
VJit l'HQT PHUONG PHAP L~P ue PHUONG 'fRINH 

BIEN PHAN THEO BIEN DQ - PHA CUA CUE D«) 

CAN BlNG 

Bien d¢ va ph a la bai i!~i hrong, i!~c trung, hai bi~n chU y~u trong dao d¢ng. Xac 
dinh va xet ~n ajnh thea bien cto - pha cua ~ac ch~ d¢ dao dong la n¢i dung khiio s:it ccr 
ban. Tuy nhien, rieng khi xet on dinh cua ch~ do can bang, vi~c l~p M phnong trlnh bi~n 
ph!n thea bien a¢ - pha khong hoan toim dan gian. 

Th\!c v~y, di~n hinh la be phuong trinh bien phi\n ( d~ g0n se chi gqi !a he bi~n 

pban) thea bien a? - pha cua che do can bang 6 m¢t h¢ tho11g so [1. trang 623], Lip tu 
he ,phttong trinh vi phan trung binh (d~ g0n, sc chi gqi Ia he trung binh) nguyen dang 
kh6ng chia hai ve clta phuong trinh pha cb.o bien dQ - bang each dua :vao cac -bien phiin 

bien d¢ ,- pha nbu thong thuarig, He bien phan thu duoc c6 d;mg b ~glom m<)t phuong trinh 

. Vi phan CUa bien phin bien d\J va rnQt pnuong trinh Juqng giaC X ic djnh goc ~~ch pha 
chua biet (bien phan ci\a goc !P,ch pha khOng c6 m~t). · 

Trong [2, chuang IV] da nban m?nh ding, so v6i hai bii!n (a, b) ( v6i t 0 a eli) dao 
d~mg x, ve ca ban, c6 lien h~ x =a coswt + b sinwt. N - tan sO} hat bten bien dQ pha c6 
uu di~m cho phep xac dinh chang ~hung che d¢ dao dong loai (1) khong chlra ran so khong 
c¢ng huang mit cil lo?i (2) chua din so do, Nhung he bii'ri phan cbl duoc 14p c_ voi phep 
chia n6i 'rren - cho che ctb dao d:1_) ng lo?i (1) ; sau dO; chUng minh ding, btlng citch tri~t 
tit~u bien dQ tuang ling tan sO khOng c'Qug huOng, se tim tha y dUng d.c sci d;Jc trung ctti 
che do dac d¢ng loai (1) co khi l?p he bien phan theo hai bien (a, b). Nhn the, tuy Mt 
co so su d1,lng plmong trinh d·~c tnrng cr!a chi' do dong lo;ri (2) de khao sat on djnh cila 
chi' do dao clo)ng lo<>i (l) nhnng chua thuc sci cho bitt h~ bien phan ccia chi' de). dao dc\ng 

ld?i (l), Hon nfra, truCmg hop m3 chinh tao sO cQng hvOng kh6ng c6 m~.t trong che CQ 
dao dQng· (nhu 0 h~ thOng sO)·- truOng h,1p dang chU }'vi g6c l$'cl1 pha c6 m<;it {) ve ph<ii 

ctia. h~ trung binh -- chua duyc de d.p den. 

Trang [3], vCil che C¢ can bang, hf. bien phii'i chi dlrQc: 1:\p cho h~ tlr.du tv ch.1n 
v~ rieng cho bien d¢ [trang 78]; o cite he khitc, tinh on cl\nh cira che c1¢ cicn bang du0c 
:sujr ra tL1' he trung binh nh0 tich phan trvc tiep [trang 181-185. ()· mQt thi dvj ho~c sau 

khi aoi ve hai bien (a, b) -- truong hqp he thong s6 tuyen tinh -- nho phuong trinh ci;jc 

trung (ctia he trung binh) [trang 211·213]. T~t nhien phnong phap ctuoc 1\ra cbqn tuy 
thuQc hQJ dung d.n trinh bily nhung 1,_'1 day, chac hi-in c6 sv th4n .trong lieo quan den }·. 
ki~n neu tr:ong [4, trang 978] cho rang, khi ·khai trien ti¢nr cc\n nghi~m .tren sieu cMn b~t 
bi~n,, khong nhfrng se la thira neu aua vao bien d(l pha cua t~t d cac tqa do (nghia lir 

·:crta d..c6.c toa dQ can bl'i.ng) mit cOn giy kh6 khi:in vi xuat hif.n tinh k}' d~ lo<id eve. 
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Nhling nh~n xet tren -:ho tb<'fy vi~c tha-:h Ljp h¢ bien ph:in the~ bien dQ-pha eGa 
d~) dn b!to_g; cO nhlmg phUc t$.p nh~:J.t dj.nh -va chu~ duqc nhat tri. Nb~m lam s.<ing tC1 

van ~teJ dudi day. se xem xr!t hi Je 1:h<ly phuung phap l~p h~ bi~n phan troil,1g [ij khOng 
CQ co so va k~t qua thu duqc,bj h~n ch~ va c6 thii din den "ti Him. 

Xet M dao d¢ng a tuy~n tl.ong s6 cong huang thir di~u hoa m6 ta boi phuong trinh 
vi phan: 

;· + o}x = 8 (llx - h~ - kxS + 2fx cos Zwt) (1.1) 

trong d6: z - ky hi~u tham 80 be ; x, "x, ~ - loa d¢. toe d¢ va gia toe dao dong; 1 -
- dn so rieng; 2oJ -tan s6 kich d¢ng ; L). = ( oJ2 - 1) - M a6 d~c trung cho do l~ch dn; 
h, k, f - nhiing he so tuong itng h$ so C<ln, h• so phi tuyen dim hoi (gia thiet lo•i cling) 
va cuilng d¢ kich d?~g. 

Dua vao bien a¢ I va g6c l~ch pha 'P theo h~ thUc : 

x = rcos (wt- 9); ~ = -Iwsin(wt- cp) 
va l~p h~ trung binh : 

r = ..2:.':... (-hw +£sin Zq>) 
2w 

(1.2) 

3 . ) ~ ( 6. - -
4 

kr2 + f cos 2r~ (1.3) 
f'fl 2cv 

Khi h¢ s6 ciin au nho, chi' c!¢ dao cl(>ng d'img tiln t~i va cO bien d¢ xac dinh tir M thirc: 

A= 1_ kr2 ~ 6. + l(£2 _ b'w' = (N
2 - 1) :· -./£2._ h' 02 (1.4) 

4 -

fJO thi A cat tr\lc ho3.nh t•)2 0 hai diem ~-, ~ + tuong lrng dl.c giit tri w
2 x_ac dinh. tU 

phuong trinh (o1' - 1)2 = f2- h'cv2 Khi h __... 0, do thi A suy bi~n tbanh hai duimg song 
song, d<) dOc 1, d.t tn;c hqimh ti hai diem o-;-. a:+ nam 0 hai phia cUa kho<lng (~-, B''") Yi 
tuong irng cac gia tri ,,, 2 = 1 + l bay Ll. = + f (h.l) 
Ngoili ra M lu6n c6 eM d¢ can bang X = 0 
tuong tlng nghi~m I= 0 ciia h~ (1.3). Trong [1], 
vai ky hi~u khac, da khiio sirt tm dinh ciia chi' d(> 

nay nhu sau : 
X em cbe de) can bang Ia che <lo dao d¢ng 

cO hi en dQ r
0 
~ 0 va c6 gt1c. l~c.h pha bang <?c • 

D~t cic biCn phan r = r .... + Or, q> = ?o .+ Oy ; 
thay v8o he (1.3) - khong chi a hai vt cira phuong 
trinh pha cho bien dQ ~ chUng ta duQc b~ bitn 
·phan · 

(or) 

0 = .....:__ or(Ll + f cos 2'f'ol· 
2uJ 

(1.5) Hinh 1 

Phuong trinh the! hai guy v~ phuong trinh lu 0ng giac xa.c dinh g6c l~ch pha: 

cosZ'?, = -- ~ , sin z,p, = ± c'l- [),2/fZ (1.6) 
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(;>r)· ·"' -
0
--- or (--hi,,.+ -y'jT::-J.ii) 

2(0 
(1.7) 

Day lia h~ phuong trinh vi phan tuyen tinh he s6 hbng so ciia bien philo bien do· 
Thea (1] neu pMn trong r~6c () i\ ve phai cua phuong trinh (1.7) co phan thvc am ho~c 
bang khOng, chi' d¢ Gin bang lin din h. Dieu ki~n do ttraog ung cac gia tri w2 ngoai khoang 

. (rJ-' [>+) ; trong khoang do, chi' d¢ can bang khong on djnh • 

. De dang nh~n tUy, co so ctia phuong-phap lap M bien ph\\n vira so lu<;Jc trinh bay 
tren la: 1/xem che cl¢ Ciln bang c6 g6c l~ch pba hang: 2/ quat\ ni~m ~n dinh ciia ch€ d¢ 
can bang theo ci\ hai bien bien d¢ va pha. Nhung voi che d¢ can bang, goc pha va do <'!6 
khai ni~m on clinh cua g6c pha khOng cony nghia .. Dieu do de nMn tMy khi tim hieu de 

da~ dong Ian c~n che d¢ can bang. Thuc v~y, dua vao 
hai bien (a, b) thea M tMc : :i:l 

Hinh 2 

x = acoscut + bsin~t 
(2.1) 

~ ·"' -w (asinwt - bcoswt) 

Goi M !a di~m anh c6 tQa do ( x; x) tren m~t 

ph a ox~. Hai bien (a, b) la tQa do ciia M tren m~t 
oab quay dht quanh 0 v6i v~n t6c goc' '" theo chi~u 

quay tu tn,1c ~ <ten tr~c x ; : g6c l~ch ph a I' = ,;,;-M 
(h.Z). 

H~ trung binh thea (a, b) Ia: 

a = ~"- [-hwa + (£ -· 6)b + 3 
kb (a2 + b')] 

2cu 4 

b = -"- [(f + D.)a - hwb - _3_ ka (a 2 + b'J] 
2oJ 4 . 

(2.2) 

H$ tuyen tinh tuong Ung U : 

~ = --"--. [-ho>• + (f- 2.) b] 
2t•) 

b = ~"-- f ( [ + j ) a ··· hwb] 
2cu l , 

Phuong trtnh d~c tnmg 

(2.3) 

(2.4) 

co hai nghi~m (gia tri rieng): 

(2-5) 
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H:1n cht \et cac rruCmg hqp gUc 0 (cht~ _G() can btwg) la k~6n~ , 
v )OJ ddw'· cb.u d()ng Ian c~n g1~,c 0 cuJ ~~ .(2~2) Llu:\,IC qLly<:t ·1tnU-

(z'~~_) ;H~n nzygoi:ti ctiCu kl~n h .. > 0 chlmg ta gia LhiCt. t.J.1ew: 

(c·>' -1) 2 - (£'- lAu2) .-;-o; 
,1,2 =:F £2 

h:~n I 5; cbuang 
b~: Luyen tlnh 

(2.6) 

(2. 7) 

nghia Ia tuong ung lo~i ra kh6ng khao sat tren tr~c "'' cac diem B-, (o'_ ()., = Oh g)iao 

di~m cua do thi A voi tn,rc hoitnh ,,} ) va (/,~' oc+ ( s6 Me trung l<ep ),_ = 11+ = -- E 2 . 
Ba truCmg hop c6 the xay ra : 

Khi clo: f2 > [';2 hay l - [ < '"' < 1 + [ ; 

-hoJ + y£2 _ 6.' > 0 hay (w' ·· 1)2- (£' - b2u,2) < b 

Cite gia tri tuang ung cu2 nam trong kh•)ang c~-, Vl. 
Tren m~t oab g6c 0 10 diem yen vi.- diem M chuye11 d¢ng 
thea phuong trlnb.·: 

trong 0.6: 

X = l/ f + t; 
v f --6 

(2.10) 

(2.11) 

Kbi t-)-- =, phJ.n l6n d.c chuy~n dQng rOi xa gOc 
tren hc;o~c ti~m c0-n dtn 'duOng OD+ .c1) dQ dOc tgcp+ = X_; 
mOt sO chtlyen d¢ng den den g6c tren duOng OD _ c6 
do doc tg?. =-X (hinh 3.1 
D~ dang nhdn ra 9+ va ~_:_ chlnh la hai g6c kch pha ~a 0 § 1 vi·: 

Hinh 3 

(2.8) 

'(2.9) 

• ' J - tg''P-·· 
cos2'.? 1 _ = 

(2.12) 

. 1 + tg''P+·-

(chi1 y rbng khi 6. > Q, '¥+ > 45'' ; khi 6 < 0, ?+ < 45°) 
Tren m;Jt pha, khi t --'}< '-"' cite chuyE:n dQng li ho~c tl~n1 c~.n cten dJ.ng xo~1n, cbu 

k)r mQt vOng quay la 2~t{c,) ; phJ.n l011 cC1 bten dQ tang dt g6c l~ch pha bang ho?C ti~m 
~~\n dEn s;i<l tri 'V/r+'+ + n:); rnQt sO c6 bien dQ gi<1m yQ c6 g6c l~ch pha r.p_((?- +· n). che 
d.Q d.n btmg khOng On chnh. 

2. Hqi tsg d9c tntrtl9 thy-<: dm vtl ~'h~n bi~t: --,. __ <:~: ),+ <: 0. 

Khi cL\ clieu ki~n (2.8) thoa man vit: 
(2.13) --hoJ + .y f' _ !;2 < 0 hay (c}- 1)2 -- (£2 - h

2
w2) > O· 

Cck ~\8. tri tuong Ung (t) 2 nam trong khoiing ( cc, ~-) ho~c (~+, z+). Tren m~t oab, 
gOc o_la ditm nt1t On dinh. C,huy'E~n dQng dta·M.du.L;c·bieu dien tren hA. TU do de dang 
hinh ~ung ra d.c chuyen dOng xo%m tr~n m~t pha: Hit di deu tien t(Ji g~._')c o ; chu ky m9t 
r'CI!ig quay bhng ho{),c tien den 2~/c.u phin lOn -c6 g6c l~ch pha.· bapg ho~_.;: ti~m d~tY den t:p+; 

mQt sO ct.'-? g1Jc _l~ch pha btmg 7-· 
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Khi d0: 

/) \ 
.. I 

\ 

Hlnh 4 

(2.14) 

6 

Hinh 5 

Cac gia tri tuatig Ung w2 n~m ngoa.i .do~n [x-, ~+]. ·.Tren m~t oab, gOc o 1a Ctiem ti€u On 
dinh, <Hem M chuyen d<)ng theo phum1g trinh : 

a= e-Ehtf2(C+cosept +C_.sinept) 

b = p.e-0 h'f2(C+sinzpt- C_cosept) 

trong do . p = .2:_ 1/6.2 
-- t 2 

; 'L .= + 1 f L\ + ~ (dau +(-) khi 6. > a (~.:- 0)). 
2c.J • -- v D. - . . ..... 

G6c l¢ch pha bi~n thien t h'o quy ·lu~t : 

tg7 = [Ltg(zpt + f'J) 
trong c'!6 fJ phu ·thuoc di~u ki¢n .cl~u. 

(2.15) i 

(1.16) 

G6c 'P tang hay giam ttiy theo ti > 0 h'Y ti < 0 va gom bai tbanh phan : thimh phan bi~n 
t~i@n deu 1tu)t g6c 11: trong mdi kho<:ing th(ti gian nfep; - thinh ph~n tu2.n hoan chu ky itfsp 
(vis nt~m 6 niau s6~ chu k)- nay d~d). Tren h.), bieu diCn chuyen dQng. cUa M khi 
ll :> 0 ; chieu xoan nguqc lq.i khi t1 <:; 0. 

Tren mat pha, C() chuyen dong xoan tien \ e gOc 0 -~tOng hQp cUa chuyen dQng 
xoan noi tren , ai chuyen dOng quay deu ella mat oab. ChC dO can bang On ctinh ti~m c~n. 

Nhung ket qua phan tich tren cho thay· g6c l~ch pha bien tbien rat da dang : ~6 
the tiCn a en d.c ghi trf h8.i1g (truOng hqp 1 va 2) nhung cling C(l thC bien thien deu kern 
tbeo ph~ln tu~tn ho~m v8. kh6ng c6 gi6i h~m chung (truOng hQp 3 )· ChU }' d'mg, tuy cUng 
duc.1c gqi la On dinh tiem c?n, guy lu~~t bien t~ien cUa g6c l~ch pha 6 truOng hQp_ 2 va 
3 ho8tn to~w khac nhau. Vi v~y quan ni¢m chi d() d.n bang tuong Ung gOc l~ch pha hang 
b khOng c6 co sO. 

M<;i.t k;h8c 1 kbJi ni~rn On dtnh cUa che d¢ d.n bing r6 rang· ch:i lien quan den quy 
lu~t bien thieri cua bien d6, ~6c l~ch pha khong giu vai tto gi nen cling khong ht;Jp ly 
khi kh:io sat on dinh ctia che dt) can bang theo cii hai bien bi~n do va pha. 

§3. NHUNG H,;,.N C!'IJ VA Sid LAM TRONG KET QUA Til\'H 'l'OAN 

C() thC cling cd t1ht1ng nhJ.11 d:!nh. trEn qua vi~c xem xet d. c. ket qua thu Ch:rqc khi 
ap d\lng phu:ong phap l~p M bie11 ph:in 'tong [1]. 
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Tru6c bEt, theo (LO). phvong phttp \'tt kCt qu~ rhu duo~- cl:d c(:. gi:l tr} khi : 

\Iii c:;:; f hay 1 ~ f < ,,,2 c:;:; 1 + f (3.1) 

tuong unk khoang ton s6 thu6c do~r: t~-. "+] (th\lc ro, ttwng tmg hsi di~m ~-vii ~t m~t 
s6 a~C- trung bang khong trong khi s6 kia am, tu tinh On ainh khong' ti¢m ciin Cua h~ 
biO'n phan, chung ta kh6ng th~ rut ra k~t lu~n v~ tinh lln dinh ci1a h~ trung binh). Doan-

- tr€n. chi lU mQt ph~n clta vtmg cQng huOng ; ngoai do;:J.n tr~n~ chua· c6 kt~t lu~n v~ On thnh. 

m dang dua ra m¢t thi dl! trong de do<:~n [ cz-, "+ J quy v~ m¢t diem, h~ bien pban 
lap theo [1] dan den nhfrng Ht lu~n khong the ch~p nh~n duQc. Thvc vay, xet M: 

~ + w2 x ~ e [1\.x ~ h.x ~ ~x3 + 2f:<3cos2olt] 

H¢ trung binh Ia: 

• er ( r~- -hw+ 
2w 

1 . ) . <r ( 3 2 ) ~ fr2stn2<p _; r<p = -- Li - - kr + fr2cos2<p 
2 · 2w 4 

Tir do de dang lap M bien phan c~a che d¢ can bang : 

E S 
(ar)· = - - h (ilr); 0 =- Li (or), 

2 _ 2<u 

(3.2) 

(3.3) 

(3.4) 

trong d6 phuang trinh th{r hai cho Ll. = 0 nghia Ia t~~ s6 kich d¢ng 012 ~ 1 (!). Xet th\ d\1 
M bai b~c t¥ do khong ch[u kich d¢ng ngo~i 1\tC : 

" 2 • • • 
X1 + r.ltXl = 0 [hJ XI- k1 x1 +(In! X) +fit Xl)X~j 

x;·-+ <uix2 = 8 [hzx'z- k2;1(mzx2 + n2;2) xTJ 
tronz d6 : ul!, ,.,2 - cac t~n s6 rieng khOng c¢ng huc\ng ; _ 
hi, k1, ffii, Oi (i ~ 1,2) - cac h1mg S6 duong. 

Dua vao d.c bi~n bien d¢ '-- pha n, cp 1, r2, t:p2 vii l~p h~ ·trung biuh: 

fl = - k11-- . l(uift + - rz ; fl<pl = -- r2f1, • Er 1 [ 3 k , 2 nt 2 J ·, Emt ·• 

2 4 2 4oJ1 

• or2 [ 3 k 2 , nz 2 J · •m2 2 
r2 = -,- hz -·- 2(•J2ti' + - rt ~ !tlfl2 = -- rl r2. 

2 4 2 4w2 

cbe dO dao dong ella ri6ng Xt tuong \rng t_lghi;m dUng: 

(3.5) 

(3.6) 

l..k,uJ/tJ ~ ht; q>J ,_ haog: rz ~ 0 (3·7) 
4 

Neu lip h~ bien philo theo [1], phuong trioh bien pb\n cuoi se cbo bien do r 1 ~ 0 (I) 
I -

f)ja chi: Nhan ngay 6/4/1983 
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i\Ha.1l!l3Bpyc:TCH ll3.nO}KeiHiii B [1] >!eTO,\ DOCTpOCHHR CHCTC,!hl )'p3BHeHHfi 

B B2pHaD;fi51X n-o ·a·11DJ'IHTY~1,0-4Ja3e D)I51 peil\HMa paBHOBCCfiH B ~ TifiP0}IeTpifCICCI<Ofi 

CHCTe!I.H!. 6hl.'10 OT:v!e.t.IC.HO, ~TO npe;.vrO:tKeHHH 0 ITOCTOI!HH0~1 9H31!eHHfi c.Pa3~ H 06 

JCTO(iqHSOCTH ITO <jla 3C HE: OC!IOE3Hbl. l1p!!BC,L(eHbl HCKOTOpble np!!'Iepbl, B KOTO­

pbiX IT051B,1HWTC.H or.:reB!f)J;Hble OIIJ,H6KH. 
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SCJV!MAHY 

GENERALIZED- DIFFUSIVE THEORY OF SOLID MIXTURES 

Ill. ANISOTROPY AND WAVE rROPAGATIO~ IN COMl'OZITE MATERIAL 

Ir-t thi~ paper the linear elastic constituti-ve equations for anisotropic compozite mat; 
rial are. obtained. Thr: .. wave propagation in this materi.al .i~ discussed. 
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