
DAO HQNG NGAU NHI£N C(JA I'U~: CO' HQC CO CHUA 

BQ LQC TUYE:N TINH CO SO D~C TRUNG THlJC AM 

NGUYEN BONG ANH 

§ M& BAU 

Hi~n nay trong vi~ckhiio sat dao d<)ng ngau nhien phuong phap phuong trinh FPK ket hQ.p 
vai phuong phap trung binh h6a cho cac Ht qua kba tot. Tuy nhien phuong pbap nay 
doi hOi kich dong ngau nhien phi\i Ia «.t•\ trang • va nhu v~y d~t ra vh de chn thiet 
me'! r(Jng phuong phap nay l:ho cac kich· dOng ngau' nhien dang khac. Truilc het ta xet 
rn<)t ]C,p cac qua trinh ngiiu nhien d irng chuan c6 rn~t d¢ pho phan so buu tl. Nhu da bi6t 
c{lc quJ trinh nay c6 the coi I a ket qua ella« On tdmg »qua mOt bQ 1Qc tuyen tinh. Trang 
van de nay cac phuong trinh ,; pban bat cao [1] c6 nhi'rng ling dung t<5t. 

§I. PHU'O'NG PHAP NGH!£N CUU 

Xet M co hQc mi)t b~c l\1 do c6 phuong trinh chuyen d¢ag 

X+ w2X = sf(X, X, olt) + Y~ aq(t) 

trong c\6 q(t)- kich a¢ng ng:\u nhien QUQC XaC ainh boi phuong trinh 

n-1 

Ln g(t)., _:lnq(t) +\'a,~ q(t) = b~(t), 
·· dtn L.,; dt" 

s=O 

(1.1) 

(1.2) 

a, b, a,= canst, tlt) -- « <\n tri\ng" c6 cuong do don vi. Ta se gia thiet ding b(i loc (1.2) 
c6 de si.S d~c trung th17c tim,. ttrc la de oghi¢1n cUa phuang trinh d(ic tr':tng i\1 .· .. 

n-1 

/('A) . "'" + I: .,,.' = a 

s=O 

iil des,) thuc itm khk nhau. Loai g(t) kh!ti h~ phuang trinh (1.1), (1.2) taco· 

· Ln (X: + cv2 X) = <Lnf(X, X, wt) + lis ab ~(t) · 
Phuc;ng rrlnt1 d~c trung ella h¢ tuyen tinh tuang lrng se Ht 

(\
2 + w2) I(\) = 0. 

Tlr 06 oghiem tClQg qu1t c.Ua ph,uong trlnh suy bh~n se la 

n 

X(t) = L c,/'1 + Acos <}, 'i' = wt + e. 
i~l 

(1.3) 

(1.4) 

(1.5) 

(1.6) 
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elk 
+ A(t;' ···-- COR '.,:.'-' 

dtk '' 
(L7) 

i=l 

v6i A(t), C;(t), 8(t) ... qua trlnh khuech tan mac-c6p thoa man M phuang trinh 
dC,(tl . . . .1- · . · 
-- = e ~, ( t, C, II, 8). + v e 01 ( t, C, A, A) E(t) clt • ' . . . . . 

sau 

dA(t) ., , , 1- . • 
_d_t_ = B"n+l (t, C, A, 6), V< ~ntl (t, C, A, 6) i;(t) 

. d6(t) . .1- : . 
~ = <Gtnt2(t, C, A, 8) + ve·~nt2(t, C, A, 6) ~(t) (1.8) 

(1.9) 

. i=J. 
n 

l""' " k )q t 
'-' Ai e "' + 

i)k • . 

+ A -- (- sin II') "n+2 = 
»tk . 

i=l 
a ( ak · ) · 1 a• 2 

- -- cos<); ~nt1~n+2-- A-- ('--cos<);) ~n+2 + 
aoji . &tk · 2 ark 

k • 
ilutl [Ln f (X, X, wt) ]!, (1.10) 

on+1- , ·' .k:;:O,n+l, "k _ )0, "k+n+l 
1, k = n + 1 

. 'k) n . 
. • . • ' '\' k f.i(t) dk 
[Lnf (X, X, wt)]t = Luf (X. X, wt) I X = L C;l., e · +A (t) dtk cos~-

i=l 

Tir (1.9). (UO) ta thiiy cite M pbuong trinh nay se xac atnh duy nhat de an "'· ~~ 
O:nd~ a:nd, ~n+b ~n+2, vi dj.nh thtrc cUa chUng la d!nh th{rc V:conski cUa phuong trinh 

l ... ' · b ( ).)t ),nl 1jl A · · · ] ' ) ' kb' kh' S kh cj suy 01en tuyen tm \YJ ,_e , ... , e , cos 1 - Sin'l{.l) va .uon ubn ac or g. 3.U · i ' 
x:Ac cHnh cCtc ~m trong phuong tdnh (L8) t~. thay bifn :-! 

(1.11) 
vi dua h~ (LB) ve d<mg chu!ln 

dD1 , n -- f-1t - ;-- ---/,it ~: 
~· = ~ J',:\ Ll:l + Ecqe + \ e f~i e c;(t), 

tit 
dA · - ,: . dtl .·1-. ·" 

- C-:=" U.Ln+1 + 1/8 ~n+l c(t)3 ~ = EO::nj-':> ·-1-- '\ 8 Pn-1-2 ,:(t) dt ' . . .,, dt . - . 
(1.12) 

Troag M (L12) de bien D; - lade bien nhanh. Theo dinh ly ve "i ph~ thui)c lien :\tc 
cUa nghi~m cUa phuong trlnh vl -phtl.n ngau nhU~n vao tba m sOJ vOi t dU IOn ta se xitp -x 1 
D; " 0. Ti.r d6 tha y cho h~ (1.12) ta xet M 

dA 

dt 
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de 
dt 

(1,13) 

Doi v{ri he phucmg trinh (1.13) ta c6 the l~p pln;ong trinh trung blnh h6a FPK sau 

o . a , 1 a' a' . a' 
_ (KrW) + -. - (K2W) ~ .,-- -- (K!!W) + "AB" (Kr2W) +·a"' (K22W) (1,14) 
a A ar1 2 a A 2 " " v 

trong d6 
Kr(A, 0) ~ M(«n+I), K,(A, 0) ~ M(c.:n+2) 

t 

K11 (1'1, A) ~ M (~~+I), 
t 

K12 ~ M(~n+l i'n+2), 
t 

K22 (A, 8) ~ M(~~+z). · 

D6i v6i h~ 6t6mon phuong trinh FPK (1.14) cho nghiem dimg sau 
A 

W(A) ~ C exp I- 2 f Kr(":l_ dAI 
Ku(A) ./ Ku(A) · I 

Ham m~t dQ xac suat o-ay se dqt eve tri Ll cac diem aWj<JA = 0 

· hay Ia 

Ta xCt phuang-· trinb 

2Kr(A) ~ dK11 (A)idA 

§2. vi Dl! 

t 
(1.15) 

(1.16) 

(1.17) 

(1.18) 

(2.1) 

trong ct6 q(t)- qu:\ trinh ng!lu nhien h6 lion dang mu c6 ham m~t dO ph~ va ham·tuang 
quan sau 

(2.2) 

Phuong trinh vi phdn cho q(t) se lir (2 .3) 

trong tnr0ng h..,lp nity /q = -- ·r;. Lo::ti q ta ch_rQc phnong trinh Sau 

. X HX + oJ 2 X + ·~r·> 2 X ~ 2 [ f + ·r1 ddt f J + V E-a cr0 V2 ~ ~( t) (2.4) 

Sau khi tiah toan ta c6 M phuong trinh sau ([2]): 

~: = 8"3 (0. A,·~) + VB ~3 (0, A, ·H ~ (t) 

crp~a 2 ((•J~in•f; -- "IJCOS!.)-)2 
C/."---:- --·· . 

-,~ _, A<,/· ((•)2 + -~2)2 

,-,Jsin·1 -- ·rcosr~ - · 
.C.--',-~.'..2) · [L1 f(X, X, wt)Jc + 

Ac·)((>J · + ·'i 

V2r,a0'0 (wcos•} + ·r,sin•jJ) 
(•)((•)2 -+ .IJ2) 

<·JCos·~ + ·risin·~ 
A(c.J 2 + 'tr2 ) 

[L1 f(X, X,.<•>t)] 0 , 

2'1jcr;a2 (<ocos<jl + 'frsin•}) (wsln•~- ·r,co&<)>) 

A2w 2 (w2 + ·r, 2) 2 

I>• = _j31J M 0 ( wsin<jl - ·r,cos<jl) 
Atv(m2 +'TJ') 

(2.5) 

. (2,6) 
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X = Acos~~, X = - Ac.)sin~i; 
X = - Aw2cos•!;. 

Ta hiiy ung d,,ng k~t qua tren cho phuongtrinh Van Der Pol chi" kich d¢ug ngau 
nbien hi\ lien d~g mu 

X + o}X = s(1- yX2):X + v~ aq(t), 

q(t) + ·"q(t) = V2r,cr, ~(t). 
Nh>iug tinh toan cho thily . 

. .. _ _.:·r:c:1a:,.:2":.::;c........_ yA 3 A 
K!(A)=- ---+-

Ao>2(w2 + ·~ 2 ) 8 2 

Thay vito (1.18) ta thu tluoc gia tri trung binh cua bien do 

(2.7) 

(2.8) 

, . 1 I 2 1 j 4 Sr,a2crz .· (Z.9) 
" = V-:;- V -={2' + (w2 + 'lj2 )yw2 · 

D6i voi truong hop ti~n a[nh (a= 0) tir (2.9) ta thu. OUQC _gia tri aii biet Cl!a 
bi~n d¢ 

A = 2/yy (2.10) 

Tjl chti y r~ng khi q(t)- kich d¢ng <on trilhg • gh\ tri trung blnh eua bien d~ se Ia 

A = ,/ ~+ 1/ ~ + 2a2 (2.11) 
V "( V y2 yw2 

"' 
Dja chi : Vif11 Co hoc Vi{n KHVN Nh4n ngay 1)/11/1982 
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. PE3!0ME 

CJW4A!1HOE KOJ(E5AHH1! MEXA!-ll14ECKHX CHCTEM, 
CO)l,EPJKAJOU\FIX .'1l1HE!1Hb!ti rpv!JITP C ,[i,El~ICTBHTE;~bHb!Mv! 
OTPHL\ATEJlbHblMFI XAPA!<TEPHCTVI4ECKHMI1 LII1CJ1AMYI 

l3 paoore ,C\3HO npnMene.mre MeT0.::\3 ypaBneH!1ii cpTIK H Mero;:(a ycpe)l.
HeHHH I{ :HCCJieMOBfij-UiK> CJlyqafHIOfO KO.':tC6aHHH B M'exaHIPieCKflX Cl'IC're;.,mx ITO,:J, 

.u,eitcTBHe~-r cny"lafiHhiX npou,eccoB, :tn.teiOI.IJJiX 11,po6Ho pau,hoHaJihHble cneKTpn.1hHbiC: 

ruiOTHOCTll. B Ka'!ecTBe rrpirMepa paccMOTpeHo ypaaneHae Ban-)l,ep-Ilo,ur no.[l 
.l\~.ii CT!l a e~<~ 8Kcfr()Ji'<! il l\H3.1l>H6-Ko.~ .~ epnpoaaH HO ro c;ryqai1Horo u.po r(e cc a. 


