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NHONG PRUONG PHAP GAN DUNG GIAL BAI TGANE
BEEN PHANG CUA LY THUYET Dm KHI DAT e
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PAO HUY LICH

Trong [2] thc gid d8 xuft mét phuong phap tya nhw phwong phap tham s§ dan
hai thay (131 && gidi bai todn bién cda 1y thuyét déo khi dat t&i phie tap. Phuong phdp
tya nhu phwong phip nghiém dan hdi d& giai bai lodn ndy trinh biy troug [11. & day
néu mdt s8 phwong phip gin ding khic va d8 c&p dép sw héi ty cla céc phuong
phap chinkh. ‘

§1. BAL TOAN BIEN vA CAC PEAUONG PHAP
GIAI GAN DPUNG

Qué trinh bifn dung din déo cha vit k& duge chia thanh cic giai doan nhd, &
mbi giai dogn bai tohn bién duge thi&t ldp nhw saw: Cho biét tai thei di¥m diu t, cfia
giai doan dang xét che gid tri wng sult oijlx, ;) bin dang sij(x,t)) va chuydn dich
uilx, t.), tec 12 bidt cuong do fog suit aelx, t)) vi dd dai cung s(x, t,), cn xde dinh

tde d0 Dbign thicn c¢la céc dal luong trén oijlx, L) sijlx, t), vilx, t,) efing tai théd didm
niy théa min cic phrong trinh sau (2]

drijfdxy - p.ix.ii =0, x € 0 (1.1
B 1 . - ' —

g = (Buifdx; + dujféxi), = € Q {1.2%
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isin coab sinl o ‘

o o= 3h<~, x & Q (1.4)
aijny = Fi, x € Sy s
up =0, v & Sy 1.6)

trong do Ki Fila bida thién ela lye kE6i v e mit cho trwde. & =0 S, 8g W Sg =8,

b - N . : ; i ' ‘o 3
Ba Sy = 2, & = eij ¥ eBijon = Sip 4+ o8y, ol =~ SkmSka,
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= arcos Sigeijfﬁuv‘u, \'i =

eijei
He thuc (£.3) va {1 4) ¢ thé vist gap lai thanh
i = Bijkm Ckm + 35\381] = [P.\]km + ([&811 — Bl]nn) Skm] €km —D1]km5km '.(1.7)

Bii toAn (A la phi tuyen asi voi t6c d2 vi co chaa 0. ¥ @8 chung clla chc phlrorng o
phap 14 & mdi gin dang gidi mot bai {oAn tuyén tmh. Biét ring va&i qua trinh 6 46
cong trung bhinh

(0, 9) = — k(s)sinl;  6}(8, 5 = PAs)eosth R (;,g.




hé thie (13) duwa vé dang lien he rayén tinh gifa cae e dod

g” = {-«3- Fuk{s) 81]\8]1—“ -+ ((b (s} — Guk(S)) SijSkm’UE ] ekm = CijkmEkm SR

o

Khi @6 ta ¢O bai toan (B) luyén tinh gdm cde phwong trinbh (1.1), (1.2). (1.4),
(1.5) {1.6) va ' (1.9), twa nhu bai toan Jdan hoi ’myen tinh, khong thudn anhit vi khéng
ding huong, nheng dé: voi tée d6. Nghiém cha bai toan (B) s& i gin ding Lan dau

cho cie phuong phap trinh bay sau nay
Bal toan (A) ciing twoong duwong v&i bai loan bién ‘phén
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hong dé SUI 14 bitn phan ela tﬁ}c dé chuy@n dich thoa min Jlﬁu lueu Su, = {j 1rén §y:
Xeé&t biku thire . _

Te . 2 . , ; .
Cijkmeijekm = by Uukei]eij-'k (@ - U'uk)(Sijei_-j,’O'u)z =
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voi ~ e 03 ok > 0 ouk > @, Viy Cijkm 14 xéc dinh dvong, gioi noi va ddi xL’l‘II]g.,.
Pt . Bijkm (5, 0, 8) = Cijkm(au, 8) — Bfkm(eu, 8, 8) (1A
. 2 f
Vay Bﬁ'km = -—'Gu(k + Sie8im +
: 3 sin0 .
, oh auf $ijSkm
+|:(¢ — &qk) — + == )] . (1.13
cosfh © sin o> )
Hé thie (1.3) v:e[ dum dang |
S1] == Bl]kmEkm = (Cijkm — B?ikm) ekm . (1.14)

Céc phu‘ung phép gin ding gidi bai toan (A) v6i phuwong trinh xée dinh (1.3)
dang {1.14), & gin dang ban diu ldy Bl}km = 0.

a) Phwong phép tya nhv phuong phap nghiém dan hsi [i].

Ky higu ehi s6 (n) 14 gin dung th n. Cie phuong trinb c‘li.l baf todn (A) & gén

ding nay co duwge bing cach dit chl 88 (n) vio cic dai lwong Gis 81}, ui trong cac
pheong trinh (1.1, (1.2}, (1. 4), (1.5), (1.6}, tée la

3511 /d'\} + PI‘»E =8, x & (.
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= e (311§n}/&x3 e Bugmwxi)g x €L {1.15)
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rr‘n}“:ﬂm““,KEQ o{j nj = T[,XGS "uln =8, ¥ & Su.

Con phwong trinh (L.3), hay 14 (1.14) biing phwong phap ndy cé dang
(at ° k . . .
S = Cifkm e]‘(“] - B’f}_‘]?n:” e]fcr];—“ o _ (1:163

VI ghe dyi lwong & gho diing tha (o~ 1) d3 bift, nén ta nbin duoe bai toan tuy én
tith (BY voi tham 36 dan hbi C.ijkm khéng d8i, con lire mit va .llIC khﬁl thay ddi.
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b Phoong phép tve nhy phueng phép them 38 dan b5l thay asi {2 ]

) ghn dtpg tha (n) fa cling nhan dwoc che phrong trinh (. 15), con phuaug triuh
{1.14) bing phuwong phdp niy cé dang

. o
54 = (Cijim = Bl el ‘- o aaw

Ckm

Ta st nhﬁn duge bai todn tuyén tinh (H) véi lye khéi va lye mit khéng 601, o

“phung tham =8 -dan- oi-khong phal Ta ¢ ﬂxm_.' ma I Cllz\m B:f](knn;_n thay adi 6 m61

Bude LEp.

¢) Phuong phép Ritso véa phuong phip sai phén hwu hcm k&t ﬁo‘ vei
phuong phép gin ding fign tiép. LA

Thue chit vin 48 & day Ia & mdi huwde lip ta c6 bai toan tuyén tinh va gié’li-
hai todn do b'mg phuwong phip Ritso hoiic p‘muna phép sai phan hitu han. .
P& gidi theo chc phuwong phip nay ta st dung phuang trinh bi&n phan (1. 1(})

Vi hé thte (1 3) phi tuyén, nén to (1.10) khong suy ra tmh dienf ofia mol phlerﬁ
ham nao diy.

{-)3 khic phuc kho khin ta dung phuwong phap gdn ding lién tlép

&y gan dang ban diu Wy f, oa theo (1.8), khi 6 Bijkm = 0, BI]]\.m = Cyjkm, he thire
) trd thanh he ihie teyén tinh (1.9} :

Ta dwge: Gij = Cijkmekm + 3{{68” =

2 : :
= Ci]‘km + i K - ":}“ ook Sijskm Ekm = Dijkmekm

Thay vio phwong trinh (1.10) cho ta

" iy ! © e <o
8 [“; § Difim %) Sk €2 = fpliixiidﬂ - f FouidS ]= 0

Q- £ g

0
Trang thai thye lam cge (v} phigm ham

- 1 1y = ° LI ..
1= - jﬁ Dijkmeiiekm(’lﬁ - § piu;d0 — j. Fiu;ds.

(1.18)
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Gii bhi todn nay bing phuoag plap Ritso. Bt
° L : . .
ai= ¥ aickie{x, 1} {1.19)
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trong 46 aje la cic hing 86 thy ¥ phii z
320 cho ihda man didw kien (1L6) trén S,
bic hal @8 v6i aie

(1} a5 T &f 3
b= E J”‘E Dlﬂm ai'-‘— ; = A am )(ﬂka 4 am ino _)dQ —

zac dinh, eon fig 13 clc Bam dde lﬁp dlIO’C chon
Pat vao bidw thee cha 1{1.18) ta dwoe hléu thie

S Ii Ixim SxLk

- f plintafiqdid -—‘f éiaigfmdgf
9} Ser
Didy kién cyetri cla I din d€n he phuong trink dai s8 tayén tink 4% xac dinb age, ti. aé
xic dinh duge uil), S;JI.) va Uf]) 'llep dén x4c dinh 6.5 gin ding thi hai @it 0 = ﬂ(l)

troug he thire (1.7); ta ¢6 Dg%ﬁm trd thanh ham da bist khéng phu thude Smp. Phwongirinh
bi€n phan (1.10) s& din dé&n
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Pit (1.19) vio ddv va fi8n band moi buwde linh nbw trén ta nhén dwge gia trf cla chke dai
lrgng cin tim & ghn ding thi hay. '
- Twong iy la xiy d:rng chc gin dung tiép theo.
Ro tang, tai mbi ,qén ding ta cb bai lo&n VB exc Lri cla phlén ham ning Ilre'ng'

Ciing co th3 gidi bai to&n nady bing phuong pbap khaec. .

Chﬁng han, 8@t dung vio day phuwong phip sai phén hiru haﬂ« Chia mlén vat chigm
bing lwdi ¢6 buée h. Tai mdi gin ding thay t{OIlO’ bidu thwe dang (1.18) cic ham phai
tim va cic dao hidm chia ching bing gia tri cla cac ham nay iai cdc uat fwéi, ta nhan
duge I nhw him clia cde gid tri t6c 0 ¢huy®n dich tgi cde nit. Tde @9 chuy?n'dich thye
lam ecye tidu phifm ham 1. Cho cdc dgo ham cha I theo cdc d&i sd elia no b}lng khodng; ta
nhin c‘ﬁroc hé che phuwong trinh dai s6 tuyen tinh d& xfc dinh cae gia tri mit cfia ehe hétm '
phéi tim. :

d) Phuong phap gdn d’ung lién tiép ker htxp voi phu'ofng phép Phan t&
hou han.

Str dung phwong phap phio t& hiva han d& gidi bai loan blén cla 1y thuyéf déo

44 dwge xét dén trong nhidu cong trink (ching ban [3, 4....]) _
& day do lién hé phi tnyén giita ide do dng suft va tde @ b:én dfmg ta’ ding

phwong phip nay k&t hep vo&i phuwong phip gin dang lien tiép.
Nhim myc dich d6 chia mién thinh cic phéin 1&, tai bién clia chang tach ra cic

didm nat. Cic ham e¢in tim cla tdc &6 chuy¥n djch bén trong mdi phin tir dwge xdp xi
theo cdng thire .

" () (M) 74 : ' ' .
wioo= O Ui : (L2

trong d6 N — s8 thi ty phﬁn tr (N =1+ N, i=1,2 3~ hu-(fmg che true toa dé,

k — s thlr tu nut (k =1 -+ K,, l3ﬂg theo k i t dén Ke) (DL Y~ cde ham lien tuc clia

t@é\ d6 goi 1a ham dang ofia phin th N, twong frng véi nat k, Uka — Ide d¢ chuydn djch

¢fiz nut k phiin 1 N theo huwdng i
Theo ebng thke Cosi tinh b[en dang

. ’ [N] . (N
g (M == 1 (B(D Ugl.;“ i {*““*} =1 (B“‘” UINI + 1;“‘“ g (1.21)
L 2 dxi 33] g
trong 46 k¥ hidu B = 0D Mo
vi @) khong phy thuje vio 18e d9 chuydn dich cia nit, nén bign phan tée 49
chuy®n dieh cho ta

N ™ ™ SN 1
I 2{ B SO + BlSC N} (1.22)
Pit cdc bitu thie (1.7) 293 VA0 phwong trinh bién phan (1.1¢) ta dugc
N,J - , 7
B . e e e
EE i:af}:i ;?]U(E} _BJ.‘“’SU?N]dQ —
N=1{ QO
LN g SN ) SN (M N
— {phi O BULL Al j By 0 SUL {ISJ =0,
A
;QN . SO'N
Do dige kién bién dong hoe eac dai hwong BuUﬂ] déc létp. tuvén tinh, néo o
( j D‘}}‘,LB@;’B%E’dQé}U@] — {0 ~ jp}“‘@i&‘“ds =0 (1.23)
Qn G ' Sox '




trong trudng hop tong quat
b, s=1-+3 hk m=1-+E, N=13DMN

tu &6 nhan duge 3K N, phucng trinh &8 xdc dinh tde dd chuyin dieh ela cdc mnat. Nhﬁn:g
s8 chc phuong trinh dge lap . nhé hon SBOND, vi mdi niit cd th% thude vé mdt sé ph’a‘n tu'

nio ddy..

phuong trink phi tuyén 261 voi UfN)
Ky hitu:

Kfﬁi - JbrﬂiB{f}:lB[N‘dQ R(N) = f pf{f{qu)éN)dQ + fﬁfmcpl(nmds
Qu O ’ SUN
ta dua (1.23) vé dang sau )
REROA — RN = o (1.24
Ma trin K goi 1a ma trin ctng dan — déo -
Ta sit dyng phuwong phép gin dang lito tlep vao hé phi tuyén. (1.24).

(& gin déng the nhat dit f, ou theo (1.8) vio Dijps, tire 1a ta cé hé thic d8i vé
_qua trinh bign dang cé 46 cong trung binh cie h¢ s6 KNe trd thanh céc dai lrong x4c

ginh. Ehi d6 he (1.24) 14 hé phreng trinh dai s8 iuyen tink, eé the gidi drege 381 voi U] )

N
vl = L(k]]mR‘N)

- trong dé L gm la ma tedn mém eda vit the,
Bidt U ¥ & gan déng thi nhét, theo (1.26) xac dinh t6c db chuy%n dich u[N} coh
theo (1.21) xéc dinh t8c 46 bi€n daug t-:f’Z) T cée gid tri nay tinh
. 818 = arecos (Sl}e{l]IO‘uV“})

&' gin ding the hai, dgt 6 = HL? trong Dijps va tién hanh cée tinh to4n cin thigt
ta lai nhén duge hé cle phrong trinh dgi s8 tuvén tinh cho phép xac dinh gif tri t6e

ds chuy'ﬁn dick ofia cle nal. Theo (1.20), {1.21) xée dinb u{N), 5(1]\” vd sau dé xie dinh
gia tri 62
Tu-cng by x&y dyng cac gin dang tiép theo.

§2.SU HO1 Ty CUA PHUONG PHAP NGHIEM PAN BO1 VA
PHUONG PHAP THAM SO DAN HOI THAY BOI

Goi Y o= J viv & (Lz)g, Ezij(v} € Lg, vigy = 0}
1a khoug gian Hilbert voi tich v6 huéng sao
(w.vly = jﬁ Cijkmeij{wekm{vidid + K g‘? ékk(ll)ékk(xr)(lﬂ 2.1)
3 &
Chuin *1lv sieh b&i tich vo hedng ndy c6 dang
]]u]lx?'r = J‘ Ciikméij(il)éij(v 3l + K f (E'kk(u))zdfl (2.2

Do tinh chit cfia (J”km bidu Lhire niy hoir (gan tbda min che tinh chit elia chuln.
Ta s& xét sy héi ty cfia hai phwong phap gIa] gin dang theo chudn nay
_ Ham vecto u = u(x) (bd ‘diu chim) dwge goi 14 nghidm suy rdng cla bai toan
A) V80 u € V thda min pbuong trinh

f 653 (weij(v ALY = jq oK vidQ + j F, v;ds (9,8)
Q ' '

£ Ne2

Vi Dljps phy thuoc Va0 @ tirc 12 phu thude phi tayén vio U(h’ he (1.23) 14 he_'j.‘;:_a__c'
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hay &
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Q

9} £ Sa

- D& ding thay Ting p}’iICfIlG lrinh (2. S} nhan dwge o (A) biug edch nlmp phuong
“trinh — veclo (1 1) v&i v S V rdi tich ]}hf.m 17én todn the tich O h_lj_h d&n che hé thte .
1.3}, (1 3), (1.6). . o . o

Thay b!éu thite cdia 511 theo (1.14) vio déi« ta ﬁwqe.
Cl]kmekmtu}el}(‘f)( 04K eal;k(u);k;(.{v}rii}':; E
j pii5V'idQ -+ jt Fi\’.ii.'js + ‘g" P»;_kjkm(;km(u)éij(v)dgz ‘ (Zﬂﬁi} _.
0 s O o .

véi moi veete — ham v € ¥V
Gia sf théa mdn didu Li¢o [5]

ple & Lp(Q) P> — 7*' & Lq(Se), q > -

nho bt dang theee Holder cac tich phan thu nhit vi thé hai ben vé phai ldn fal.

Cac tich phan con lai trong {2.4) tén tgi do finh chit efia kh(’mg gian V va tinh
gi¢i néi cda cde him tham gia dudi diu tich phaﬁ

Bay gi¢ ta l&n lugl chinmg mink day uift £ v, xic dinh (o he phl’l‘O]‘lg trinh
(1.15) va (1.16) (phucmg phip nghigm dan iml) hoiie tir hé phwong trink {1.15) va (1.17)
{phurong phép tham s6 dan hdi thay dbi) hoi tu v& nghism suy réng cha phwong trinh {2.4)-

Nho (2.1) ta vigt phuong trinh (2. i} dwdi dang

(w, viy = fpf{ividﬁ + ju Fiv;dS + f Bj]‘km(fkm(u)éig(v)dg, Hyvey (25).
a So 0
&) Sy hai ty cba phuong phap nghiém dan hei

Nhé (1.15), (1.16} vi (2.5) ta viEtL b¢ thée tvong Gng w6l hidu cda hal gin dong
lién tiép

(@) @), ) = E(B;}‘ggéfm* (1) = B*im e tn (w)) e45(v)aQ2
0

T day c6 th® viét binh phuong cta chudin g6i vol winedl — um":
2 (1) -1y Ciz-D
“u(n-a-l} - ﬂ[n]Hv = jj{B:L]km Bk) (n} — B?}i(l ) Ckm (u)] x
e [el.(;”i’ (uy ~ ei[’]:”(uﬂ afl

Theo coug thite Lagring ta dudgo
; gy 2
[futntld — utnauv =

4 °
= { {Bl]km ekm]

(e“(n} _ (n 1))( (11+1J _ (“)dfl (2.6
r')eps ’

s °n

,ePs

¥ o ) .- [a 8 i Gnf )
bt b =gy { WS} + ) p = (D~ ook} ~ | et e
gin . cosh sin®
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bitu thie Bijkm theo (L13) s8 co dang

B,_}km D — (ngks]m + CPb:]“:km/du ' (2-7)

8¢ dung b4t ding thue Bunhxacﬁpxm va bdt dang lhive tam gide, thue hlén cae

phép tinb trong {2, 6) chit y dén (2.7) ta dwa (2.6) ve& danh gia sau _
) 2 J. o1+ 1971 + N oty

sin0* 20

& 1 : e 1(1 + cos@*)cosﬂ*is [ei(.n)(u [n 1]m}”e(u+i)( ) - e(nJ (u}ldﬂ
sinf#* ' ! o !
1 1@
Qmax—-—-gw*]ﬁ-iq}!%— L (1 4 cosB¥) + |
€0 @ sin®* 0%
1_ %" 1+ cose”“}cose* — ’l.eg.n, — ¢ (11| [;-“”'1] - ;a“'-’]dﬁr
sinf* 26 H i i ij ‘
1
D&u (#) bidu thj gia trj trung gian gitra (n) va (n - 1).
Sir dung bt dédng thie (1.11) va bidu thire cfa chulin fa di dén danh gla
Lty — Ln]" < qljute? — =Dy fjats el — gy
hay la A L I
Viy néu q = max 1§ [+ |o*] + (1 + cosB¥y +
x<€Q) sinf* 88
1 1 ’
(1 + cost®)cosh* (-—— <1 : (2.8
ainf® 89 [l 1 oy : )

bio dém diy utn? héi tu vé nghiém suy réng cha ba1 toan. Pigu kign (2.8) 43 duge 16
dén trong cbng trink [1].

b) Sv héi 1u <dae phvong phdp tham s8 dan hdi thay d43i.

Theo phuong phip pay ta vi€t duoe binh phurong cla chuﬁn dsi voi plntl) — yind
nhrr sau
+ #tny “(agl '*(n—-ly (n (n+1) [n)
Hu{n e u(B3H j(]gzikm ekm+ - Bijkm ))( 1 )dQ =

—_ #( D} [ﬂ+13 (n) ETR gn ST EIARE T L I (n)
- qu- l]km( km ) + (Bljkm - Bl]km ) Cem ](eii )d.Q.
I :
Thyc hién cdc phép linb va igp ludp tvong ty te di Gén ddnh gik

2 2 : .
HU(’M” - U{nmv < f—- {({dfe ) + 1@[“)1)%2;“3{13) fe(i;]{uﬂ b
3

0
. 9.1, %
{e‘-“)(u) - e (u){df) <+ 3—-; ! —d:—r}*-t(l + cosb®) +

1 3 sinh® B
: 1 d * ‘ - A - -
| sint* ;Pﬂ \Hl + cos) cost ] % }e‘ij V- HH i — (Ml aQd
o ' Jin} (a}

\(\ max H’ | ;;1(9 1 “utn-u} — L!(nJ“i‘ o+



[ wnd® ] i r
+ max ——1~;-= 5 R, m@*] {1 [ JL_M_ 1 E__Tfh 370 ﬂfni'\f .
et @ ! s st g8 || st 98 /
K M etrt — pla- ”i;v [|nizvt? — iifn]”ih
T ﬁay SU.V Ta “ u(n+1 LI U(E]H-\r \g q ” u(n _ ufn 13”‘?
frong d6 undu:
1 & 1 Fen™®
max _;[1 + cobﬁ”’\if _Im__qu ...__,__CP_ chSatn)g\é
x & & @ sint® 88 sinf¥ j'

= - — <1 (29)
. “%Dfn')' _z_l,\b(u']i} B

1 — max
X
thi diy uf™? héi ty v& nghiém suy rfng ciia bai toin.

NHAN XET

1. Dya vao cdc tinh chft efla ham vat 1idu o6 the thé lai ditu kien (2.8), (2.8)

2. Pita kidn buéc lén cic ham vit lidu cha phuorng phap tham 56 dan hdi thay
181 chit hon phwong phip nghiém dan hoi

3. Ve.thwe chil phuoong phip lap két hop voi phu—fmg phap bién phén, sai phin
hiru han, phin t& h&u han trink bdv & che mue trén la phuwong phap tham 56 dam hoi
thay dsi. :

Dia chi: ' | Nhin ngiy 58/1984
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SUMMARY

APPROXIMATE METHODS FOR SOLVING THE BOUNDARY VALUE -
PROBLEM OF THE THEORY OF PLASTICITY WITH COMPLEX LOADING

In order to solve thé npon — linear boundary value problem of the theory of
plasticity with complex loading different approximate methods are proposed as the
followings: method of elastic solation, method of — variable elastic -~ parameters, method
of finite elements combined with iterate method and others. Those methods transfer
non — linear problem to a set of linear problems, problems of the theory of clasto —
plastic processes with middle curvaturs. _ :

The convergenee of these principal methods {s consjderad.




