
DAO fl(ING TVA DtrNG (~UA CAC H.!): CO HQ<t 

V(H KICH :m)N;f; NGJiU NHIEN 

NGUYI~N XC' AN HUNG- NGL'YI~N TIEN KHIEM ~·.'!'RAN DUO'NG HLEN 

Trang i}' thuyCt dao d¢ng ng3.u nhien, dso dQng d·lrng drrqc hi~u Ia chuy'~n d¢ng 
mang tinh chflt ella quit tdnh ngfiu nhien dt'rng, n6i d_ch kh2.c 1:1 nghi¢m dlrng ella pbuang 
trinh -vi ph<in chuy~n dQng. Nhrrng trong nhieu tnr&ng hqp c6 th~ tim duqc chuy'~n 
dQng d~ng 

x(t) = ncos(M + 6) ,. (1.1) 

trong d6 a, 8_ Ht qua trinh ng~u nhien dt'rng. Qua trinh (1.1) n6i 'chung I:l qua trinh ng9.u 
nhien kh6ng dUng, vi v~y n6 kh6ng phfti Ut clao dQng <'lt'rng. Nhung tinh chat vii Y ngh'ia 
ella n6 g.8.n !i~n v&i cite qua trinh ng[u nhien dtrog. 

B~ ngiln gQn, (1. 1) _dugc gQi 13 dao ch)ng tva Q{l'rng. Bi~u ki~n tOn tl}.i dao dQng 
tga dtl:ng ta dieu ki~n tOn t~1i d.e qua trlnh ngfiu nhien dtrng a, 8 thOa 'man (1.1). 

Trong b:ii h3o nay, trlnh bay m6i Hen h¢ gifra clao Cl:¢ng tl!a dt'rng (1.1) v&i dao 
dt')ng dUng th6ng tllu6ng . .:\Tghieu clru/dao dQng ll;l'a d·lrng trong h~ t~i6n6m a tuy€n, trong 
h~ khi c6 kich ct¢ng ngllu nhien khOng dt'rng va khfti ni~m On d!nh cUa n6. 

§ 2. mtu KI:I);N Bi!: DAO BQNG TlJA DUNG LA QUA TRINH 
~i ~ ~ 

NGAU NHIEN DUNG 

Diah- nghia: Trang h¢ Ca h9c 2-:(x, x), ch0 dQ chuyen ClQng (x, x) g9i H chif d:¢ 
dao ct¢ng t\ra dUng n~u tOn t?.i qwi trinh ngfl.u nhit~n ch'rng a, 6 d't 

x: = acos(wt + 6), ~ = --- a6)sin(<•)l. + 6) (2.1) 

v&i a= Vx2 +--\- ~2 , 8 + <DI ~<I>( I)= - arctg 
(•) O)X 

(2.2) 
X 

Gi<l s-tr phfln b6 xflc suat ella a V~l 8 L'l p(a, fl). Xem (2.1} ho~e (2.2) El phep bi~n 

d¢, Jllc d6 m~t d¢ x:ic suat dh (x. x:) li -\V(t, X x) se b2.ng 

W(t, x, ~) = aulp(a, 8)1 _
1 
J , 

a = V x2 + (2.3) (. ~ ' 
, 6 = -- . <dt + arclg --) 

, wx 

-Dinh ly l: Ch&" dQ dao d~)ng tva dlrog (1.1i h\ quft trinh ngii.u nhien dtrng khi 
phfin hO xD_c suB.t ci'ta 8 !a pban bO aeu tire Bp/08 = 0. 

Tb.(lt v~y. (x, x) l:i qu£~ trinh ng§.u nhi€n dlrng (hay dHo dQng ro!t'rng) neu fJ\VjJt::::: O, 

dieu ki~n r:3y thOa man khi »p!OO = 0 vi 

JW . 2 Jp I 
~~ = -- a(OJ 86 a. fj xac dinh lbco (2.2) (

2
.4) 

Vi l'll) : X-Bt h¢ tnyiin tinh: 
y(jj ~(tl H On trllug cur)"ng d9 D, 
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12.1> v6i 
1 I a 2 ) , . , 

p(a, 6) = --- aexp I - -,- Lrong cl6 cr~ = D/4k(.UQ 
2rccr 2 \ 2a'" 

(2.6) 

HO rUng, ph~\o bO cUa 6 h! ph3.n bO d&u li·ong [0/2-rc], thOa man dieu ki~n djnh l:f 1· 
Dao d¢ng fl)'a dlrng l:i dao dQng dt'rng. __ ·--

N~u l~p phuung lrinh FPK tqrc tif(p cho (:2.5) va gi-lti n6, ta duqc nghi~m dUng 
clw. miV d:O x{l.C suilt (h'rng 13_ 

. W(t,x. ~) = _2_, exp \_ -
2

1
2 

(x 2 + (_i_)')l 
2n:cr-- ( 'cr (t)o ) 

(2. 7) 

D~ d:lng nh~n th:d.y 1 neu thay CL~) vao (2.6) ta duqc (2.7) d'iCu d6 l~h£ng dinh 
ril.ng phuang phitp trung binll trong truc":rng hqp nay cho nghi¢m Ctrmg va (2.1) v&i p(a, 9) 
troug (2.6) tbt.rc Sl! Ia qu[t trinh ngfltl nhiCn dlmg .. 

~3. DAO D()NG TTJ_4 DUNG TRONG H-e OT6NOM A TUdN 

xet h¢ 6ttm6m a tuyen sau 
•• 2 • • 
x + '" x F(x, x) + Gix, xJ~(t) (3.1) 

~(t)- On triing cm.Jng c19 D, F = ef, G = y-;- g Ja cac ham phi luyen yeu. DUng phuang 
ph&p truog blnh h6a Ia se nh$-n ctU'Q"l! che dl) tv·a Qltl·ng (2.1) Y6i p(a, 8) thOa man 

phuang trinh. 
i) i) 1 8 2 a2 
-(K pi+ -<Kepi=---- (JJ p) +----(D ePJ 
aa n ae 2 Da2 a ()a08 a 

(3.2) 

trong d6' 

Ka = - --
1
- (( f(a, 6) + _2_ iJ~ g(a, 6)) sin<!>\ + ~ (g2(a, 6lsin 2<l>) , 

W 0 2 Ox / 2a<.U0 

Ke = - -
1

- ( ( f(a, 6) + + :g- g( a, 8)) cos<!>) - + (g2ta, 6)cos<l>sin<l>), 
ft(!}

0 
~ dx_ a Wo 

D 
ll, e = -.-, (g2ia, 6)cos<l>sin<l>), 

<l :10) ~ 

D' 
De=-,- (g2{a, f1)cos 2cD;., 

a -(._;2 

f{a, 6> = f(::~cos1), - ~l{JJsiu(J)L g(n, tn = g(acosCD, ~- aV)sin<P), 
2n: 

(3,3) 

k}r b.i~u to:.l.n tt"r trung hinu licb pld'in: _!.._ f "~d<D. Sau khi trung binh h6a 
2TC 

0 

3.3) cac. hflrn I\. "Ke· .. ,, no dJI ph(_l llm·>~ 1'b.r1 a (do tinh M6n0m cth h¢l n-f<n nghi~m a 
cila 0.2) cC1 (bfng 

a 

6 c ( 
p(a, ) = -~-exp l 2 

nu \ f Ka(S) \ --ciS), 
fla(S) 

= a 

v&i \2" S - 1 
. exp ( 2 S 

( Da(a) \ 
Ka(S) )' !-! ---«IS da 
Da(S) 

C= 

0 

DiCn ki¢n tdn t:f-i (3.4) ha}' tOn L~i che C1() dao c1¢ng tt.ra dUng chinh 
(l''e'h () t1c phan trong dt1n ngoGc 3.5 h¢i t\1· 

De dang nh~n lhiiy trong (3.4) !-·MiD bO ella 6 la phftn b6 -deu 
dinb ly 1 ta c6. 

(3.4) 

(3-.5) 

18 diCu ki~n 

vi vf!.y lheo 
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2; ·r,·nn~ h,> ,\!(,1;_1\i)-, fi;·--Ci: Jt;Qi 1'lao d(,ng h,ra d!rng d€u I3 ([Utl. trinh 
n.f!~tll nhiC.n cl.ir ng (hoy (bo d1.)ng J. 

'Tn.Jng lrU'hllg llqp ni:!~·, d•! cl!(r;tiiminhdu·gc 

2 I ., 1 1. "l 1 z a:s = E x""; = -En." = -cr, 
2 2 

(3.6) 

Kghln Ht phuang sai clia quC1. lrinh dao d(mg h:ra dUng bfmg mQt Iai'ra phuung sai 
bien U¢ (bay rnaximun ci1a n6). Th~t v*y 

0 0 0 

p(n. fJ> c6 d:;mg (3.4) vEt cos2<D la ham tuin ho3.n cUa 8 elm k}- 21t'. 

§ 4. DAO DONG TTJA DUNG CUA HE; CHW KICH DQNG 

NGAU NHIEN KHONG DUNG 

x:et h~ tuyen tinh (1.5) v6i ~(t) 13. qua trinh ng!lu nhien kh6ng (![t'rng. Trong 
tnrOng hqp nUy c6 th~ kh&ng d!nh ding kh6ng tb~ tOn- lf.li dap dQng dt'rng, hbi vi 

t • 

xft) = S h(t ·- T)~('t")d't" (4.1) 

-co 

V6i ;(t) kh6ng dlrng, x(t) cling la k'hOng dtrng. Tuy v?y k~t qua sau d&y cht'rng 
tO rilng trong b¢ w\y t"bn t~i ch€ d¢ ciao dQng tl,Ya dt'rng va chinh trong ,,truCrng hgp n<ly 
dao d¢ng tva dlrDg mlri b¢c IQ bhn chat « khOng dUng» va Y nghia m&i ctia n6. 

Gia sir ~(t) c6 d~ng ~(tl = HtJ"f)ltl 

v6i l(t) h't h:im ti~o d~nh tuiln ho~m elm k)r 'J.'J't'/\11 7](t) l.?i bn trilng cu&ng d~ 
~ - -

X= acos(Wot +G), X=- awosin(J), {j) :::::: wot + e, l*p phuang trinh FPK cho (a, 6) 
ta c6 

8 iJ 
_P_ + -(K!p) + 

()" 
-(Kzpl= 
ae 8t iJa ~ 

DI 2{t) DI2 {t) 
K1=·-2k3.sin2<D + cns2(fr. K2=--:2kcost:l>sin<P- cos<DsinW, 

2awl, a 2w~ 
_ DI2 (ti _, . _ DI'(t) 2 . DI2(t) . 

011 = ---- sm··~" Dz::: = --,---cos <P, 1112 = eos<Ps1ncP. 
<u~ r<<-•j3 aw~ 

( 4.4) 

T'run,q binh l16a d_c b~ s6 ( ·L-_l) tr, chrqe c{i_c biBu thlrc rUt g9n: 

-~ .. D z - ~ . ~- ( . D '( ) ~ ~ ) 
Kl = (E.l) = -- ka +-

2
- (I (1.\::o::;,;;q)/- K2 = Kz,> =- ~· (I~ t cos<Psin<l)), (4.5_. 

'28(-')o - a Wo 

- D ' ' . '-~. . . D 2 2 - . . 
Duf = \'D11) = ~· 'I,T-(t}sJn-QJ,i D2,'~ = <rY22/ = (I (t)cos 1>), D12 = \D12), 

, W
0 

a 2M~ 
B€ tinh (4.5/ ta pbiii phtH1 hii~l' 2 tcu'Cing h•:rp v 4=- C•}0 (kh6ng c¢ng hu·Ong) \'a v = W 0 

(c(H1g bwCrng) 
TruOng hgp kh6ng cQng llll'Crng: ·y + Wo. 

v ()'I 
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DI~ . - -- DI~ 
K1 = -kn + --

2
-: K-z = 0~ D11 =:; -.-.-, , D12 = 0, 

-J8J_\)o :?.w~ 

2nfv 

(~ =if"(tl) = __ v_ S I 2(t)dt. 
2n: 

0 

- DI~ 
D22 =---

2a2w% 
(4.6) 



,., G ham (4.6; kbut1g phu th1,0r- Y~l'' tj J1(~11 m:li (1() xite su:H p(<1 1 e) e6 '•!r;mg {2,0) v&i 
~~ = DI~/81-..c,)~. Kich d6ng (2.1) t.rong tnrlrng bqp n~ly llrong du·ong v6't kich d:Qng ch'rng 

:'(t) dang On Lding ctrCrng d¢ bttng -1-I~D (tlrc hS.ng'~ [~ liln cuOng d¢ eiia 1j(t). • . 2 '· 2 -

Trulrng h<:Jp cQng lnr6ng ') = (0o. 
D . 

K = - ka + _D_ [I~ + r;cos21l- l~sin28], K2 = - --,- [I~cos26 + I~sin26], (4.7) 
1 - 4aw2 2a tu2 

- D o • z z e· - D 2 i ~ .,_ 
Dll = --(1~- 1e.cos2B + l 5 sin2 ), D22 = --(lo + lccos2u + l~Slll26), 

2w~ 2a 2w~ 
-,- D 2"28 D12 =- Ucsin2v + l 5 cos2 ). 

2a(l}Z I -

di nghi€m dlrng ella (-Li) cO dQ-ng · 

. 2kw
2 ~ ?kw 

2
a 

2 
( p(a, 6) = --0 a exp - - 0 (I~ + I~eos26- l~sin26) , 

DitG 0 D 2G~ 
14.8) 

v&i I~= (I 2\t)cos2'Jl), I~= (I21t)sin2Vt), G~ = (1~)2 + (1~) 2 + (I;)z 

Nhu 
<l~og 0.8) 

v~~y khi c.Qng hnOng tOn t~li cbe d{) dao d¢ng ttpl clUng (2.1) \T&i p(a, (:}) c6 

v6i 

xftv 

v C..i 

Trong tit ca dtc th~ bi~n c6 th't ella dao c1¢ng ll):3 dt'rng, che d¢ 
X= a0cos(Wqt + 6o) 

a ~ ( oil;+ ,!1~ + l~J )'I'. I~ 
- ' eo'= - arctg -, . 

0 kw~ , lc 
ra v6i xac sudt l&n nhit. 

Trong tnn'rng hqp nay c6 th~ tinh cluac 
1 

cri = - (cr; + Acoswo t + Bsin(•)o t) trong d6 ,, -

B . DGll 
B ~ rt ((J( Jsin2ti) = -­

Skw~ 

3rt 

J 
0 

sin26ci8 

0 

D 3 G~ 1 

·1Tik(•)% .(I~ + I~cos20 - I~stn28)2 

(4.9) 

(4.10) 

t4.11) 

§ 5. KHAI NI$M Vit SIJ bN DJNH CU A DAO DQNG 'll'IJ A DiJNG 

DC dBng thily rAng m9l c:huyf>n dQng (x, .x) d~n c6 th~ bi8u di€n du&i d~ng 
tOrtg quat 

x(t) = a(t)cos(olt + 0) x(t) = a(t)sin<ll(t), <P(t) = w(t) + 9(t) (5.1) 

a(t)- bien it(>, <ll(t)- pha, <l'i(t) = "' + B(t) Ia tlln so. Va doi vai chuy~n d\)ng 'hmg 
t6ng quat (5.1) t•rang U:ng ta c6 m~t d¢ xac snilt cua a, 8 Ia P(t, a, 8) la nghiem da 
phucmg trlnh FPK tbng qual (1.3). Nhu v~y ch~ d¢ dao d(>ng h,ra dfrng (2.1) c6 tht xem 
la chuy~n d¢ng rieng bi~t cua (5.1) khi a(t) va 6(t) Ia qua trlnh ng§u nhien dU:ng. 

M~t kh:lc, n~u p(a, El) Ia m:;tt d.Q x:lc sufft ci':r.a a, 0 trong che d'(l tva d.U·ng) nghTa 
la n6 thOa min pt FPH: dUng. Theo tinh chit lly la c6 
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t-~= 

(5.2) chirng tO d.ng a, 6 lrong. ch,~ d¢ tt.ra dlrng c6 d~~ng 
a= LLmC<Ii), fi ~ Li.m8(t) 

t-+CO t.......,.co 

( 5.2) 

trong d6 gi6i h<.ln l.i.m hi€u theo nghia (5.2). -Dfty cO th~ hieu nhu tinh On CUnh ( iL.1 ~h~ 
d9 dao d¢ng dlrng. Y$- v mQi che dQ dao d¢ng tva dt'rng se bn dinh thea nghia xac t:.Ufft, 
nCu n6 tOn tl!i· 

Trang t•Ong trinll nay dtra ra kh2.i ni~m da~J dQng t~ra dlrng Tl)ng han kh8.i ni¢il1 
clao dQng dUne thOng thu0ng. Phnung ph:o'tp tim vU- tinh chat cUa nO. Ket qua nh~n dU"qC 
cho phep ta tn.Jc tiep nghien c(w nbfrng b:li toRn dao d¢ng ella h¢ ca hoc chju kich d{_)ng 
kh6ng dlrng bang phucmg phitp quen thu()c trong 1-y· thuy6t dao d(lng ngliu nhien. 

tJia chi: Nh4n ngay 8J10/191J4 
Vi!n Co hrc Vi?n KHVN 

T AI LIEU THAM KHA.O 

1. MOHCEEB H.H. AcHMITToTnqecKHe MeTOJibl B Hemmefmoii ,MexaHHKe. HayKa, 1969 
2. !lHMEHEEPr M. ¢. HemmeiiHbre' CToxacTHqecKHe sa)laqn MexaimqecK!!x KoJie6amril. 

HayKa, 1980. 
3. NGUYEN TIEN Kf-II.EM. Phuong trinb vi phin ng8.u nhi€n Strat6n6vicl1 vft {rng d~mg 

trong l;Y thuyet clao UQng ngd:u nbien. T\lp chi ca h9e sO 2, 1983. 

SUMMAHY 

ON THE QUASi - CiT,'.TlONAIW STATE OF VIllRATION 

IN MECHANICAL SYSTE:\T \VITl-1 RANDOM EXCITATION 

' Some aspects of 1h·c so-:~a~!cr-l CJJ.<-,si--st.aL .\ll~li·y st::~te of vibration in t1E' Tamlo;r~ 

forced rnccbanic:nl s-ystems arc m:roduc,:cL Exi;;tcncc ~\nd stability rrohlems are c!-isn\ssed 
iu the formu.ln!ion fur lhc ~"-' ::;~r;'l•S J.r~d 1;1 general cflse. 

Tl1c approach mrd,;.c_,_., i'l"'-cc\''l dynamic systems to nonstationttry 
exitalioo basing upon the sbtio<JJ a itud·~' and ;Jha.scs. 
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