + 13Jss) 

~ 

( 4.24) 
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vc"Ji 

I 
1 £1'-'·u~ . ,.1.21 31.\ VJ 

11 = ---- ~- --- ---·-- ---
" A &x1 AB Dx2 R1 

In = - 1-- ~-'-"- + _21_:_ ~ - _!!__ 
B ox2 AB ox1 R2 

_/!2 = ___!:__ OVtlJ _ ~ ~-
. B ax• AB axl 

.fu = _:!:_ 8Vtz1" _ ~ ..!!::.__ 
A Dx1 AB &x2 

I,J = _!:___ aw + ~ 
A ax1 - R1 

1--:2,- aw + ~ ( 4.25) 
~,L,. - B ~. Ox·2 . R2 

Trong (4•23), (4.2~), (4.25) Nt"'', Mt"P!, Yt•Ph PtaPl> VcaJ lacac tha.nh phan vat 
ly cUa N$13, Me~·13, Yal3• pa

13
, va. A,B la Cac he: s6 Lame, Rv Rz·la d.c b~ln kinh cong chinh 

c~a m~t trung blnh. tlta vO. 

Cac bien thirc (4.23) tla <luqc Flugge (1934) d6i voi vo tn,1 va Lure (19'!0), byrne 
(1944) thimb l~p d6i v6i ly thuyet tuyen tinh ciia vo. 

Cac phuong trinh cllUyen dOng (4.15), (4.16) trong M tQa <ll)cong tr~c giao c6 de.ng 

-
0 -[B(Nt!ll + Nt 11l/1! + ~ (N'l 2J +N" 1')1tz)]+ _!_-[A(Nt 21 ' +N''''I12 + 

ax' " 2 ox2 

1 * + -.- (N'l2) 
2 

aA [* ---- W'" 
Qx2 

Hh' ) --+ -- V(i] + 
-3RJ 

( 
1 h

2 
H h' ) +----+-- ::\ l = 0, 

{4.26) 
ARc 12 R1 6 

1-NI"l)/11 )]+ ;:, [:NctZJ + N< 22 '1t 2+ ~ (Nt'
2

J -tf,,zlJ)/1!] 

+N''lJ/ 11 + .!::_ (Nrl'' + :Ncz1J)I12 J- AB (o''' +N''''/32 + 
2 R2 
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' h' 1 
( U ARz + 

( 4.27) 

_a_ [s(Q<IJ+ N'IlllsJ.+ 1 (N<l2J + N''lJ}/s')] 
oxl . 2 

+ Nt22J ls2 + '- (N<l2J + Nt21J)/s1) + -·- N'llt + N<11 J ft1 + - N' 2J + * 1 • • . 1 AB [ 
0 

• . 1 ( * 1 

2 . R1 2 

w11 , -- + 2B -- v<1, + 2A- Vc2J +2H B-.-+· as aH .. aH •· . ( av111 
ax 1 . ax1 &x2 .ax 1 

(4.28) 

• Trang de phuong trinh nay h;c cat Qt"l auqc x:ic dinh t{r (4.21) nhu sau : 

(4.29) 

C\c di~u ki~n bien (4.17) Mn (4.19) bay gia c6 d:mg 

['NcuJ + N'W /Jl + ~ (N(121 + N'2tl) lrz }clt + [N'''' + N'''' /12 + 

( 4. 30) 

i.rrttJ/u + [' [.N(22) + NC22J 1,, + 

- Mn 0(2) .+ 1 [ ~ 
R, (4.31) 
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,----

[orLJ + Nlll)b i o~-(~"'' o]- Ni21i)/3z]•ill i [o'" +f~''"l,, + 

1- ~(N'l2l + N12ll)l3t]n<2J+ _I!_(M 1 "~ln;arrrp)- _&_ M'"- Q = 0, 
2 •• & 

( 4.32) 

(4.33) 

metrik d0 C 

"Mo (a~) 0 M~ Q 
ll(o:)D(\3) - n· = · 

B6 qua cac so h~ng qui.n tinh vi>. cac s6 h~ng H den •11 thay dlli cua Tenxa 
thea chieu day cua vo ta nh~n CUQC phuong trlnh chuy~n a(lng cua Keiter [3 J 

§ 5. LY THUYET DO'N GL~N THU HAl CUA VO MONG 

Neu ogoai cac gia thiet cua ly thuyet truce ta con gia thiet 

L ' 
-«i: 1 

R 
(5.1) 

ta se nb~n duqc ly thuyet odon giiln thu hai cua vo rnong. Gia thi~t (5.1) tuo.1g ung voi 
gia tbiet bien dang uon lan hon so vai bien dang trong rn~t ph!mg trung b1nb cita vo 

Thay cho bieu thuc (4.10) ta dua vao c:ic Tenxo d6i xung sau day 

- 1 * * · }. A 
Pa~= Z(Pa~ + P~•- boc'\fl),- b~e,_;.)• 

- 1 * * r., ~ -(y.~ +Hal· 
2 

(5.2) 

Voi d¢ chinh xac O(s4 ) nhu a ph~" truoc, sou m¢t so phep bien dbi cong bien d~n~ 
c6 -the bi~u dien bang bieu thUc sau 

trong c\6 : 

n J[ 1 Y~"'l'- - Y~"'f'- -
~ z o "ll 

0 

Hr T '!'" + 1 "ll nrP'f" + 
llm . 

+ z"ll1~"'~''F~,;'f" ]v-;;-dxldx' 

o"ll1 ~"'P = oBT~"'f + b~1BTP"'f + b;tB"'l'PP + b;b~,B~P'!''ll, 

t"ll I~"'P = .2.:_[!B r~xrp +!B T~'¥" + ~- b T (2B"'!'~P + zB~p},·~) + 
2 2 p . 

+~by ( ,B'I'"~P + zB~P"'f) l· 
2 p .. 

z"ll y[>><qo ~ +[ 2B 1~"1' -c ,B~yxrp + zB 10'P" + ,B~Y'P"]. 

Tu (5.4) va (4.5) ta co 
,CJJIP"'P __ h~T~"'P[1 +0( ~: n 
1 CJ)Y~"'P ~~T"'P o( ~ )· 

~·--A 1+0-h
3 0

'(~""' [ I h2 )] 
12 . \ R2 

(5.3) 

(5.4) 

- (5.5) 



1 h3 °yfhcp -- r- .( :- 'l] + --- -- A 
1 

p P~·1 + 0 . ..l.L_.y + 
2 12 (j)X R I 

. 1 h3 •a~%'( - - ( h2 
\ ~·v'- 1 ; +- -·- A p ,P~aO - 2 J. a dx dz • 

2 12 'P R (5.6) 

Tir gia thii't (5.1) vr\ tir (4.2) ta <;6th~ bo qua so hang 0 (y-;y/R) so v6i p~y trong 
thanh phlln thlr hai clia (5.0) · va nh~n ctuoc bieu thlrc- sau drly Ct\a c6ng bit'n d~ng dOi v6i 

v6 mong ( ~ ~ 1 ) : . 
F. I 

IT o; ~ · J( hAY~"1' Ya~ Y 'fX 

. Qm· 

. . 1 f ( --~y -
=-. N HY 

2 (5.7) 

vOi 
Qm 

(5.8) 

Trong .trm'lng -h\;lp tny~n tinh cac phtiong tritth (5.8) trung v6i cac ph)!ong trinh g~n 
dung ciia Novoschilov (1] 

Tir ( 4.14) va. girl thil't (5.1) bieu thuc cua T co d~ng 

T ·= ~ ph J [ (~~Va+ W2
) (1 + ~:._ K) + 1~

2 ,;,",~a]v-a dxldx2. (5.9) 

Dm · 

Xuct phat tir nguyen ly Hamilton (3.1) tuang t\r nhu tnr6c kia ta nhan augc cac 
phuong trlnh chlJytn dOng cUa "dJ t~ong 1)' thuyet (10n giiin thU hai 

fic:cF>/., + (e~ i\p.Y)I r -- b~r-r. N"'- (b~ M"'l lr -b~ QY + r~ + 

+~f'(v")-ph[;~(J + 1h: K)-T;;P+b~-~:,;··J,~o (5,10) 

+ ba~ j\J7..F + (<·>wl'"f-xF)j + b,, eJ 'NaP- b~l; _ M" + . . 10 P" ~ 

va d.c d:ihr ki¢:n 

q + R' ( \l!)- pb [(1 + J::..K) W- ~2- ;~,~ ] =a 
12 12 17. 

bien 
(5.11) 

Nr'.{~na - M&.f:l b~ n(( + e'g no: NC(13 - h~ Mo:rny + 

bYP (JVrnny + M, -ry)- N' = 0, 

l - 0 -, - 0 ~ ~ 
·-;::- (wc;np+<·>pn,)J!l"" +O"n, -1 (M""n,-rri) , -M_, -Q=O, 

L· ' ', 'j• 

(5.12) 

(5.13) 
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t roog d6 
fJOi v6i vi) c6 v;jt li~u isotropt trong h~ tQa dQ cong tr~,tc giao ck hieu thUc (5.8) 

c6 di4ng 
- Eh - - - . Eh

3 
- -

N''"=-(r
1
u 1 +''i'"'')· Mlll 1 = (PrttJ+vptzz,), 

. 1 - v2. •• ' 12 (1- v
2
) · 

Eh - - - . Eh
3 

- -
Nt22J = 1-v' (Yt22J + .. v Tt11J), M'''' = - (Pt22l + v P tllJ); ;LZ (1 - v2) 

- .· - Eh - - - Ehs (5 15) 
Nl12J = N'21J =- Ttlz,, M'"' = Ml2ll =· piltl· . 

1 + v 12 (1 + v) 

Trang do cac bi~u thirC cua Ylijl· p[ijl. duqc xac djnh tit (5.2) 

- 1 z 2 I' y tlll =- (/11 + 21u + /21 + s1) 
. 2 - ' 

~ 1 > z I' Y,zzr =-(I,,+ 2/zz + 1,, + a:z), 
2 ' 

1 ' 
Yru1 = Yr21l = 2 (lu + lz1 + lu/12 + lzd22 + isdsz), 

( 
...!:__ &1st + _!.E._ aA. ) _ ~, 
A &i' All axz R1 

(5.16) 

i . . I 
Bo qua e~y so vai wa~ = - (e~a- ea~) trong bi~u thuc thU nhat cua (5.2), •ieu 

2 

rhU< (5.7) se c6 d~ng 

n 1 J 0 Q ( h' .• ~· ) -
= Z hA>,-)(q> Y~YY•>< +12 P•YPX<p >/a dx

1
dx

2 
= 

11m 

~ .2:_ S (N~YY~·y + M~Y;~·rl y; dx 1d<2
, 

2 
Qm 

(5.17) 

trong dO 
(5.18) 

v6i 
TV 1 * * ),- J.,-Pa~ = -2- (p.~ + r~a- h"'").~- bW''l.o:l· (5.19) 

Cac phuong trinh (5.18), (5.19) trong truong hop tuy~n tinh trimg v6i cite phuong 

trinh cttll tnk elm Koiter · 
Dia chi Nhan ngily 20/1/1982 

Tr1rimg fJ~fi h(.Jc Bdch kkoa HN 
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vi ch.1t l uqng nu6c 0 DOng Thit p MuOi. 

10. URBANIK {Giito su Ba L.an) Vai net ve ly thuyet xac suiit hi~n dei. 

H, IVETTE AMICE (Gi:io su Phap) So lu¢10 ve net\ Wan h0c Pbitp hi~n nay. 
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