
vE: DJNH LY DUY NHAT NGHI:i):Th'I CUA BAI TOAN DQN:G 

VOl MO HINH V"~T LI¢U THEO THUYET 

BIEN D~NG DAN DEO NH6 

Ni;UYEN BANG BICH 

Dinh ly duy nhat nghi~m cua bai toan dong, voi mo hinh v~t li~u dim hoi trinh 
bay trong [1], vcri m6 hinh v~t li~u cung deo trinh bay trong [2]. Dinh ly v~ duy nh~t 
nghi;m cua bai toan bien nnh, vcri m6 hinh v~t li~u theo thuyer bien d~ng dim cleo 
nho, trinh bay trong [3]. 

Trong bid nay trinh bay dinh ly · v~ duy nhat nghi~m cuo bid. toil~ dong, voi !1'6 
hlnh v~t li~u theo thuyet bien d~ng dim cleo nhO. 

Xet v~t c6 m~t d¢ kh6i luqng p, bao quanh hOi mQt m~t trdn tiing khuc S, m~t 
s gom hai ph~n, Sp tren d6 cho lvc phu thu¢c toa d¢'kh6ng gian Xi va thai gian t:O'ij!lj= ·F, 
nguQc l~i tr~n Su cho tru6c chuyen dich Vi (x1. t) =:=: ViS. N-eu bO qua sv thay'- dM .-.hinh 
dang cUa v~t the, thi qi thOi ·diem t nao d6 duOi tic dtJng- cUa tiH. trong mijt ·Vl lt;tc 
kh6i !z,(x,, t) trong v?t the se pbit sinh m¢t truilng dich chuyen, m<)t truimg biet1 d~ng 
v·a m6t truOng Ung st,t:lt, duQC d~c trung bOi ten XO bien d~ng nbO ~ij va· ten xo trng- su'itt 
O"ij. v~ .phuong di~n toan hoc, bai to an xac dinh truong bi~n d~ng va ung suat cua v~t 
the du6i tac d\tng cua ngoai h;rc, vai cac dieu ki~n rang bu<:>c nhu dii trinh bay 6 tren, 
duQc mo .til bai cite phuang trinh sau: 

a) Ph ~tang trinh chnyJn Jrng: 
.. 

!'Jij,j + pKi = PVi 
b) Cdc It; thtic kink lt9c. 
Ten xo bl~n d~ng nho duqc xac dinh qua dich chuy~n nhu sau: 

1 
qi =- (v1,,· + Vi~i) 2 .. 

(1.1) 

(1.2) 

c) Cdc quan hf ''41 lij. 
Ghl thiet ding v~.t the lam vi~c trong trl?.ng th~i cta.n deoj theo thuyet bien d~ng 

dan deo nh(, chllng ta c.-» h¢ th(rc co ban sau: 

trong d6: 

, 2cru ~ 
Cl'Ij = --. ~jj, 

3eu 

cr= 3Ke, 

<ru = 3Geu (1 - w ( eu) ], 

O'u. = ( + O'ijO'ij) lf2 

(1.3) 

(1,4) 
·.· (i.5l 
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1 
0 = -·~ Cfil 3 . 

Duong cong bien d;;ng duy nMt (1.5) tu:ln theo nhung gia thiet 

dcrtt ----... 
0 --_,, 

deu 
(1.6) 

J 2cru ..---. -2-""' 0. (1.7) 
deu 

Bang tinh toan don gian ttr m6 hinh 'l;i_t li~u ta co du\;lc cac ket qui\ bo ich sau : 

d) Di?u kiln biin : 

Cu > 0, 

eu 
Bij =- ~ij~ 

Cu 

cru .--- eu --"""--. 
O'u eu 

(1.8) 

(1.9) 

(1.10) 

(1.11) 
trong it6 

Gijhj = Fi tren Sp; Vi::::;:: Vis tren Su, 

S=s.usu·; Spnsu=O. 
•) DOu ki;n ilau : 

Tr~ng thai cila v~t the khi bat dau khiio sftt duQC x;ic dtfih b6i cite ciieu ki¢n: 

(1.12) 

.Bai toan toan hoc tren clay Ia tlay du va cho phep cMng ta xac clinh du0c lo giiii' 
Can chl.ra rhng liJi giiii cua bai toan tren Ia duy nhat. Thit. v;i.y nghjch ly se xay ra khi 
sv ·duy nhat >hong. du0c khang dinh. De chung minh chimg ta gii\ thiet rang ton tai hai 
n.ghiem v(;J, e. £1.J -d.J ~,a· vl?J ~.(!-.J at7.J cu·ng-thOa man cHeu kien bien.(111) di~u kien 

• . l . iJ ' u 1 J ' ' L ' - l] ' - 1 j -·. - · • 1 . 

dau (1.12). Hien nhien la hi~u Ui = v\~J-'" v\!J, eq = e(ZlJ - e~[il' Tij = cr.\;1.1- \cr-hl 10 nghi~m 
ctia bid toan thu~n nHt sau : ' 

vd'i; 

"t'iJ11i = 0 tren Sp, 

Ui = Uis = 0 tren Su, 

u; lt=O = ;,i ft=O = O. 

( 1.13) 

(1.14} 

(115) 

Tit dieu ki~n dau tb,u~n nhat C\!a djch chuyen (1.5), dt.ra vao mo hinh y(Jt 1i¢u ta 
suy ra Ung suat ban dau cling th.uan i1h8:t: 

(1.16) 

I. de H. THITC co· BAN 

Nhan hai ve dla phuong t.rinh (1.13) v6i L~i r5i lay tich pban tbeo t tlt 0 det1 ·T va 
theo the ticli v eua v:)t the ta dcrqc : 

6-

~ J J ~ii,i ~; dtdV = 

Va 

( 2 1 j 



b ) ~ 1'il~' -.· .,_,. ~--n1y-~nF·tr'rft.i(?:1-)va"li!-wti~h 
f\p dunn ~-0rw t 1:rc ( ;{tcograt_'~,;:J .. _,ot VOl Yf. H81 en:,;. :--'··'"' ·' 6 - l __ L \"-'_·-. · 1 ;..: • 

phan theo t doi ~_-ot ve ph~H~ chU )' den Ui{';u ki~n bien (1.14) -.~ieu ben d~u (L1'5) ta dut;~c: 
T -s s '<ij ;,,j dtdV = % I 0 ~i ~;dV. (2.2) 

Vo V 
Ap d\lng tich phan tung phan. theo thai gian, doi vai v~ trai cua phuong trlnh (2.2) 

chu y den di~u ki~n d~u (1.16) ta co : 
. . . I 

J"( ·n;•;i + ~ ? ~'~' )dv = f J ~;ie;; dtdV. (2,3) 

v . v 0 

Dua vao (2.2), (2.3) ta s~y ra: 
T s ( T;;eij + p ~i u';) dV = s s ( ~ijeij - 1ij ~ij) dtdV. (2,4) 

V Vo · 

Neu ung su~.t va bien d~ng lien M v6i nhau theo quy lu~t dan hoithi ve phai cua 
bang khong va' khi d6 ta c6 : -(2.4) s (~\;e;i + p~i ~;) dV = 0. (2.5) 

v 
Dva viw (2- 5) ta chung minh duoc dinh ly v~ duy nhat nghi~m trong truong hop 

dan ho!. Ni'u. ung suat va bie'n dang lien he v6i nhau theo thuyet bien d;Jng dan deo nM 
thl thee [3] ve wii cua (2.4) khong am. Ta se chuna minh ve phiii cua (2.4) khong duang. 
V~y dau bang trong (2.4) chl xay ra, khi ca hai ve d~u bang kh6ng va ta lei co (2.5), 'tir 
do se chung minh duqc dinh ly ve duy nhat nghi~m, theo thuyet bien dang dan deo nhe. 

2. CHVI\IG MINH VE PHil CUA (2.4) KHOIIIG DIJ'O'NG 

v~ phiii cua (2.4) khong du:ong khi: 

A= ~ijeii - "'li~ii <:; 0 (2.6) 

sao cho (2.6) xay ,; d6i v6i moi bien kh6ng gian va thai gian trong mien dm,1c ·xet. 

Bien d6i (2.6) co chu y den (1.3)- (1.5) va (1.9) ta duqc: 

A=- {[ ( "~21 :__ cr;/')( ~~21 _ ~ ~11 )- ( ~ ~21 _ ~~1 ')(: e'~' _ e~1 ',)] + 

(2. 7) 

Goi bl.ht thUc 
' . 3 (2J fll 

v·a v1 ;;--;;-. eu eu. 

trong moe vuong thu nhat va thu hai a ve phiH cua (2.7) la B via C 

·- e~r~ $it; > 0 theo bat ctang thUc Svac. Nen d@ dating minh ve phai 
2 

c~a (2.4) !::hong duong ta dn chung mioh B va C khong am: 

a) Chzing mink B k!tong am: 
'(J(2) - 0'(1) 

~. u 

e(2) - et1.l T0r gi~ thiet (1.6) suy ra: 
u u 

7 



,. ,. 
e u - e u 

(2) (1J) 

1 (· (2) (I)) ( (2) (1)) • ~ d2
cru I 

-- O'u - cru en - eu eu -d 
2 

= -~ .B 
dcru I _ -_ . · en e~ 
deu e~ 

Dva vao (1.6), (1.7), (1.8) tir (2-9) rut ra B > o 
b) Ch~ng mink C kkiJng iim 

• t 21 • ci 1 ) r1 1 • crJ • t 21 . cz 1 ) 
. ( eu C"u O'u. ( eu O'u ) cru 
C = ~ --' --:ri') ellJ -· --;uJ _--- cr\2J et2J 

u . vu ll u· u - u 

Khao sit d~u cua C dua ve xet dau cua hai clai luqng 

• r 2J • (1 J • Ul 

a=~-~-· b= ~-
el2J 0 [J.i ' eill 

u u u 

'l:)~u ' cua a va b theo logic c6 th~ xii y ra nhu sau : 
' 1. a<;;;o l:i.;;;o 

2, a<:O b;=;.o 
3. a;=;.o b;:;,.o 
4. a.;:;.o b<;;;o 
Tir (1.10) ta suy ra · 

hay a+ b > 0 

Truong hQp 1 kh6ng the xay ra, vi trii v6i (2.12), 

Tmong hop 3 xay ra ta c6 ngay C > 0. 

Theo giii thiet (1.6) c6 hai kha nang xily ra: 

(1) ( 1) 
. , ( 3) , h' l eu cr u .. Neu · 2.1 xay rat t n · ,

2
, . 

. eu 6'J2l 

(2) --. (l) 
cru p cru 

(2.8) 

(2.9) 

(2.10) 

(2.11) 

(2 '12) 

(2.13) 

(2,14) 

(2.15) 



D~u b1mg trong (2.15) xay ra khi t = 0. Vi khi do theo (L15), (Ll6) 
(21 f2] 

eu au 

Gi;i- sl'r ttuOng hyp 2 xil y ra, khi d6 b - a > 0 

M~t khac ta thay: 

d . [1] [1] 

[ 
· eu o-, l b - a = - lu ---- · 

-- dt e~z.l cr~1 2J 

Nhu vdy \.1 
(!) ( 1) 

eu cru 

eJ2l cr&2l 
la bam dong bien theo t, bon nfra lai dong bien tit 

gia tr! kh6ng. nen 

(2.17) 

Ket qua (2.17) tn\i v6i (2.15). ViJy tru6ng. hqp thtr bai kb'ong th~ xay ra, Dua vao 
(2.13) va (1.7) ta suy ra: · ' 

< (2,18) 

Truong hop 4 x1\y ra theo (2.18) ta c6: 

(2.19) 

Tir (2.19) wy ra (2.20) 

Duo viw (2.12) ta di den ket luau C :;;;,. 0 (2.21) 

Ntu (2.14) xAy ra, bing each chUng il1inb tuong tv se ch~ng tO <iuQc rang truOng 
hop 4 kh6ng the dy ra, trubog hop 2 c6 th~ xily ra ohuog khi d6 bat dong thuc (2.21) 
cling duqc nghi~m (iting. V{J.y ta lu6n lu6n c6 C khOng am. 

Due vi1o (2.10), (2.21) tir (2. 7) ta suy ra A."( 0 (2.22) 

_ Tren !:O s6 ,(2.22) thto l)· ht~n (~~ cu6i phlln ·1, (2.4) se x 
baog kb6ng. Do d6 ta c6: 

f ( ~1;e;; + P~i ~') dV = 0 

v 
Theo [3] acing tht'rc (2.23) c<\ the vi~t: 

r2 khi d h•i v~ ct~ u 

f p ;,, ~i dV + f [(<-;'';' -- cr<;JJ (e'~' - e';,') + 3(0 <2J -,,OJ) (s<2J - e<lJ)] dV + 
v v 

(2.2<1) 



Dinh ly 
u~11 = &~1

21 , crUJ ::=:: cr( 2 J~ crip 

ve duy nhat nghi~_m_ duqc chU-ng minh. 

tJja chi 

TruiJng J~i kpc Tbng k~p Ha N[ii Nhan ngay 20j10f1983 
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SUMMARY 

ON THE THEOREM WITH UNIQUENESS OF SOLUTION IN 

DYNAMICS PROBLEM ACCORDING TO THE THEORY OF SMALL 

ELASTOPLAST!C DEFOI;MAT!ONS 

In dynamics, the uniqueness of solutions was presented for elastic problem [1] and· 

for rigid plastic problem bo·;ed on the theory of plastic flow [2]. In this paper the theorem 

Vlith uniqueness of s'Jlutil)l1S in the dynamics problem according to the tb~c)fy of small ela 

stoplastic deformations is presented _for .a class of bodies subjected to tirne-depend('nt sur­

!ac~ tractiOns with tll/O impotant <L~:mmption.:~ su rhat. the theory(>{ small elastoplastic defor-

- .;~ ma.tions may be used. 

First, dispbccment:; '>rill be assumed sufficiently small, th2t the original geomeuy 
may used iu wdting the equilibrium egdotions, 

Second,. e;\.tt::-ftnd lo:1.ds from the mG1ltnt of tDeir application inr~rea.se pro_portionaly 

n the slngle parameter. 


