
MQT PHUONG PHAP XAC DJNH NGHI$M BAI TOAN 

PHANG DQNG DAN HOI- DEO 

NGUYEN BANG BfCH 

Vi~C xftc dinh nghi~m b:li toan phiing d¢ng d:an hOi thuan'g chia l:lm bai bu6c: 

t. Tim nghi~m thOa miln phrrang trinh chuy'en d:¢ng, nghi¢m nay chUa dt.c ham tlly 
dt)ng-vai trO nhu cfic h3.rrg s6 tich ph:\n, ta gQi 13 tlOng nhiit thtrc. Nhu v~y.-d:Ong J,J.h[t 

, 1:1 bibu tht'rc bi'eu di&n nghi~~m, chlra cac bam tUy y, thOu. man phuong trinh chuy~n 
m<)t each dong nhat- . 

2. ThOa man cUe dieu ki~n (l~t ra d.6i v&i b3.i tofln, di~u ki~n d~t ra c6 th'e. Ht di~u 
bien, ho(tc dil~~u ki~n bien- vU mQt ph§..n Q.ieu ki~n dilu v.v ••• ThOa man -cite di~u ki~n 

ch.O phep xilc dinh d.c ham ttly y c6 m~t trong dtYng nblll th(Tc n6i tr~n~ 

B:li bAo nay thl.rC hi~n blr&c lh(r nhat trong vi~c xac djnh nghi¢m clta b:li to.an l:'t 
cl!Jng dOng nhill th(rc c6 l\rc kh6i, chlra cUe hUm tUy J nhi~u han lui d~ ngo&i dieu 
bien, c6 th~ tbOa man dlrqc dt. di~u ld¢n a:au ma c3.c phuang pbap [1, 9,.3] thu&ng 

' qua. 
Th8m yfw d6 khi xlic d!nh n-ghi~m bai toan phB.ng dQng din deo thtrOng sai phAn 

ho~c dcing phuang pb3p d~c tmng d~ giai nhu [4, 5, 6]. 

B3.i b!o n~y trinh bB.y mQt phucmg phitp g3.n dUng khac, trong d6 rn~i bu&c gln 
lit gi1ti m(>t hiti toim d(>ng dim hili c6 lvc kh6i kbitc nhan va c6 th~ dung dilng nh[t 

.c6 h!c l{h6i thi~t I~p duqc b tren d€ l~m nghi~m· 

§ 1. LI£N Hj): UNG SUAT, Bl~N D-6,NG 

VA HJ): PHUO"NG TRINH MO TA BAI TOAN 

1. LIEN He ll"NG SU.iiT BIEN D~NG 

Theo thuyd bi~n d~ng d:ln cleo nhi\ trong truCrng hqp philng ta c6: 

:w + (1 - 2\1) (I) 
( 1.1) 

Ou=3Geu(l-co), (1.2) 

w=w(eu), cr=crii; i,j=1,2. (1.3) 

U.lJ 13. bi~n t!l~ng toan phB.n, drrqc t§.ch th3.nh bil!n d~ng phl) thul)c t'rng su§.t 
l~t dan hbi va bien d~ng cteo 

e·· - ee + eP l] - ij' ij 
(1.4) 

c6 dtrgc khi trong (1.1) cho co= 0 

e' ~-.-1 -(crii-vcr3;j) 
ij 2G 

(1,5) 
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('~. = __ __:c:___ O"ij -<•l [ 

'J 2G. (I - <•l) 

1 + •1 + 'I ( 1 --- "'') (1 - w) 

3-(1-:Cv)w 

2. H~ PHU'O'NG TRiNH MO TA BAI TOAN 

a) Phttang trinh chuy~n a(ing va phmmg trinh -trrang thich viet theo ung suat 

( 
a' a• 1 a• ) p ' ( axt axz ) 
8x2 + ay• - c~ &;2 a=-~ ax+--;;- + 

P a• , + _ _;:_,.... -- (eP + eP ) + 
1 - 'I ' 8t2 XX . YY 

(~+~ _ -~-~) ,,, + ~ =-,p ( ax1 + axz)+ 2p 
ax2 oj 2 . ci 8t 2 axay a1 ax , 

( 
a2 a• ) · a2"'xy ( »2 1 - v a• ) · 

-. --~ cryy + 2 + -- - 2 -- cr = 
oy 2 , ox2 oxoy ox2 Ct at2 . 

=-p '--+-- + p-(eP + eP ), ( 
axt ax. ) a2 

' 

I ax OJ . at• XX yy 
(I. 7) 

trong d:6 Cl, c2 Ia V~ri tOe truyen s6ng dQC va ngang trong m6i trtrOng dan hOi, (j tinb 

tbeo (1.3)~ efi tinh theo (1.6)~ X1, X2 13 d.c tb:lnh phtln lJlc kh6i; d.c chl s{) i·~ j, thi 'chi 

s6 1 ftng 'v&i x chi s6 2 Ung v6i Y· 

b) Duang cong bien d~ng duy nMt (1.2) 

$2. xA.Y Dl)'NG cAc DoNG NHAT TH&c nt GIAI BAI ToAN 

PRANG DQNG DAN HOI 

Bbng nhfit thli'c din tim ph:li thO~ man dOng nh:lt .phrwng trinh (1.7) khi cho L) =O 

( 
a• a• 1 a' ) 
ox 2 + oy 2 - Cf ih2 cr = -il, 

(
, a' a2 1 82 ) 82a 
j ox 2 + ov 2 - Cz J;'2 "xy + oxJy =- R, (2•1) 

" 2 

( 
a' a' ) az"'y. ; az 1 - v az ) 
-----. cryy + 2---~)_ + \---· --.--·--;; e; =-c. 

, 2 , 2 " " a 2 c, "- ,, -vy ux vxvy X •1 Ot / 

trong d6: 

. ~ --+--. B=p -- ---, ,, .-- p ( /JXt &Xz) ( DXt + &X2 ) 
1 - v &x /)y 8y ax (

&'.·t ax,) C=p ~·· +-- . 
f.x ay 

f)~ c6 th'5 ap phep bi~n d.Oi ticli phan Fuarie thea J)ien X v6'i tlwm s6 ct, phep 
bi~n dbi Laplat mQt phia theo bien y vii t v&i tharn sO y, ~ v~to hai ve ella phtrang 

trinh (2.1), ciing nhtr phuang phitp phep .bien a~i l!ch phan trinh bay trong [7, 8] ta gilt 
thiH: chc thanh ph~.n Ung su~t O"ij v&i i, j ;;:! 1, 2 din tim v\ c€w thA~h ph an lqc kh6i 



v&i i = 1,2 cho inr&c phld b~ng kh6ng khi x---')- ±co va phlti hiiu h~n khi y, t ~ + od, 
gi3. thiH nhu the ta tim di!qc ilnh _cUa nghi¢m: , 

1 1 1 -
cr ~ , (~P1 + Pz! + --(yP3 + P4)- --A, 

m~ci- illl rna 

m1m2 -m1mz mz 
1 2iay 2iay 

,_ .. (yK1 + Kz + 2iooQ3) + 2 (~Qt + Qz)- --(YQ3 + Q4 + iotP3) + 
m mrn2C2 mmz 

2 2 2 2oc''l' 2et2y' - 2iocy -
+ mm~~,c~ (~Pl + Pz)- mm1m2 .(yP3 + P4) + mm1m2 A.+~ B-

-
1
-; (~Pl + Pz)-

1 
2 ("'' + 1 ~ v ~ 2 ) (~P, + Pz) + 

mC 1 mm1C1 Ci 

1 ~ v ~') (YP3 + P4)- -
1
-- (o:' + l-, v [3l)A- 1 c, (2.2) 

cl lllffi1 ~1 m 

tn = y2 + a.2, ID1 = yz- vf, m2 ~'y2- v~. 
•1 1 = (oo' + ~'/cp11 2 , v2 = (o:' + ~'/C~)lf2, (2.3) 

tt::;n,~~YY' A·, B, C 13. 3.nh cila dtc h~nn ~' 't'xy, cryy, -A, B, C qua phep bi~n df5i tic~­
t)leo bien x, Y• t do d6 lil hilm ciia o:, [:1, y; 

. , • ilcr il'<xy . 
P1• Pz, Ql> Qz Ia anh cua cite ham cr, iJt, '<xyo T t~i t ~ 0 qua phep bi~n 

phUn theo bien X y3_ y do d6 18. h3.m ella oc, y;-
Q3, Q4, Kv Kz Ia imh ciia cac ham a, ilcr/ily, '<xy, il'<zy/ily, a11, ila11/ily t~i 

qua phep bien dbi tich pMn theo bien X va t do d6 Ia ham cua "' [:1. 
G,Ht sU· b~ti loan phfing dQng hOi dugc gild d6i v&i ni'ra U:iJ-t pbiing, bien clia nil-a 

~,,.,.". phing cllqn Ht ln.tc x. Cac dQ.i luqng Pi, Qi v6'i i = 1,4,- Ki v&i i = 1,2 kh6ng th~ cho 
thai ma chi c6 tM cho m~t viti trong so d6 (xem [2]). Ch&ng hl!-n c6 tM cho 

a) DUu ki?u bien : 
· cryy =- fl(x, t), 'Txy =- g3(x,tl 

b) t!ieu ki?n Jau: 
cryy = fz(x, y ). 'txy = gl(x, y) 

Oavy a-;- = !3(x, y ), 
a't'xy --= gz(x, y) at 

Khi y ~ 0 

Khi t = 0 

Khi 1 = 0 

(2.(,) 

(2.6) 

Theo <16 chi c6 Qt Qz, Q:J, Kt Ia 1mh ci\a g1, gz, gs va f 1 Ia da biet. (2.7) 

Trong (2.2) cOn 6 ham chua bitit va ph:ii tim qua 6 di~u ki~n bien va d.ieu ki~ri 
~au (2.4) - (2.6 ), 

Bi'eu thfrc ltnh ella nghi~m c6 the nhOm 1~i nJnr sau: 

a= ;n1 + ;:;(2J + ~(3J, 
- (1) - ( ) 
'< xy + '< 2 + = (3} :xy " xy ' 'Txv = (2.8) 

-111 -121 -13I 
cryy = cr YY + cr YY + cr YY 

Bi~t anh nghi~m c6 th~ thu dugc nghi~m nh& phep bi~n dbi ngtrqc 
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- 1 -atlJ :=-; -A, 
,p:ll ' 

--:-lu._ ~_.A - _1_ B, 
• xy- . 

m1mz miz 

[ 
1•:_v. 2"'r' }--;•;~ = _1_· __ "2 + _:__;__ ~2 _ A+ 

rnmt ci mz 

'(2.9) 

2i,;,_y - 1 '-
--.-B -·- C 

mm'i m 

hai 

Ap phJp bien doi ngnqc Fuarie theo "' phep bifn din ngugc Laplat theo Y, [3 vao 
ve ciul p huang trinh {2.9) ta duqc: ' 

o-<11 = -
1 J.IJ m

1

1 
A exp(i<Xx + Yy + ~t)d<Xd"fd~, 

(2,;i)2 i/2-rc _ 

f.IJ ( iocY - 1 -) · · --A - -- B exp(ie<x +'Yy + [jt)de<dyd[3, 
mtmz mz 

•Jf.J [ 1 . l' 1 ~.v 2 2<X
2
Y

0
)- 2i<XY "-_ . -- oc + ~ -. . A- -B-

mm1 cr m2 mm.2 . -. 

l -1 -\m C exp(iocx + Yy + ~t)de<dyd~, ( 2.10) 

. - ___ . 1 

kong d:6 ci).n tich pMn thco a, "(, [3 lily nhtr sau: 

( 2.11) ~'E(- oo, + oo), y E (y.- i=. Yo+ i ""), [3 E(~, -•ioo, [3, + i"")· 

'fa thdy (2.10) nghi~m dimg phtwng trinh (2.1) Yit il6~lit nghi¢m.rieng chim lt,rc 

kb6i cua phuang trlnh (2.1) 

2. NHOM 'cHIIA cAc HAM XUAT HI~N DO PH~P BIEN DOl LAPLAT 
MQT PHiA THEO BIEN t 

-,,, ·-1 
't'xy = -,­

mz 

12.12) 

Ap phep ht~n d0i :nguqc Fuarie theo Cf, phep bH~ll d0r Jlguqc L plat theo y, ~ vao 
· hai v~ ci\a phuaog trinh (2.12) rili lil'h phan thea ~ nha ap dvng djnh Iy th~ng dtr va 
,bllng each d~t: 

(AlP!+ Pz) cr/2Al (A~- J\1) = P (a, y ), 

1 [ · i'-'yCz ] -- A2Qt+Qz+ , 2 ('-2P1+Pz) =Q(o:,y), (2.15) 
~2 . . . ~-ll . 



ta duqc: 

o-(2) = --
1=-:-- If '-i ~At P (oc, y) exp (All+ iocx + yy) docdy, . 

i (27t) 312 J. Cz . 

"~"1~' = -i -(;-,--';'=-
3

,-,
2
-ff [ iocyP (<i,-(l eA!t,- Q(e<, y) /'21 ] exp (i~x + yy)d<X.oly, , 

(2) 
Gyy = .:.. 1 ff [ aP(o:,y)eA11 + 

2
iocy Q(oc,y)eA'1] exp(io:x+yy)Mdy · (2.16) 

) (27t)312 J J In ' 

'trol)g d6: m tinh theo (2.3), 
c' a=a'+ _1_ (r'- o:) 
2C~ -__ / 

(2.17) 

Q tinh theo (2.15), theo (3.7) chi c6 Q1, Q2 Ia da biet nhtr v~y P, Q van Ia chrra hi~ I 
cho 'dieu ki~o bien, i!ieu ki¢n dau (2.4) - (2..6), c~n tich philo trrang rrng Hi1b 

,.,, •tn•eo (2.11) .. . · · 
Ta tbiy (2.16} nghi¢rn dung phuang frinh tbuan nbilt (2.1) va d6 lit dong nMI 

, tbt!c chtia h'a.i bam tlly Y ctia pbrrang trinh thuiin nhat (2.1). 

· 3. NH6M CHU'A cAC HAM XU .AT HI~N DO PHEP BIEN 001 L!<LAT 

MQT PHiA THEO BIEN Y 

~13' = -
1
- (yPs + P.), 

mt 

theo. (2.3); 

2 2 2 2 
al = rx + vl, a2_ = o; + v2 ' (2; i9) 

· ... · ,·Ap Phl'iJ bien dOi nguoc F'uarie theo a. phep bien dlli ngrr;<ic ·La plat theo y, ~ roi 
~.~Y ti~h phfl.n lheo _y nh0 £~p cJ~Ing djnh l}y lh~ng dtr vii bilng c8.ch d~t: 

2i IX 
Kt +.- (Q4+ie<P3)-

a2 ( 
a' 

azC~ 

1 - 'I ) ~2 p .. + --
2

- --' = RJ(oc,~), 
cl al ' 

' 
_l_ [K2+ _2_ioc_vli_· Qg _ (-.. -'-,.,- + 1-

2 
'I) ~2P4] =Hz (i,~), 

l~ az a2C2 c1 at . 

P4- v!Ps = Rs (a,!>), . 
2vt (vJ - v~) 

iocv, (P4- '~21"3)] = R4 (qt,~), 
v2 _ v2 

1 2 . 

(2.20) 
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1a duqc : 

a 13
' = -~,2 If (V~- V~) R, (e<, ~) exp (-'IF+ iax + ~I) MdB, 

i~K) . . 

rs, -l Sf [. R r "I -'IJY 1 , " -vzr] 't'xy = -.. 1 · !OCV/ 3 ,«, p e , + - 1\4 .~. !-'. c • exp (i<>x + ~t) d~rl~. 
J(2K)3.2 vz 

(3) 
1

' ff [ o · az -v v "yy = · 312 . , .. R! (o:, !-') ch1ocy + Ra (oc, ~~ shiocy + - Rs (oc, ~~ e 1 • -
. i~2'lt) - '' 2 

2ia. -V2V] . - -- R4 (oc, ~) e • exp liocx + ~t) docd~, 
•z 

(2.21) 

tron,L dO Hi v6i i = 1,4 tinh theo d.21)), theo (.2.7) chi c6 Q3, K1 Ia da biCt, nhu v~y R· 

i = 1,4 v[n 13. chua biet khi cho dH~u ki¢n bien, di~u ki¢n diu (2.4) - (2_.6),_ c~n tich phAn 
luang ung lily theo (2.11). -Ta thily (2.21) nghi¢m dung plmang trinh thuau nhdt (2. I) va 
d6 la dong nhi!t !hue chua bOn ham tily y cua phtrong trlnh lhuan nhat (2-t). 

Do tinh chat tuy~n tinh cua phtrong trinh (2.1), ne,n c<)ng (2.10) v&i (2.16) va (2.2tl 
ta dugc m¢t dbng nh:lt thfrc chUa sau :pam tlly y cUa phuang trinh .(2.1) 

Vi~c .xac dinh cilc h:im tUy y t1 ong cac dOng nhat thtrc theo c:lc diCu ki~n d~t ra, 
tbuCmg cl1n dl!n vi~c .gi3.i etc phuaQ.g trinh tich phan. 

§ 3. PHUONG PHAP NGHI~M DAN HOI B:t GIAI BAI TOAN 

PHANG DQNG DAN DEO. 

Be gi;'ii b:li to{m ph~ng dQng dan deo theo tbuyet bi€n d~ng d3.n deo nhO,' ta ditrfg 
phuang phap gan dung lien tH!p, mang ten lit pbtrang phltp nghi~m dan hili, trrr&c dily 
v6n dung d~ gi1ti bai loan tinh [10] nay drrgc ma r¢ng d~ gilti hili lo~n d<)ng. Tropg d6 
m5i buoc glin dung la giai m~t bai toan d<)ng dan hOi v&i lvc kh6i kM.c nhau. (J gao 
dung thYr khOng it~t. l>l(eul "= w 1'l = 0. Khi d6 pbuang trlnh (l.7) c6 d11-ng (2.1). Nghi~m 
cua phua,,g trlnh (2-11 thOa man di~u ki~n bien, dieu ki~n dau (2.4)- (2.6) gia SIT ta tim 
duqc. Theo ghi tri nghi~m ella b:li toan nay crij 1 hi tinh ·crtoJ va theo dtrOng cong bien 
dl!-ng duy rMt (1;2) ta lim ·~OJ, Neu 11!-i mqi di~m cua m6i truan{ dang xet ·~·) < ., thi 
bien d(Jng deo chua xuat hi~n va giin dUng th-IT khOng se'ta nghi(·m ciia' bai toan, bien 
d~ng xac djnh qua Ung su<it theo djnh Iw}t HUe. 

Neu t:;ti mien n3.o dffy ella m6i' lrtrCrng dang xet e~ol > es ta xac djnh o>(lJ = 
= {•l(e~0 l) nhu ham cUa tQa d(>. V6i giin dl1ng tht'r nhiit trong breu tht'rc ella e~j ta thay 
O)(eu) bUng h~un-dii bi~t (!)(lJ == w(e~0 l) Y2. thay crij bang cri~J. Khi d6 cac sO h~ng lien quan 

den e)j trong i)htrang trinh (1.7) dOng vai trO nhtr car 1\rC khQi giJ. djnh, bCl xung vao 
th:lnh phiin Ivc kh6i da bi~t. ChUng ta l~1i giili bai _toin d<;)ng d:in hOi Hin nfi'a, v6i lvc 
kh6i dii duqc bO xung, oghi~m tim diiqc gQi 18. a~1l. Theo gia trt nily cUa Ung su8J ta 
1~·1 tfnh cr~ll vi thea du&ng cong bien d~ng cluy nh:H (1.2) ta l:;li .tim e~ 1 J. 

Trang mien duqc xet neu tOn t~i e~ 1 J > es ta tinh wC2J := W{ ek 1 l) sau .Q6 :xay d1,.rng 
gan au'ng thli hai tuang tv nbu ciicb l:lm lr~n. 

Qui trinh n:iy cU ti~p h,lc m[i, cho den khi .gan dUug_ th(r n + 1 l.:hOng kh8.c bi~i 

may so v&i g~n dung thu n. 

§4. KET LU!N 

Cich thltnh l~p cac dOng nhat thtrc ae xac djnh nghi~m lrong mien dan hOi Y:\ 

thu~t toim l~p d~ x·ic d:inh nghi~m trong mien cleo trinh hay tn~n day. cho mQt hrqc 
d() chung nbit, d~ dl t&i c6ng thUc bi~u dii~n nghi~m, tren cas& gilt thi~t tOn t:J_i de 
phep bi~n doi tich pMn thu~n va nghjcb. Trong nhi~u l&p biti loan c~ tbll, cac pMp 
bien d~i tich phftn nhu tM Ia tbn t~i, bu·6c diiu v~n d1,mg cho nbftng k~t qua san dly: 

C6 th~ suy ra d.c dOng uh~t thtrc. ella phrrang pha.P nghi~111 phitm h:im b5.t bU~n 
[1]; phuang phap ham phuc [9] vii. nhfrug ket qua cua phuimg phiip phep bien iiM tlch 
ph~n [3], di~u nty chirug to n6 gi1ti ilugc nhftng b:li toan rna etc phuang phi.p khac da 



giJ.i chn;c· UlpL Y:'ttJ UClng uldl_ i!JCrr~ t1·ong I,_,CI dr) B?i C{u· \'6th(\ thi&"t l(1.p d6~g nhi'll lhlrc 
de giiii h:li toc'tn tr·o11g· tqn d(l qrc vB b~ti loiw d6i xlrng tr\18 v&i ·dieu ki(:n-bi&n phUc tl}.p 
bun nhfrng clieu ld~u bi~,n du·Q·c kh.ilo s:H tru&c cl6. DUng dOng nh:H lln'rc c6 Ivc kh6i cO 
th~ tim dugc nghi¢m cho mOi hu&c l~p cUn phtrang ph:lp nghi~m dan hOi, c1;1 thB dii tim 
c:luqc l6i giRi bat to6.n cl('mg dan cleo Q6j v&i n~a m~it phiing, tren bien chju Hd trQng 

chuy€n d¢rrg v&i m¢t v~n t6c vuqt am C = C21! 2 . DUng-dOng L1hat thllc chlra hO-n. _·h}tm 
ti:ly y da gHd dt.ti}C l&p brti totm f!l&i v(ri dieu 'kiQn d3.u ]8. nghi¢m ciia -bid to:ln tiep xUc. 
Vi~c d~t-·va giiii bUi to:ln dUng dOng nh<lt lh1ic clalra.s:lu.hHm_ tU.y y c.(m clin duqc.J~}~_h_i~ll 
·ctrn Hep L!Jc, d~ sao cho nghi~!n ella b<ii to:ln dOng th&i 13 nghi~rn cUa pbuong tr~nh x:ti[t 

phil! ban .Hu. , 
.Tac gi:i dun on giao St.r I fHo Huy Bicb da hrr&ng d[n, gilip aa t~n linh trong 

qtf{l. trinh viet biii b:io nay. 
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