
TRVYf:N SONG VUONG C(»C V(n JA'yp 'f'RONG M(H 
TRUU!'iG VO U.o\N KHONG NEN HUQ'C, PHAN LOP 
TUAN HOAN CO BH;;N D.c\NG BAN DAU THUAN NHAT 

PH~M CHf ViNH 

Ctlc b3..i toiin truyen_s6ng vu6ng ,g6c ho~c d9c l&p t.fong m6i, tnr&ng \•(l b~n pliAn 
l&pctuilu hoan khOng nen duqc mOi chu_ kj. g6~ .2; 3 l6p v~t li~u khac nhau da duqc 
nghi€n ctru trong cilc c6ng trinh (2], [3]. cac c6ng trinh tren dli Qua ra d~ng nghi~m 
c'tia b::\i tmln, phrrang trinh t8.n s3.c- _VO. trong trrr<'Yng hqp .Xfip xi S6D_g d3.i <ifii tim duc!c 
c6ng thLrc clia v~n t6c truy~n s6ng. 

Trong bid nay', ta xet hai toan 
vO han pMn I&p tu~n hoan khOng 
nhau (N ;> 2). 

truyen s6ng vn6ng g6c v&i l&p tt'o:q_g mOi truOng 
nen duqc ~Oi cl1li kj gOm N l&p vQ.t li~u khtc 

I 
Trong truOng hqp x:ap .xf s6ng did da tim duqc bi'&u thtrc ev th~ cho dtch chuy~n 

_va v~n t6c iruyen s6ng. Khi cho N = s·ta thu d'uqc df! ket qu:l trong [3]. 

Xet m!li tnr&ng v6 h~n phAn l&p tuan hoan I;Mng nen dttgc, m5i chu k;Y g~m N 
l6p v~t li~u khae nhau (N > 2). Ta phftn bi¢.t ba tr{tng tb:ii cUa mOi tru&ng: tr~ng ·thai 
tg nhien~ tr~ng thai bah di'in <c6 bien 41:!ng ~nr&c) vi_ tr~ng tbai' kich d¢ng. Ta si'r dl).ng 
2 h~ tQa d¢: h? tQa dO Lagrang {x\P. X(~). xq)) m8 a tr;;tng thAi tl]:' nhi~n trilng v6i h~ tQa 
dQ f)~,...cac vn6ng g6c ella d.c I&p. va b$ tQa dQ Be-cac vuOng .g6c OZ1ZzZs trong 
tr~ng thAi ban diu (chung cho tat dt cfrc I&p), trong dO dtc tr\1c xC~j, Zs vu6ng gOc v&i 
m~t phhg philn chia cac.l&p (xem h. 1 trong [3]). 

GQi YI l:\ m¢t cTi~m thu¢c .l&p ~htr j. cUa chu kJ' thfr uhftt. TQa c1¢ cila di~m nay 
trong tr;;tng thai tl! nhien a. (x(~J, xr.Jl, xf§)), tron1g tr:;urg th3.i ban c1Uu JR (Z1, Z2, Z3). Gilt 
sir bien d:;mg han dan trong cac l&p v~t li?u li'l thulln nhat, tUc 1:1: 

(1.1) 

3'mk Iii {~Y 1Ji\'U Kr1~neke (m, k = 1, 2, :J; J ::::: 1, N), Do -~· nghTa •,r$-t I)T nli't cac 
h&ng sO J<.n{) > 0, Rhi dO tir (1.1), chl!llg ta se c6: 

2 -:1/i)_.fin 2 , c~ A~J}_(lJ 
1-J<''l'-" ~"'"2' 

(1.2) 

trona d6 h(il Ja chiCu diiy ella l&p tht'i' j trong trQng thi>i fl! nlJJ0n, h 18. chi~u d~ly ella 
m¢ to ch u ky trong tr~ng -i hii ban ctau. (y O:il.y : 
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h = A!:<1 lh!!l + , .. + A~Nih(NJ. (1,3) 

Gqi chien d~ly ella l6'p tb,fr j b tr~ng thtti bar. Q8_u 

hfil =A~i,h(il 
' ~( ·) 

la h J • TO· (1.1), tu cl): 

( 1.4) 



Gia siT mbi tnr&ng kh6ng n·en duqc, khi d6. phuo :1g lrinh ca ban vit;t cho nhiCu 
d¢ng djch chuyen la ((II), [3]J: 

a - -
--, (m,oc =1,4; i, ~==1,3) 

()za 
1 

(J d~y x!il Q = Aql :t..lil ~~n1 t:! u(il = 1::diJ 
liDC(I-' i f! '""imCtl-'' 4 ~ ' 

trong d6 al~l, [·<~·' afiorjJ duvc x{tc ctjnh b&i d1c cOn~ thli'c (t4)~ (15) trong [3]e 

T:li trQng t~i m~t Z3 :=canst cho b&i cbng thl1!~ sau (1); 

- <i> - - ac<i, 
p m = % (]l --"-·-

3met~ 'l 
oZ~ 

~ ,., i + o3mP 1 (m, <X, ~ = 1, 2, 3). 

( 1.5) 

(1.6) 

(1.7) 

(I R) 

GQi thllnh ph3.n ella yecto s6ng K tren h~ 'tQa d¢ (Zh Zz, Z3) la (lu, kz, ks). 6 dly ta 
ughien cUu truCntg hqp k1 = kz = O, k3 = k =F 0. 

kh6ng. 

§ 2. PHUO'NG PHAP GIAI 

'(_a tim nghi~m ella h~ phuong 'lrinh (1.5) du·<'ri. d~ng. 

v~ 1 = U& 1<Zs>expHkZ3 ~ W"t'). 

Thay (2.1) vl\o h~ (1.5), la c6; 

\';; (jJ ("'i') 2 - o'il··2 ] '<h - 0 r~3113 r-' ' '-" L"l.l ~ ' 

[~ ril (RCjl2)- p'i1cu2]A<il + Ari> B'P = 0 
3333 " 3 4 • ' 

;:~il~cjl = o. 

~ljl = alil + k 

(2.1) 

(2.2) 

(2 3) 

(2.5) 

trong d6 
Vi s6ng truyen theo hu&ng OZ3 rna m6i tnrOng l3 kh6ng nl·n dtrqc, cho nCn kh6ng 

d 
1. ·a uOl = 0 (nghla 1:! AC

3
j) = o). Do v~y ta chi chU j den cii.c 

tOn b;d s6ng an n~::n, suy I 3 -

phuang lrinh (2.2) va (2.3). 



T<r (2.2) ta co: 

Ujit = U [il (zs)cxpi(kzs - "'" ), 

Til' (1.8) Ia c6: 

Tlr di~u ki~n lien tJJc gifra cac m~t phAn chia cftc l&p : 

u[it (h~il) = uji+It (hli'), ;; ji 1 (h~ilJ =;; li+lt(b~it) 
va c1i~u ki¢n tudn ho:i.n d6i v&i bien d¢ (xem (25) trong [.3]) 

U\Nl(b) = U'}'to), PjNl(h) = P'}l(O) 

trong d6 : 
h).i

1 = h'rtl + ... + h'il (j = 1, N- I) 

tu se thu duqc h~ phuong trinh sau Gay d~ xilC djnh c~Lc h£ng s6 A ill, B~il 

& day: 

M(a!N-1t' OJ XjN-IJ 

.\I[ajNt, of X\'" 

'[ (2) n(2Jl x'2l =l\-Ial,VI 1~ 

= M[a'~ 1 , 8 1~ 1 ] x'¥ 1
, 

' 

[ 
IN) grNJ [NJ 

M at , 1 ) X r , 

'r( n) en'l xo' ~\ :11 ' 1 .l 1 ' 

exp(- i8jil) -ex pi Bjil 
'I[ o' e<itl _ n a1 , 1 -

(2.6) 

(2.7) 

(2.8) 

(2.9) 

(2.1 0) 

12.11) 

(2.12) 

(2.13) 

(2,1 f) 



(2.15) 

Ky hi~u jj ... 11 bih thi ma tr~n. Tt\·(2.12) ta c6: 

ikh -

lie 'II'~'M[a'f'.e'}']-M[a'j'.o]IIX''t' ~o (2.16) 

Jrongd6: 

J!'l' = M[at'\'. 8<jl]M- 1 [at~l, o] ... M[a'{l, e</t]'w1[a'l'· oj,(j = 2 N). (2.17) 

Do X'J l + 0 n~n: 

del Jl eikhM!~J M[a '['. 8'\'] - ll[a '\', 0 ]I! = 0 (2.18) 

BO chinh la phrr{rng trinh tim s~c,cUa s6ng_ phtm qrc trOng mf;i.t ph~ng OZtZ3· 

Nghi¢rn ella h¢ (2.12) duqc bi'&u Ji€!n dtr&i dl,lng: 
. . . . . ( 

X'l' = w 1[a'j', 8'1'1 (M'i-1')-1 :u[a'i'. o]x'[' (2.1) 
l 1 . 

SU: dq.ng (2.13), tlr 2 .. 19) ta se xUc djnh duqc cite h~ng s6 A(JJ' B_CJl 

Trttilng h~p xi.p xi sdng diii: 
. -. -- . 
Trlf&ng hqp xap xi s6ng d3.i, tlrc lil khi blJl ~f..., \f i:::::: 1, N (2.20) 

l 

(A la bu&c s6ng) thl ta se tuirng mJnh l!6a dugc (2.19), d~c bi~t h'r (2.!6) Ia s 

tim drrcyc c6ng thirc tinh v~n tOe s6ng. 
Sir d\tng (2.6), (2.15) vii \2.20) taco·: 

cosO(i J ~ 1 

1-
1

1

1

1

2

1 

1/2a1{' 

- 1/2a (il 
Tlr (3.14 ta c6:, 

SU: dl!-ng, (2.21), bO qu~ ecic cl~i hrqng be b~c cao Ia c6; 

'IJ[a'['. B'i'hr-l[at{t, o] =I. 1 . . 
- ja (])(jrn 

! ) 

~ iGti1Ja{{J II· 
1 I 

(2.21) 

(2.22) 

(2.23) 

Slr dt]-ng phuang ph-J.p qui n~p, hO qua cac dt.ti Juqng be cilp hai, 1a chlrng minh dugc 
cQng thlrc sau , 

j-1 

2: ~ (~JfJlt) 
k=2 

j-1 

- i 'L 6lf1/a tfl 

k=2 

Tbay (2.:24': viw (2.18), sau mt)t s6 PhBp biCn dOl dan giUn Ia e-6: 

N N 

k2 hz = L a(l)fj(J) L e(p;aCil. 

j=l j=1 

Str dqng (2.6l, !3.15), ltr (2.25) ta se c6 : 

(j = 2, Nl 

(2.25) 

(2.26 

'c.7 

tl 

I 



0 - -
trong dO C1 = --13. Vl~n t6c sl'lllg, ,S(jl = lJfi 1fh (j = 1, N). Khi chON:.:::: 3~ thtC,L2fi) tnlng 

k 
v6i ket qua (54) trong [3]. Thay (2.241 vao (2.19), sau m¢l so phep bien d&i ta c6 : 

-(I- i6<flJ 

2(1 + ~) 

k-1 

-+.TI: a 1 
)=2 

k -j k -1 
-(! + i9<~l) 

2(1 + ~) ll + _i_.- " 'ile'i'-. "' [-~-· +i (kl ~al 1 al <kl 
a 1 a l 

.i=2 j=l 

k-1 k-1 ,., 
a'ile<iJ- a'll [-

1
--- i '\' 1L]! 

1 1 1 .{k) '-' (j] 
a 1 , a 1 

j=2 

~1-~ 
/ a 1 I: 

]-2 
k=l k-2 

. trong d6 : I:= I: •t'i'6Ji' I: eti'/aJi' 

j=2 j=2 

(2.27) 

(2 28) 

Dem cite h3.ug sO·Aiil, Blil x<lc dinh b&i (2.27) vito (2.7), ta se xltc dinh duqC d(mg c-q th~ 
ciia nhi?iu chuy~n dtch cUa s6ng phA.u c~rc trong m~t ph&ng OZ1 Z3 va ciq c.l<.Ji luqng 

'khlic. Do (2.18) nen AP 1 ph\1 thut)c·_vao,·B~ 11 , do v*y cac hUng s6 APl, n(p xac dtnh chinh 
x3c den -m¢t nhA.n tiT bUng sO. 

II- SONG PHAN (\fC TRONG M~ T PHANG OZ2Z3: 

Tien h3.nh hoiln to~m tuong ttr nhu tren d6i v&i s6ng phan eve trong m~t ph&ng 
OZ2Z3 (ulP ~ u~il == u!il == 0, u~iJ + 0) ta cling c6: 

- Bieu th(rc nghi~m: 

en _..,.._lil ·""ril ___..(jl 
u2 = u 2 (29)expi (kzs - U.'T); F 2 = P 2 (zs)expi (kza- c..YrL 

...---.fjl -jj~ (j) · (j) (jl ·A(j) 
u 2 (zs) = e .'-z3 CA2 exp (1~2 23) - Rz exp~- 1!-'2 z3)); 

~tjl -·h• fjl Afj) til ·A(jJ ))~(jl RtjJ 
P l (z 3) = ic 1 

'- "(A2 e;.;:p (ir-"2 z3) + B2 exp (-tt...-2 z3 x S223r-2 ~ 

iil ti' Ia' ' ~ otil 1 j \'1/- ,,., lrong d6 A2.-, B2' nhfrng hang so, t-'2 = w V p 1 'X 3223 Ja nghi~m cUa 

lrin h (2.3). 

-Phuong trinh Hm ,<;tic:· 

phtrang 

'clet \1 eikh M~N'M[ai1l, W'J- 11 [a~11 ,o]ll = 0, (2.30) 

·1 ·~ n ·· ·) ,.... cp [JJ fil - liJ til • 1rong C!6 a2n = "s12g~ll ', 8\' = h ~~ , Mz lj = 2,N) va M[az , 92 ] dtrqc xac djnh bid 

cf.t-c C()ng thlrc (2.17) va (2.14) trong d6 ~-\iil, B1il du\rc !hay h(ri a~iJ) ~~h. 
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- Cac b~ng s6 A11J, B~iJ duqc xac dinh bOi c6ng thltc: 

{jl 1 · <il ecilj Cj-11) 1 . ( C1i j {J l . -. X2 = ~r- [a2 • 2 (Mz - M •z , u Xz , (.J = 2,NJ. (2 .31) 

xj)1_.co d~ng (2.13) trong d6 f}iP Uuqc thay bbi ~iP, AiP, siP thay, bCri Aii1, 

Trui~ng nfP x&p xi song dai: 
·B<il •• 

trong 

dugc 

C6ng tbirc tinh v$.n tOe truyCn s6ng: 

.. [- - ]-(1! 
c~ = s<1lp<ll + ... + s<Nlp<N' · 

s<NJ r (2.32' 

"' d6 Cz =- Ht v~n tOe truyen elm s6ng phA.n qrc trong m~t J:?hiing OZ2 Zs. 
k 

Cac hi\og sa A~il, Bji1 d:uqc xac djnh Mi cong lhirc (2.27) trong d6 aiil, 6:[ili 
thay hbi aiil, 6i\l, ChUng xac d!nh chinh xac (ten m()t nhftn tir hUng s6. 

§ 3. KtT LU~N 

Nbu v~y de nghH!n ciTu h3.i toin truyep._s6ng vu6ng g6c v&i l&p trong mOi truOng 
v6 h:).n khOng nen dtrqc, pha.n l6p tuin hoin mOi chu ky gOm N l&p v~t litu kh:lc nhau 
N >~), cudi cling ta phai ghH hai h~ phuang trinh d~i s6 tuyen tinh thuiin nh[t dip 
2N cli;tng (2.12). D~ c6 dcrgc phuang trinh tin sttc ta ph:ii khai· tri~n 2 dtnh thUc cip 2N .. 

Trong truang hqp x:lp xi s6ng ctai ta dK tim c1uqc d~ng c~ th~ cUa dicli chuJ~n 
va v:ttn tOe truyEm s6ng. . 

. Chu y rhg d~ tim ra cong thirc tinh v\tn t6c truyen s6ng (li4) trong [3} (khi 
N = 3) ta phiii khai trih d:jnh thirc cap 6 = 2. 3, sau d:6 hi\ d:i cac d~i hrgng be cap hai 
tr& len. Trong tnraog hqp N Mt ky (vi dl) N = 106) thi vi~c khai tri~n djnh thl)c cap 
2N (vi dl) 2 .\06) d~ tim c6ng thirc giai tich cua n6 Ia bet sire kh6 kMn. 

De kMc phl)c kh6 khan do ta bifn dOi M phuang trlnh thuan nhal cdp 2N (2.12) 
ve h~ phucmg trinh cip hai (2.16). Va do V$,y thay cho vi~c khai tri~n dtnh thUc cfip 
2N ta khai trien djnh tht'rc ella J;llll tn~n c~p hai d<.tng ticb cUa N rna tri}.ll- c.lp hai. B3..ng 
c<lcb bO nhftng d~i hrq9g be cap hai tr& len -sau mOi bu6c nh:ln rna tr~n ta de ding dv 
do3.n v£1 chlrng minh duqc tl::mg rOng quit ella rna tr~n tr€m v&i-N" b:H kj'. 

f)ia chi ' 
Trui1ng fJgi h~c Tong },~p HN 
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PE3IOME 

PACTIPOCTPAHEHJilE BOJIH, TIEPTIEH)lliKYJ151PHOE K CJ1051M B HEC 
)I\Ji!MAEMOJ1 BECF..OffEqHOVl CPE)lE C TIEPl'IO,UJilqECKHM qEPE)l 0 BAHHM 
CJIOEB C O,UHOP.O,UHbiMII HAqAJibHbiMII ,UE<POPMA~IIJJ'MH 

B 9Toii cTaTbe paccMaTp!!B310,TCH sa)\aq!l no pacrrpocTpaHeH!IJO BOJIH nepneH)\HKy­
JIHpHo CJ!OHM B HeCJKl!MaeMOH 6eCKOHeqHOH cpelte C nepHOI\HqecKHM qepe)\OB3HlleM CJIOeB 
C 01\HOpOI\Hb!MH H3'illJibHb!Mll )\eljJOpMaljl!ilMH . 

)lJIH 1\JliiHOBOJlHQBb!X I1pH6JIHJKeHI!H IlOJiyqeHo TOqHoe Bb!p3lKeHI!e . pe!fieHHi'i II B 
qacTHocTH Haii)leHa <jlopMyJia 1\Jlll onpel\eJieHl!ll CKopocTH pacnpOCTpaHeH!Ill BOJIH. 
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