
GIAI BAI TOAN PRANG DQNG DAN DEO 

i:5XNG P.l:HJ'O'NG PHAP l'!GHI:(tM DAN HOI 

NGUY~N BANG BfCH 

Gi:li b8.i toan ph&ng d¢ng da:1 deo dOl v&i nlra rn~t ph~ng thtrCmg dUng ·phugng 
pbap sai phltn hfrn h;_m [t],. ho~tC dtlng phuong ph:lp dm'mg d:i/.-c trrrng [2, 3]. cac Phuong 
ph5.p n;"1y cb.o nghi$m dtr&I d:_mg s6- . 

Trol·lg h8.i n~ty slr d\lDg phrrang phap Bghi~m c13.n hOi, thiet l~p a trong [4] de 
gdti bai loin n6i tren, ch0 nghi{·m d~rfti d~_ng rdm gilti tich, d~c bi¢t 0 glin dUng thfr 
nbilt cbo nghi¢m cltr&i clztng gilu tich. 

Nghi~m 6 gitn dUng thlr khO:Jg cUa bS.i toan phling d¢ng dan d€o d6i v&i ni'ra 
mJt pbfing tht:Ja man cac phtrang trinh cl1a bai toan phiing d¢ng dim hOi. 

· a) Ph11mog triah chayJa d{jtlg [ 4]. 

( 
a2 a' 1 a2 

) 

&x'.+ a/- cj a~ cr= O, 

( 
82 I!' 1 a2 ) &2cr -- + -- - -. -- 'l;xy + -- = 0, 

8x2 iJy2 d iJt 2 oxay 

( 
&

2 a2 
) D

2 
( a' 1 - v a' ) -- - -- Gyy + 2 -- Tx-v + -- - --- 0" ~ 0 

iJy 2 iJx2 8xiJy ' iJx2 Ct at2 (1.1) 

Trong d6: v = O'xx: + cryy, Ct, Cz Ia. v~n t6c truyen sOng dQc va ngang trong mOi 
trnCrng d:ln hOi. 

b) DiJn ki?'n biJn: Ml1l i.ru·{l'ng clm;c x6L [:\ nlra mttt pb?t.ng tren bien cita nira m~ . .t. 
ph&ng c!lju fiil trQng b~c chuy(~n t'l(.\nt; v(:ri qln t6c kh6ng CJ.Oi: 

·~xr = 01 Gyy = -· PIHx- c\) khi y = 0 

Tn;ng ti--.1: P L:t un';ng di) t{Ji t1·qng., l·!(x -~ cU u, l1iun dan vj, c lU v*'n t6c truy~n 
tili trqllg, d'~ 1hn gi3.n Ia kUto s~tt trrrt:rng !tqp 

c ~ CiVZ. (1.3) 

;;~.; :!a} d~wg nghi~m 0 g~l.n dl1ng lhlT kh6ng9 trong tnr&ng hqp t<li fr911g chuy~n 
tL~ng V'(:/1 Y~).u 1.6c: \'Ll'Q't :lm, ta. dt'tllg dOng l!hi'it thlrc Gil xay dtyng Gtrqc a lrong [4]. 

G = 0. 'C::,;:y =--~ 0, 

cryy ~ 1 Sf H t(a, ~Jchjry,ye'"'"''de<d~. 
i(2n:)3!2 

Trong c16 c$-n tich phlln theo ,z, ~ Hiy nhu sau: 

C< E (-co, + oo), p ,E (~0 - joo, ~0 + joo) 

D;lilg nghi$m (t.4l thOu man dong nhiH b~ phuang trinh (1.1). 
De x:ic djnh R1 (et, ~) ta cho (1.4) tbOa man d'ieu ld¢n bien (1.2) 

1 rs . --- J R1(rx, ~)e'""7 ~ 1Md~ =- Pli(x - ct) 
i(211:)3/2 

(1. 4) 

( 1.5) 

(1.6) 



(ii;li pl::wong trinh ( 1.8) lG. Uut (tuQC; 

-P 
Ih(a, ~~ = -_1=,.-----

v 2n ja(~ + i(Xe) 
( 1.7) 

Thay (l.7) vao (1.,0 rOi h'iy tich phftn theo a:, ~ tn Juqc nghi~m cUa hlli loB.n d~t 
ra 0 gfi.!l_ dUng thtr kh6ng: 

'rxy = oj 

rryy =t-~[Hix-ct + y) + H(x -ct- y)], 
2 

I' 
rr.x =- [H(x- cl + y) + H(x c_ ct- y)]. J,8) 

2 

Cu&ng c1¢ frng suat trong tnr&ng hvp nay c6 d~ng. 

rr = _/ 2 + 2 + 3 2 u v O'xx - crxxcryy cryy 't'xy 

Thay (1.8) vao (t.9) ta tim dugc: 
p-Jj~ . 

<ru = --[H(x- cl + y) + H(x- ct- y)] 
2 . 

(1.11) 

Cuang d¢ bien d~ng bi~u di~n trong h~ t9a d~ (1;, y) v&i ~ = x -: ct, ngbia !a bih 
di~n trong b~ tQa d¢ ch~y theo bi~n ct'ta nil:a m~t ph~ng v&i v~n t6c khOng dOi c c6 d:Jng 

eu = ~r::- [H(i; + y) + H(~- y)] (1.12) 
2[H 3 

I' 

Trong mien (II) 

1;1 < y Suy ra f!(~-y) ~o, 11(1;+y)=1 oen eu = 

Trong miiln (!) 
; < 0, p;] > y suy rn H(~ + y) = H(i; - y) = U n~n eu = U 

Trong mien (Ill) 

!; > y suy ra H(~ --- y) = H(~ 
, p. 

+ y) = 1 nBn Cu = ----
11-1/:1 

T$i mQt th&i di~m n3.o dO: 

- Neu 

p . 
--::F' < e, 

p, v 3 

p ----> es. 
2p.vs 

thi mi~n (I) Hun v1¢c trong giaJ h~n dan b6i. 
:Mien (II) va (III) lam- vi¢c trong trt;tng lh:ii d?:uc 

(1.!3) 

(1.14) 

Nhung khi t biE'in thiBn tit 0 -d~n += vll gi3. _st':r l~i I ::::: 0 llJC d~t & += thi toan 
mi~n- h\m vi~c- trong tr<;tng thai deo, 



N~hiem Ci g~'tn dUng thli' nhfit thO a man cic phuang trinh: 
a) Phllong trlnk chuy!n #ng [1] 

( 
a2 

&
2 

1 a2 
) p a2 

( ) -- + --- -- cr = --·- eP + P + 
8x2 Oy2 cr ()t2 l-\1 Dt2 ' XX e~_x_ 

+ ~-[2 D2 ~_~Y - -! 8 2e~x -- 0
2eiy] 

1-v Dx8y Dy 2 &x 2 , , 

1 8z 82 i-. a2 ) a2cr · aze~ '-- + -- - - -- 't'xy + -- :::: <>tJ. __ Y 
\ &x2 &y 2 C~ Dt2 . 8x8y " Dt2 ' 

( 
a' a2 

) &'"" ( az 1 - v a' ) az , 
:-.2 - ~ cryy + 2~ + -;;z - --,--c' --;;-.- cr = p -;;z (erx + ej:y). 
ff.V UX UXUJ UX l ut Ot 

(2.1) 

T1·ong d6 c-'i'j 1<1 th.1nh ph0.n hie.n d~_tng liton quan den cilc sO h~ng phi- tuyen finh 
6 gil n dl111g t h lr klll)lng. 

b) f)ieu kiJn biin c6 dang 111111 (LZ). 
Theo [~) c1i dtrqc tinh nbu· san: 

c~x = 2!J.(l'~ w) [ CJn 

e~y = (U lr O'yy 
2!J.(l - w) 

1 +v +v(!-2v)(l-N) ] 
cr , 

3- (I - 2v)w 

1 + v + v(t - 2v) (1 - w) 1 
. cr • 
3- (1- 2v)w 

( 2.2) 

Trong c16 C1u6ng cong bien d<:.111g duy nb5t trng v6'i tnr&ng hqp lUi ben tuy~n tinh. 

cv=J\(1---::) v&iA=.l E' 
(2.3) 

3p. 
(•) 

do ao: = 1 - A 1 -- (>) 
---~ Cu + es 

A 

D8 cl1o gt;m nlnmg kh6ng m£-it Unli chat t6ng -quat ta xet tnrCmg hqp 3[J. ~ 2E\ 
; 1 -- /, 

khi d6 A = _:_, --- = 1 
2 f.. 

va 
W eu- b 

(2. 4) 
1 - (·) Cu + es 

Tron.Q (2.2) cac thanh phiin U·ng snit vA Cl.J&ng d¢ bien dqng eu tinh theo kft qua 
V gi?tll c1t'tug ~'thlr 1-:hOng 0~8) dt (1.11). V~ty ta cO~ 

PI eu -- e,) [ , , , 
c~x = H•x- ct + y) T H(x- cc- y)], 

4[J.(eu + e.J 
-P(eu - ed 

__:...:::::..__:c__[H(x - ct + y) + H(x - ct - y)], 
4tMeu + es) 

(2.5) 

Thay (2.5) vao ve phiii cUa phuang trinh (2.1) va qua tinh tof:m don gi:in ts. duqc: 

( 
az a2 1 a2 

) 

ax2 + liy 2 - ci lit2 cr = 
p ( &' a2 

) H(x- c! + y) + H(x - ct - y) 

=~ 8y2 - ax2 a[fl(x- ct + y) + H(x- ct ·-y)] + 1' 

l1 



( 

2 ;:, -

Trong d6: 

(2.6) 

(2.7) 

1. NGHI~M RIENG CUA PHU'O'NG TRiNH t2.6) 

Theo ket quii thHH l(tp b tro11g [4] nghi~m rieng cUa phuang trinh j(;~.()) c6 d~ng: 

crlll = - 1 fiJ~•i"x+Yy+'t do:dyd~, 
(27!il 2 V27t (1 -· >)m 1 

, _ ----'---e1 x •y+v diXcljdp, _(1} - -----;1'--;==-fJ.J to:y A ·a +" "t · A 

xy (2~i) 2 Y2-r. (1 - \l)m1m2 
(2.8) 

a A a.2 +(t-v)--(1) 1 f.J.J - [ . J3
2 

YY (2'~ti} 2 V21t (1 - 'l.'mm1 . Cf 

')~J::2y2 J - ---·-- eictX+yy+fltdadyd~. 
m, 

Trong d6 c<Jn Ucb phfrn theo oc_::, ~ liy thco (1.5), c?n tich phfrn theo Y l&y nhu 

sau: y E \YQ--ioo~ Yo+ ioo). (2.9) A 1:1 inh cUa bi~u thUC a vC ph3.i c:Ua phuang 
trinb (2.6) qua phep bi&n dOi tich phan Fuari~ theo bien x v&i tham sO o:, Lnpla:x:o m¢t 
phia t1heo· hi~n y va t v6·i tham sO "(, ~· 

. ~· 
m = a2 + y2, Ill! = y2 - a2- -, ' 

c1 
2Pa 

Trong do: 

' 
'Jt=(at2 

\ 

' - ---co~---·--==------' - V 27t (1 - v) (a + ll (2a + 1) (~ + ie<c) 

2. NGHi~M TONG ouAT cuA PHU'O'NG TRiNH <2.6> 

Theo [4] nghi~m c/\a phuang !rlnh (2.6) khOng c6 v~ phiti lily <•ltr6i <h>ng: 
crC2l = 0, 

(2.10) 

(2.11) 

(2.12) 

( 2.13) 

'<(2) =- J ·ff-1
-· R4(C<, ~)e-v,y+i"'""''rl~d~, (2.15) 

xy i(21<)3i2 , 2 

cr(
2
J 

1 
, fj' [Rt(~, p)chio:y - ~ H,C•, ~)e-vzY]e'""H'dact~. 

yy i(21<)3/2 "' 
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~---

Trong d6 HL R4 13 cac ham cbuct :,ac :'/[nh. 
Cho t6ng hai ngbi~m (2.12) va (2.15) thO a man dlh1 ki$n bien (L2) 18. duqc: 

1 QCtC~'" 
--- H4 + = 0, (2.16) 
vz V2rc <ct- C~)~2 <~ + i~c). 

:Hoc QC~a2 P 1 
-Rt- --H4 + = -- _1-

az V2rc VJ~ 2(~ +icXc) V27t i«(~ + iocc) 

phuang trinh (2.16) tilin aen: 
C'c'· " Q 1 21o:.vz R4 = - -.=~::""'-...:...:.::_"'"" __ _ 

V2rc ccr - C~)~2 <[3 + icic) 

Giili 

2 ') 2 - 2 
QC1G;e< vz QC2 az 

V2rc (C~ - c!Jaz[3 2([3 + iocc) --(2., ~tf3"([3 + iO<c) 

p 
Ht= 

V '" ia(f3 + i<>c) 

Thay 12.17) vito 12.15! ta drrqc: 

!2i 
't'xy 

ai2J = 0, 

""· "' e-vzy.,-i«x t-' dctcl~) " s s c12C~ia 1 +At 
i(2rcJ 2 ccf - c~Jf3 2 <!3 + 100c) 

,,, p . l 
cryy = - - [H(x- ct + y) + H!x- cl- y) + 

2 

Q f Sl[ 2cfc~oc2vz Chz ] . 
2 2 ? . - -- ch1cty 

it2rcJ (C1 - Cilaz v, 

_ 2C1C2a Vz .-v2Y e . , ctrif3. 
2 z 2- · l ixx+f3t 

cc[ - ella, [3 2 <[3 + ie<c) 

Cu6i cling ta drrqc nghi~m cib biii toin & g3.n dUng thiT nhiH: 

(2.18) 

cr = cr'1' + cr'" = Q e docdf3, J2.19J f f 
-v1y+iocx+f3t 

i(2rc)
2 

v 1([3 + io:cl 

rlt + ..,..f2! = - 1 21 - ( -\12y _ e -vlY)eiax+r...t~IocdA Q f S 
c'c'·a A 

'rxy = -r 'xy 2 2 A2 A e ~ .>'• 
xy i(2rc) 2 - ~Ci -- Cz)r- (!-' + i-~c) 

(lj (21 p 
cryy = cryy + ayy. = -- [fl(x- c1 + y) + H(x- ct- yl] + 

2 

- Nghi~m & gan dltng thU nhfit (2.19) bUng nghi$m 0 gUn dUng thlr khUng (1.8) 
e¢ng them mQt luqng do Sl! phi luyen cUa m6 hinh v~t li¢u gfty ra. 

- Theo J nghla cu hQc, khi es l6n v6 lnJn. nghia Et m6i tru&ng duqc xet IuUn 
luOn lam vi¢c trong gi6i h0-n dan hOi, thi nghi~m 0· giin Ch'mg thlr khOng (1,8) Ja nghi~m 
ci'w_ b:l.i lo:in. 6 d§.y c6 S!,f pJn) bQ'jJ• Vi tlJeO (2,7) trung lrtrC:rng hqp n-3.y a= 0 V:\ do d6 
theo C~.13) Q == 0. Nghl$m (2. tfl) trb ,.e nghi~m (1.8). 

MuOn c6 nhftng gil1t dltng li~p theo. c6 the l:lm ltruug li.f, nhung bi~u thlrc nghi~m 
se pln'Tl' l:;tp--d~ln len Yil qua 1rlnh Unh to:lll gi&i tkh khOng tiCp tve miii dtrqc, se d~n 
m9t gttn fl(Jog n~tO d6 pl1lli h&t c1~_u q11[L tri(lh tinh to:Jn b?tng sO. 
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Nh&n djp miy Lie gill cLan lb~tnh c:Hr: on gi3.o srr I DilO Hn~v -Bich c1a hu·&ng dt\n, 
giU.p dO ·t~n ti.nh trong qua trinh \Tii%t hk1i l.:fw ilil'/, cDr)g nllu nhfi'ng bUJ h&o kh3c d~ 
drrqc dang lren t~p c.hi Cn b9c, 

f)ja ckl, Nh4n ngiiy 1/S/1984 

Truilng 'Di!i k9c Tbng k~p HN 
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SUMM.AHY 

DOING THE PLANE DYNA \JIC ELAS1'0-PLASTfC PROBLEM 

DY THE 1\IETHOD OF ELASTIC HOOT 

In this paper, the method of ch_tstie root w~w1 to~' tD\\'er E1e plane cly-r:.amic clasto 
, p_lastic prob.lem, for th: half of., plane made hy mate_rinl accordin~ to the th.cory ~f smal} 
elasto-plasllc deformahon, on the boundary snpport-e1 degree loadtng of mchon '\VIth over 
sound speed, root in the first -step given analytical form. 

----------·-----~------------------

THO:NG EAO 

Be ditm bU.o ho~t clQng ci'la HQi dOng bien t~lJJ lztp chi Ca hQc, vlrn qua Vi¢n 
Khoa h9c Vi~t Nam oa ra quyet djnh mien nhi~m Uy vien HQi .dOng bien t?p ella hai 
dOng chi f)() San va L~u Thq Trinh vi I}- do cti ~ong tac xa trong thCn gian d3.i, GOng 
th&i bO sung hai dOng chi Ph<J..m Van Ninh vU Td\n Dtrang Hi€n vao HQi a:Oug bien t® po 

14 


