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VE MQT MO HINH TOAN HQC CUA LY THU)'ET 

DQ TIN G$.Y 

NGUYEN VAN PH6 

§1. Mil' DAU. 

·,_ . ~S' thuyet d¢ tin c~y ella cac. kN diu cOng trinh da diTqc. trinh b~ty trong cac tfti li_~u 
'[4,' 5 ... ] c&a v. v. Bo-lo-chin. · · · · ' 

;· .,Ly thuyet <16 e6 the t6rn t:it nhu sau: 
Cho h~ th6ng c6 cilc r'ie~1 h~ 

--;. --;. 

... 
Trong dO u lit ... 
~h~lng q 1:3. m<;)t 

L U, = q (l.l); M u = v 

-"Jo ,......,.. ~ .--7( 

vecta fr:,tng thlli u E U, q = q ( x, t) 1>1 ... 
qua trinh ng[u nhien q E Q; L, i\'( Lt ct'tc 

vecta t:ic cll,mg ngo:li, 

toim tli· •d philo, 

.·.: ..... dqi .Q·o -Ia -,miCn kilhn tra cha't luqng flo E y. 

GQi G ~a.mien h~ chieu trong kh6ng gia_n ba chieu x E G. 
BQ tin c~y ella h~ thOng la xir. sui'it: 

__,.. __.,.. --'.>- : -

P(t)='P[v(x, T)EQ,; T E [o, t], x EG].· 

f)~ xO.c tlinh P(t) -ngu&i ta tHin h:3.nh thea b6n bu(rc. 
Bm'rc 1: Sa d6 h6a h~ v~\. tai tn;mg, ttl'c 1:1 xitc dtnh Q, U, L~ :\f 
Du&e II: sac d!nh trqng th£ti ng2.u nhien ctin h~·, tlro- lil gi8.i (1;1) 
Btt&C' III! ChQn kL:6ng gian chill lw;mg V vfi mi(}n ki€m ira di.[lt luqng Q

0 

Btri;c IV: Tinh P(t). 

(1.2) 

n6i 

(1.3) 

Ph nang pllltp xfic d[nh d¢ tin ci)_y theo srr ~1() trf·n 'kh6ng ih'l~~ 8.p d~1og cbo dtc truUng 
hqp suu : 

a) Phuang trinh (1.1) kh6ng cO n.ghi~m JJil'~n di0n du6-i d<Jng h~tm sO, rn3 chi tim 
nghi$m glln \<1ling (nglli~m ~ttng s6) .. 

h) Ptnrang tdnh (1.1) kh6ng c6 nghi¢m cluy nbtl.l, nlJu· tr·onr~ bai to~m tltiet kfi t6i 
trtt, bfti to£u1 xac dj1.1h kb.il n:J.ng chju ll_rc ella dtt.-. c6ng trinb. 

~Tgoai ra, de tinb -~(l), n·guc'ri ta eOn phi:.i.i dUng nhiBu gi{t thifH quit ch~t che. 
Bit'11 Chmg ch\1 S' IL1. vi¢c tim 1ltQt thuf.it t0fln lrng v6i sn dCJ h"Sn hln-)·t:· tT&n <1l~ tinh 

tren may tinh b r:J:l l:ll(l kh:'i_n, 
_Trong hii n2t_v, chUng t6i Xfl.y ''h.rng m(:lt mO hlnh loi!.n hQc ella l)' 'tlTuyCt dQ tin c$,~~ 

\()_ng qyat eho b~ t6i uu (h¢ th6ng tlHrO·ng 18. tnrOng hqp l'i;;'ing), hy \'{_illg r1lng se kh~C 
ph1.1c dtrqc rnQt phlln cftl~ nhu.qc di(\m neu tren. 

~2. DTNH NGHiA D(i tiN C4,Y T(JI lfU 

()· day chltng !1'>i hi'Cn h$ t6i n·u 13. h~ r'n{t (1.1) kh6ng c6 nghi9rn duy nh[t. Quan 
ni~n~ lh'iJ:~ r¢ng~hon ;~ghia t6i u·u th<)ng tlurb11go Vi n6._ban gOm nhG:_ng h:l~ to{tn t6i uu 
thOng thuang Jan nhlrng bai to6.n kh6ng phil 13 t6i uu theo ugh'ii h~p·. B6 ·1a ~hl:rng bai 
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totm muiSn giil.i chimg ch't c6 th·e fL§n hinh hling c:lch ll.JR ..:~hqn phLtaug an. nghia la dUag 
thu~t loin i6i u·u bon. Lo:;ti bai toi"tn nhu: V~J thtr&ng g~p trong co hQe nhu bSi toU.n 
tr\lng -th&i gi&i hg.n, b&i toli11 thkh ling _cl'ia h~ d~m hlJi ·- deo [1) 2] 

Trong [ 4, 5] tac gia dll thay 
-+ -7 ~ 

P(t)=P[ v ( r, ~) E Q,, !/\'< E [0, t], x E G] 
b&i 

~ ~ 

P*(t) = P [Sup, sup v ( r, T) E Q,] 
_,. 

'<E[o,t] rEG 

v3 eoi P ( t) = P* ( tl ( 2,1) 

Sau illy ehLing tOi xin n~u m¢t thi d~ i!~ cbli:ng to kh6ng phii (2.J) luc nao cung 
ilung. 

Th~t v~y, kh6ng mat tlnh cMH tbng quat~ d~-- trinh b3.y thrqc rO ra.:w.g, ta bUu dien 
cic d~i luqng nhu sau 

_,. _,. _,. ..... 
q = q ( l( • 6. t), 
_, 

"""" ...... ....... 
u = u ( X , 8' t), 

_,. ..... -+ __,. 
v = v ( 

X ' 8' t). 
,... 

Trong il6 e = I 8; I Ia vecta ngil.u nhien, cac tMnh pMn Is nhiing Ufl.i lu:gng ngiu nhi6n. 
Xet qua trlnh v = - ('< - 6)2 + 2 

lit il~i luqng ngiiu nhien pMn ph6i ileu tren [0, t] 
my Urn P [v,;;;;; 1, 0,;;;;; 1:,;;;;; t) 
Dt thi clia v (hay th~ hi~n ci\a qua trlnhl Ht nhiing parabOn il~l C¥C trj ~i "< = 6 

rna t~i U6 Vmu = 2 (hJnh 1) 

v 

' 
C"'.:~;·f 

Tlinh 1 

Di'~m c.~te td lu6n ch~y tr~n AK khi "C' E (o, t] (hwng t-rng v6i B) 
Rhi di~m C\l'C tr! ch~y tren AK thi dQ thj ei~t 't = t d U'& i nac v = }. Khi di~rn CU''C tri ,,ha_ y 

tr@n BK thl ttl) thj d.l ~ = t tr;;n nfi.c v = t. Do 6 Ill doi luqng ngiau nhi~-n .ph~~ pb.6i 
ueu, n~n ta c6 

Di~m C¥< tri K ling v<Ji GK 

P(t) = 1. AK 
AB 

- (t- lKl2 + 2 == 1 (vi qua cl 

2 t - 1 1 ~ (1- 6K) == :l =>l "" 6K= 1 "'8,{ =t -· 1 .. P(tl ~--- =1--(t> 1) 
t I 
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't'rong khi do 
P[sup v(-r) < 1} = U 

-rE(o,t] 

Vi cac giit trj ella sup d€u nam tr~n nRc v = 1. 
D~ duqc tbng qu~t sau d~y chimg t6i kh6ng bieu di~n .nhrr tren. 

2. DiNH N,GHiA 

Trtr&c hH, ta hay bi~u dien cite h¢ !hue ea ban theo quan di~m xlic suM.·;1)''lng 
ca b9e· ta thulmg g~p hai d~ng: dftng !hue va Mt ding thuc. Thong thttirng,'~~:tli~nb 
l~p cac h~ thirc d6. ngu&i ta din ct'r vao· d!nh I_y, djnh de, hay it ra ciing chUa cAc b~g 
s6 thvc nghi~m· · 

Sau khi xu ly dtc Mt qua thgc nghi¢m nguiri ta lay !rung binh (ky VQng) ho~c 

l~p duirng hoi quy. 
Trong [3] chung tOi d~ ban .Mn vi¢e thay the cite h~ thuc thOng thu&ng Mng 

. cic M thfrc xac sua!· 
· Chbg h~n. a< [a] dugc thay hoi 

P! cr < (a]J > P, p E [o, 1], 
~ _,. 

f ( cr, x , ... ) = 0 dugc thay hoi 
-+ __,. ~ __,. 

P!\f(J>, x, ... )-f0 (cr, x .... )\<8j;>q, qE(o,l] 

Trong d6 (a] lit ung suil.t cho phep. fo lio drrimg hbi quy. Cite xae su!lt P• q dugc 
cui nhu Ia cac !ham s6 dieu khi~n. N6 c6 til~ ch9n theo so li~u quan sat, theo cilc ch! lieu 
kinh t~ ky thu~t. Nhu ta se tMy sau nay p, q se dm;rc ctieu chii\h~ trong qua trlnh 
tinh toiln. _,. _,. 

Trong nhi~u b:li toan ca hQc, d~i lugng ph3.i tim lS. ham ella 6, nghia 13. x = --=X ( 6 ). 
-? 

f)~ phuong phlip gi3.i b3.~ toan dugc don gilln, fa bien dii3n x d!J&i cJq.ng tha-m 
s6 h6a (6L 

_,. 

x(t,iJ=x<7. -e)= E yk(tJvie. t) 

k 
Trong d6 Yk(t) Ia cac hiim tiiln djnh chua xac ajnh, con vk Ia cac ham dli b!H 

ella 6 , t. 
. ....,. 

Vi v~y, khl'lng mlit tinh ch{lt tbng quit, tt'r nay ta ch9n ln ella b:ii toa.n tax = ....,. 
= I xi I khOng pht;t thllQc vao 6 

G9i X Ht t~p hqp xac d!nh bUi d_c di~u ki¢n tlE-n d~nh cii::t h:li tollno 
_,. -+ 

Hien nhi~n, tu tim x: sao cho :x E X va thOa man eRe h$ thUc d:mg xac suit 

->-> --
P[ <pj( x , 8 , t) < Cj] ;> pj, j = 1, n. 

Trong dO t duqc coi nhu 13. tbam sO. 
Do d6 b3.i toin d~ tin c~y 13. xac dinh X{lC suflt 

-> _ ( P(rp;(7, 0, ~) < C;] ;> Pj 

P( x , I) - P ) j = 1, n 

)-; E x " E [o, t] 

(2.2) 
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K.Y hi~n ulm trl~u. du.-;rc. Ut(~·u tilt"':' li_(!,Lh< h1 xttt ~adtt ahng ihid tl1!)£t r!1_an tttt. cil 
cac lileu ki¢n d*t rn cho hili to;\n~ 

Hc'li to{m tlQ lin r.0-y tOi ttu, dti'I/C d~l ra nhu sau: Ha.:v x:ic cl.jnh -~-'!>- :::::: f XJ} sa~ cho 

P(_x t) d~1t eve d<;ti, ngbia ht tim 
-+ 

P(t) = maxP( x ;) (2.3) __,. 
Jxi 

__,. ~ ---"> 

Truong hgp giiii (1.1) ta tim. GU(YC X = f ( 6, t) thl Ci.3) tritng v6i i!jnh ngh1a d~ tin 
c*y cua V. V. BO-lO-chin [4, 5]. 

\ 

§ 3. PH!JO'NG PHAP XAC BJNH Bi) TIN CA,Y CiU. H~ T6I UU 

D~ xac d:lnh P(t) theo \2..3) ta tie"n hanh th_eo dtc bu6c sau: 

Brr&c I: ChQn P1 = n1iapj 
j 

gilti b?l.i toan quy hoStch ngft~1 nhien 

( 
m\ 
I 

-~-+ 

P[<pl( x, e , 't') <;;;; Cl]-> max 

(P[<pj ~ Cj] ,> Pj (1/t 

V61 di~u ki~n: j = 2, n (j "f:. I) 

{-;' E X,1: E [o, t] (l)z 

Ket quU gilli bB.1 toan (I) c6 th~ d.?l.n d§n dtc tnr&ng hqp sau ~ 

Gilt si'r max P[q;l < ci] = pJ11ax 
--+ 
{:c) 

a) Neu pfax <min pj ::::::Pi 

{j} 
h) Neu rla-x: = min Pi c:::: P1 

{j) 
e) Nthi pfu:.:: >min pj 

{il 

thi bai toftn \'0 nghi~m 

Bu6c- 2: Thay di~n ki$n P[q?j C 'Cl.] ;> P1 

h(J"i dieu ki~n p(cpl <~-: cd > pjrlay 

Ta l~i ch9n pz = r,nin j pj, pf1 ~n:) 
{j:oi::: J J 

(I!) l Pf9i~', ii'.t) ~Ceil ~max 
-( vc'n eRe dil_~u ld~in (I)f -v~'l (Ih 

Trong d6 ta hiCu ( I)jlft diCu ki0n (f}l khi thay Pl b6i pl1
"x. Khi Um dugc p~u 

l?L l~i xet c:it: tnr(l·ng hqp ft, h~ C nhu bU"<JT 1. ().u~\ lrlnh tiep tt,tc tU'Oflg h.~· 

Qua trinh J~p ,dUng b buc'rc tht'1· S ldii mil-

ma.x .. ! -max 1 max 
Ps = /m_u~ iP.i~ PKi J = ps-1 

J ,I I 

<j+K;, 

Cilc: h:H toan (I\ (II) Jf.t nhfrng hid to2I qu~r horyeh ngftu nhii~n, thu~t toan giJj 
chUng aa duqc -trinh bay trong ,[6, 7] 



I 
' 

So -ITO kh6i 
-·-,7!--~-;;;~~:;!} 

fJi 

I "' 1 -1 
I Vo·nq+,imj 

sroP - l>O 
I. P,=ax = f! I 
PftJ= !', STOP 

~ = min( f:· P,m"j [JJ J, r 
i* I 
L 

I f'{'f.,;; Cd _..max .l 
vdr cac ti'ieu k t$1(11,; (lht 

d I ;; ma;< f, =0 
\• 1 2 - z I 

-::,4 

' ' '<' 
l >O 

~;,md.x. ==min/!:· . r.mca~ pma.x. s J J J. -r- .!:>-! 

Hloh 2 

.2. CHtlNG MINH 51{ PHU HQ'P CUA LU:Q'.C 110 TRiN 

Th~t v*y, sau k.hi gi:ii b:li toan (l) 

....... 

-- Neu piax <min Pi lhi hi~n nhien bai toan v6 nghi¢m, vi kh6ng tOn l{ti x thOa 

Iii 
man p[ rpt <( Ct] > pl 

- Neu pfax = min pj = pl qua trinh dlrng lq._i, vi kh6ng th~ tim duqc phuong in 

. Iii 
t6t han -d~ nang cao xac su:lt. _,. 

- Neu pfaX > min Pi ~ pl thi 3 X thOa man tat ca cac dieu kien cUa biti to:in va 

Iii 
thOa man 

p[~l < cl] > pj"x > pl 
tlghia hi cOn kh<i nang tang x:lc su3t, do d6 ta thay p1 b&i pj~X. qua trinh tiep ttj.c tuang 
t-1! a bttac 2. 

Ghi ·chU: Tren day ta da dU chQn tru·6c c:le xfl.c sult pj, dC di~u ki~n dtrqc « ml'!m J 

han ta c6 th?: coi Pi l<l dtc tin ctia bai toan va 

pj < !;i < 1, j = 1, n. 

Ltic ,d6 ta chQn .Pi 13. pj, qua trinh tinh tohn tien hinh theo luq~ 'ao trfm· .. 
KhOi luqng tinh toan theo sa dO tren phl,t thnQc chii y~u vito vi~c glh )~~i 

bid to~n (1) ya (11\ B6 l:l h,ai b3i to:ln quy hoQ.ch ngUu nhien, kh3. narig. gi'ili _'chUiig 
dii dli\rc him: den trong [&, 7]. U d~y t rong nhii·ng dieu ki~n nbllt djnh cua badi>~n ca hQc 
cac biti totn (!), {liJ c6 th~ clua ve bid toian quy hm!ch lien dinh. 
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~ 4, M(rr SD (J'NG Dl)NG 

1. XAC &!NH XAC SUAT C:UA KHA NANG CH!U LI,I'C CUA 

H~ VOl LI,I'C TOI H.o!>N CHO TRIIOC 

Nhu la da biet, l.vl: t&i h~m trong bid loiln tq.ng thai gi&i h~Jn Pmax thOa man eac 

diht ki~.n 
___,. ___,. 

Lo- = P, f (o-) < c 'f X E v 
Khi k~ den d~p trung _:p.ga,u 11hien cUa die.u ki~n deo. Ba(' toan d*t.ra Ia: 

xac suat de 'h~ an LO~I.U v6i til.i tn;mg Po nao d6 ia 'bao nhi~ll ?' 
{p o c6 th~ cbqn h\ tld trqng pha ho:}i khi kh6ng k~ .dfn yeu t6 ng[u nhi~n) 

Tire tim P[pmn· > Pol 
B3.i toil.n dq_t ra trrong duang "V-&i bii toin sau: 

~ P!p<(p 0 j->min ___,. 

Oil) ~· V (ri mic ittilu ki~n l L" = P 
' ___,. ___,. 

r!rca, < cj ;;;.q. "·pIa an. 
llai toan thich trng ciing th~Lnh H}p luang tv· 

2. SAl JOAN THIEr KE TOI U'U THEO llQ TIN C~ Y CHO TRU'OC 

I 
___,.___,. 

MJ(x, 6)---> max (min) · 

!IV! V6i cite itieu ki~n: ~ P['l'i < Cj] > Pj, j = G\ 
I P __,. = PT 

xEX 

Trong d6 M 13. kY vgng, J Ht phiem ·-ha-m m1JC tieur 'PT'J:3. ·-xac su~t cho trcr6c. Ta 
thay bAi to3.n (IVJ hOi b~li toau trrang drrang sau: 

~ ~ 

MJ (x, 8) _,.max !min) 
(IV)' 

V . ~· 1 . I P['l'i < ciJ >, Pi, J .:'!,";;. 6'1 dtc uieu n¢n 
PT < Pj,;;;; t, Vi 

~ 

xE X 
(IVJ' Ia bai toa.n quy ho,ch ngllu nhi~n. 

B:li b<io da neu b3i toan va thu~t to:ln de tim d:~ tin c~y qrc d;;ti e-lla m¢t ca h¢, 

trong tnr&ng hqp mr)t sO tham s6 cUa h¢ chua xac djnh (thu¢c m¢t mien cho trtr6c) d6 Ht 
m¢t bili toan t6i uu ella lj thuy€t d¢ tin c~y. Luge diJ tinh toUn ella V. v. l:Ull-6chin ch'i 
Ia tru&ng hgp rieug-. 

Do khu6n kh~ bid bao chtlng t6i khOng n~u thi dv b&ng sO, vAn de kb3 nang giili 
bit.i toitn theo luge dO neu ra, phl,l thu¢c vio l,ha nang gild hili toin quy h-b:Jch ngiiu 
nhien [H]. Ng:ly nay CHi c6 nhieu thu~t toan t6t ere giiii Cflc b:li toan d6. Trong 'di~u ki¢n 
Cl.l th~ ella bl.i toUn ca hQc, tid vi~c gild b:ii toan l::.d d~ dang·: han. 

D!a chi: 
Truilng fJ1i hpc n.g h~ p FiN 
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Nk~n .ngity 21/311984 
(sem tiep bla 3) 


