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TRUVEN SONG VUONG €6¢ V&1 LéP TRONG MOI
TRUONG VO HAN KHONG NEN PUGC, PHAN LOP
TUAN HOAN €O BIEN DANG BAN DAU THUAN NHAT

PHA‘V[ cut ‘VIN

Cac bai toén truyén séng vubng ‘goée hodc doc lc‘rp trong moéi truong vo ban phin
16p tudin hoan khéng nén dwge mdi chu ky gdm 2,3 16p vat lidw khic phan da dege
nghlen cttu trong cdc coéng trinh {‘3] 3} Cac céng trinh trén d% dwa ra dang nghi¢m
ctia bail toin, phuo-ng trizh tan s#c - va trong tru'e'w hop x&p u aéng dzh da tim duwge
codug thie cda vidn tdc trayén song.

Troeg bai ndy, ta xéi bai todn {ruyén séng vuéng gbe voi lop hong modi truréng

vé han phin 1ép tudn hoan khéng nén duge mm clu ky gbm N lop vat heu khéc
phan (N = 2)..

Trong tru:d'ng hop xdp xi’ séng dai di ilm dwoe bika thite ey the che dlch chuygn
V& van tdc iruyén s6ng. Khi ¢cho N = 3'ta thn duge cie ket qui trong [3]

§1. DAT BAI TOAN

Xét moi trudng vd han phﬁn 16p tulin hoan khong nén duge, mdi chu ky gdm N
l6p vat lidu khée nhau (N }v’ 2). Ta phin bigt ba trang thai cla modi trudng: trang thai
tr nhién, trang thai bah d4u (c6 bién dang trude) vi trang thai kich ddng. Ta s@r dung
2 hé toadd: hé tga dd Lagrang (x(” AP xl“) m4 & trang thai tir nhifn trang véi he toa
d6 Dé-cdc vndng géc elia cac Iorp, va hﬁ tea dd Dé-cac vudng gbée 0Z31Z273; trong
trang 1hai ban dau (chung eho tit ¢k che lép), trong d6 che trye xg], , Zs:vubdbng goe vai
mit phing phan chia cac lép (xem h.1 trong {3])-

Goi M 14 mot di2m thude |6p thi j ca chue k¥ thir shit. Toa do cla dikm nay

trong trang thai ty nkiétn 14 (x“‘ xré)j x'4)), trong tramg thai ban ddula (Z1, Z2, Z3). Gik

st hign dzng ban dAu trong cae 16p vat lidw 12 thudn nhit, tfe la:

2 = 5 — i))\[]‘h A = canat, D
Smk 13 Lw% higw Kréneke (m, k = 1,2, 33 J = ? M}, Do ¥ nghia vAt Iy md céc
hing sd }\ JT 200 Bhi 4o tw (1.1), chiung ta $8 c6?

zy = ?\{” \i]a: gy = ,\EWR £,
o~ ’ it . n' . . .
as = Ih + gt Tt ARy I, (1.2)
trong dé n'i? 1 chidu diy clia 16p thir j troag trang thai ty ninén, h la chidy day clia
mo6t chu ky trong trang thii ban diu, o div e
P A N YA L A | (1.3)

Goi ekidu diy clia 16p thir j & trang ihal ban dan I B, To (L), et

e =g ) ' (1.4)
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Gid s moi truéng khong nén dwge, khi d6. phwong trinh co bdn viét cho mhidu
d¢ng dich chuydn B (1), (3}

Nglja)U{ah—_- 0, (1.5)
U ~ 2 i . : - :
Yy ey 9 . s a :
N = (“53:&3 = 018, )(1 — 3na)(1 - Bag) F el = B ——F = e
Touitap " | ot e T
+ Bmall ~ Bag) — L (m, e =14:;1, =1, 3 G
' P , IR
~£-?‘I _ . . . -. . . - PRI o i
O aay i) g = A AW R oyl = pUi, (1.6) o

=,

%L]‘]:EOL?' = lg] )"‘étj) [Simsaga{{,] + Biaamﬁ(l — Sim} {J.i(z.‘}l +
+ Smadip(l — S1m) bl ) + Saadipore D, a.n ]

(1 ; #0 (]
trong do aip , w67

im:?¥

duge xac dinh bdi cac cdng thie (14}, (i5) trong (3]

T4i trong tai mit Zs = const cho b&i cong thire sau [1);

~ s ~ ) are (i ) !

Pu =% {0 d;_‘d’ + B3P (2, B 1,2, 3) (1.8) r-;

o b o

i —_— R :
. Goi thinh phin clia veelo sébng K trén he ‘toa d6 (Zy, Z2, Z3) la (ki, Kk ks). O day ta
s nghién ctu truéng hop ki = k2 =0, k3 =k =£ 0, : Lo

§2. PHUONG PHAP GIAI . |

Ta tim nghiém cdia h¢ phwong trinh (1.5) dwai dang.

pd = U (zgexpilkzs — w3 (2.1)

Il . ~ - s ki . , s
US)(ZB) = Al ex-pla‘l]za(ac =1,4), trong d6 cac hiing s6 AY’ kbong dong thei biang

khong-
Thay (2.1) vao ke {1.5), ta cd;
5 (BI)2 — oa?] Al =0, (2.2)
(i g5 (B9)? — 0" g = 0 @9
[# {1 (B — pTetlag + AP 00 = 0, ! (2.4)
e e |
P = gl i
trong 46 B =aM + k |

‘ |

Vi séng truyén theo heong OZ3 ma moi tredng 1a khéng nén duwge, cho nén khong ‘ ?
& k N :

E

ton tai song dan nén, suy ra U'E_,j): = 0 {nghia 12 AE‘%HVI 0). Do .vé}y ta chi ché y dén cac

phuong frinh (2.2) va (2:3)
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1. S0NG PHAN CUC TRONG MAT PHANG OZiZs:

T (2.2) ta co: {ils =f 0 me/xfsifls- _ (2.6)

Ung vl Bl thi Al tity ¥ khae khong, con Az{ o= Aé” = A:;” =0

Do viy UF = U =u =0, Ul o6 dang sau:

Ufh = U (0 (za)expificzs — ), - : T (an
o . b R
Uil (zg) = [Agﬂexp(iﬁi”as) — B{ exp(~ B z3)le ™18,

Tie {1.8) ta c6: 7 =P (28)expi(iza — wr). ' (2:8)

o~ . —ikixg ™~
p P (z3) = te %

éjl)wgiil (AE” expiﬁ{ﬂzs + B?a‘exp(é i{i?’zaﬁ),
P =pl=,
T digu kign lién tyc gita cac mit phan chia cée lop *
j i ; . iy L ;
O () = UPt O i), B <F Gy 29)

v& ditu kidn tudin hodn d6i véi bitn 49 (xem (25) trong [3])

e LS P ~ o~
U = U0, PM (k) =P : (2,10
trong a6 b = R 4Ly R G=1,N_-1 (2.11)

ta s& thu dwge hé phwong trinh san diy a8 xic dinh cac hiing 56 Ai”, Bi” :
L2 2)y ;2
MEalt, o] X = NP, 6P xD,

M[a? | g XD = gy, Q(I}}Xl?],

3 " . “ . o - . - ° . - »

Z d N
Maf™=D, o] XD = g™, 8 (Y

(2.12)

M, o] X990 = apall, 61" i,

. _
. _ Ai'].)expiﬁ(l Jhg@”
& day: =y D , {2.13)
- - BMexp —iB(I'p{)

exp(~ i6{11) — expi #{1

Miai’, 89'] = . (2,14)
al{jjexp(- ifi{in) afllexpi B(h :
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{]l,h = D Bih, a{h = Ré}ﬁa@“ : 2 15)

[\y hidw |[... 1] hitu ih1 ma tran. To{2.12) ta cé

. droug do:

o MO = [, 0B, o) . M[a4l, 6 M- 1atlt, o], (f =2 N (217) -

Do X' 5= 0 nén:

det [ et @p]a 1, B0 — afa'l?, 0} = 0 ' (:2*.'1__8')-= :

b6 chinh 1a phwéong trinh thn sfie ela song phan cye trong mat phing 0ZiZs
Nghié¢m cha he (2 1‘)) duac bigu difn dudi dang: /

X4 = m1atl, 801 (artd-t)-1 M[atd), glxih : (2.1}

1

\ N

Sir dgng (2.13), te 2.19) ta s& xac dinh duge céc hiing s8 A(}], B_q]
Truing hop xép xi song dai . '

¥

.Trtrong hop xip xi song dai, tac la khi Bl <h Yi= 1, N : (2.20)

(A la budc séng) thi ta s& tuong minh héa duge (2.19), dic blet tir {2 15) ta s
tim duge céng thire tinh vin the song.
St dung (2.6), (2.15) vi (2.20) ta ¢

sinB) = 831, cosﬂ(i) N R - 2.21
. /2 i/2ad! '
T (214 taco:, - M-ifatd ] = - (2.22)
—1/2 1/2a )
S@ dyng {2.21), b0 qua edc dai lwgng bé bic cao ta 6,
1 , —ifG1jath

M[a(i;, e‘i]h[‘[[a(’;}, 0] =

— ,-ama(.i) i

!

St dung phwong pllap gqui nap» b0 gua cdc dgi Juppg bé cip hai, 1a ching minh durge
cong thirc sau :

f'_nl '

1 - — Z ki e

. s =2 ' —
MG = T =Ny o)
. i—1 - .
knark
Z alBiH 1
’k=2

Thay (2.4 vao (2.18), sau mot sé phép bién ddi don gidn la co:

K p = Z a(g’ﬁq’ Z 9zt : (2.25)

=1 j=1
Sir dung (2.6), '215), tir (2.25) (a s& cb :

C% =,[S(1me T S[N]p N ]~1 — + . + _,____] . (296

=7

”e Md}h M[a(i]-,ﬁflf)]_m [ (1)’. }”\m =0 . g (215)

. (2.23) -

il




. £ . . ot T
troung 46 C1 = -—1a van té2 song. S = Lil]h (j =
k

vai K&t quéi (54) trong [3].

1, N). Khi che N

= 3, thi{2.26) triing

Thay (2.24} vao {2.19}, sat mjt 38 phép bién db8i 1a co6 ¢

k—1 k-1
FES N AN VIR I ORI
*_“1‘] — ' \ J=2 .]'—".2
. . - k—1 ) : k-1
2(i + E) ath) S = T | B
: =2 j=2
' lt— k-1 .
a8t )1 o E e #aul[_l__ +i Z 6} “
200 + 2) a“f] 1o : a'P at])
=2 = Xh (2.7
L — k-1 .
1—ifta % i Z pU! a‘“[ [ ; Z 61! ]i
21 + ) aﬂf] 4 1 1 (k) - a({]
=2 }=2 *
_trong a6 : Z Z 6L Z 81fa (2 28)
j=2 j=2 “

Pem cac hing sd A}’ B{P xke dinh b#i (2.27) vio (7), ta s& xéc dinh dwge dang eu thd
cGa phiéu chuyén dlch cua song phidn ecye trong mit phing 0Z1 Z3 vi caq dzi lugng
-khac. Do (2.18) nén Al ! phu thude vao. B(1 , do vay chc hiing s6 AV, B[“ x4c dinh chinh
xdc dén moét nhap i hang 56

il — SONG PHAN cuC TRONG MAT pHANG 0Z.1;:

Ti€n hanh hoan toan luon{g ty nhw lrén déi voi séng phAn cyc trong mit phing
0Z2Z3 (u{i = ué” = u[” =0, uy 5= 0) ta cling co:

- Bitu thire nghu_am:

~

. o _
uy) = (11 (Z3)expi (kkzg — w7t); P fz]] = Py (z3lexpi (kzs — wT),
4 —ik i .;li j .ntil . .
w i eg) = e N5 (A8 exp (183 28) — B2 lexpte if2 20 (2.29"
R ik i it (i) 6 T il
m(z ) = le lus(Aé“exp (iB2 z3) + By exp(—iB2 za)) % s223By
' () th . N . all '
trong d6 A%, B2 1a unking hing so, B2 =fﬂ\/pil}] % sy 12 nghitm cha phirong
tvintt (2.3). ‘
— Phuong trinh tan sic:
N
‘det 1“‘ M( )Mlan) {1] - M [az , 0] “ = {(2.30)

. ~ (43 ; th .
maaﬁm ﬁfgﬂ =h @;”,Mm ]Cfquc xhe dinh hoi

cho cong thire (2.17) va (2.14) troug do A,

(= 2N) va Mas’, g8

- 5
trong asas’
V b . . 2 . ('

Bf” duge thay béi 'ﬂéns pZ”' -

- 9%




~ Céc bing s8 AL, 5P duge xac dinh bdi cong thite:

i - B — i (
¥ = a8 087 aay )" lal, o) Xz”,(lmz.m (2.51)

%31l c6 dang (2.13) trong d6 80 duge thay bai By, A{l, BIP thay bai AsD, g,
Truimg hop xdp xi sing dii: :

: L
Cfmg thire tioh vin 8¢ txuyen séug L L 1"" R
b gy g - o
Lz [S(l_lp{l) o + S[N]P(l\) ] i ——]| @
Rl : N} ST
| 3328 7‘5[5223

trong a6 Cz ~-l;— 14 van tée truyén. clia séng phan cue irong mat phang 07y 73..

Cae hing sé AYD, (1) dwge xhc dinh b cong thie (2. 27) trong 46 a ﬁlﬂ! '
duogc thay bdi ay), ﬁ[” Ching x4c dinh chinh xie dén mot nhin t& hiug sé.

§ 3. KET LUAN

Nhue viy d& nghién ciru bai todn truyén sdng vudng gée voi lop trong mdi tridmg
v han khéng nén dage, phin 16p tuiin hodn méi chu ky gdm N 16p vit ligu khac nhaun
N 22), cudi cing ta phdi gidi hai h¢ phuong trinh dai s§ tuyén tinh thuin nhit cép .
2N dang (2.12). D2 ¢6 duwoe phuong trinh 14n $8c ta phdi khai tri2n 2 dinh thie cdp 2N.
Trong trwéong hop xfp xi séng dai ta di tim dwge dang cu thé clda dich chuy®n
v4 vin tdc truydn song.
. Cht ¥ ring d8 tim ra céng thac tich vén t6c truyén séng (34) trong {3] (khi
=3) ta phdi kbai tridn dinh thie cp 6 = 2.3, s2u dé hd &i che dai hroug bé .¢dp hai
tror lan. Trong tnrorng hop N bt ky (vi dy N = 10% thi vige khai trién djsh thuc cdp
2N (vi du 2.10%) 43 tim cong thire gidi tich cda né Ia hét siwe khé khin.
D& khic phue khé khin dé ta bién ddi hg phwong trinh thuiin ohil cfp 2N (2.12)
v& h¢ phurong trinh cfp hai (2.16). Va do vay thay che viéc khai tridn dinh thuc efp
IN ta khai tridn dinh thttc elia ma trdn ¢ip hai ddng tich cfia N ma trin cdp hai. Bing
cach bdé nhirng dai lwgpg hé cép hm tré 1én -sau mdi bude nhdn ma trin ta dé d&ug du
dodn va chitag minh duwge dang long quét clia ma trin trén vei N b4t k.

Pia chi - ' Nhgn ngdy 29[10]1984
Truing Dai hoc Téng hgp AN
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PACITPOCTPAHEHUE BOJIH, NEPIEHAUKYJIAPHOE K CJI09M B HEC
SKIMAEMOY BECKOHEUHOM CPEJE C [TEPHOINUECKUM YEPENO BAHHM :
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