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B.~N CUNG DEO .TRONG VUNG BJEN D~NG LON I 

vu VAN THE 

.i\Qi t7!ung bid btw ll3Y 13. dun ra mcjt fJhu·ung ph~tp m&i .x:Jc djnh viu;g cb(!D 1& 
gild thv-c. -Phuo-ng pbip cluqc trinh h<i.y d\fa tren co S("r khai pi~m c<ic du6ng gUy tbeo 
quan di~.m l)r thujret ch~y deo khi chlt }' d:~u tt1c d~tn,g clb llrc m3.ng. C<lc k~l quii rn&1 
r_·~1o cUe tr:rrCrng hqp cg. th~ drrqc du·a ra. BB.i bfw ni\y CbiU 13m hai phiin. Phan tm)l trlnb 
biiy 1~<· thuyet chung. Phiin hai Ia vi d!J minh hqa cho IJ tl:tny€t. 

§I. DJEN D~ T BAI TOAN VA c.Ac H.€ THUC CO' BAN 

Xet ban c6 chu tuyen C Jam ltr v~t li~u c(mg c!Co Jy tubng c6 irng suiit gi6i h~n 
khi kCo a_:0 , dQ day 2H', ch!_u nf.fo~i !Ve Pj(x, yJ, Pa(x. y), cac nQi lvc vi-die v~n tOO l)iCn 

d:;tng suy rt)ng l'viij, Nij. Ti, Xij. Aij• Yi· Kj hi~u Ui (x, y) B. cac thanh phln djeh chuy'~n 
theo htr&ug x, y uam trong m~t ph?Lng !rung hinh ctia b:in. 'N(x, y) l:'i. th:J.uh phan djch 
chuytln thco lur&ng- Z vuOng g6c v&j m~t pb~ng trung binh ci1a b(m, b dAy i, j = x, y 
ChUng ta c6 c<lc h¢ thlrc hinh hQc s~m d~y: 

. 1 [. . . . 
Aij = ·2 Ui.j +'uj,i + \V,i \V,j + V\'.(\V,jJ· 

Xij =- \V,ij tOng theo c:'tc chi s6 gifl11g nhau,. 

(') = .!ll. . ( 
at 

8( ) . 
),; = -­

Oxi 

St.r can b~ng cUa biln d1rqc mtJ t:\ b(Jl cite phuong trlnh: 
Nij,i + Pj = 0, 

(Ti + Nij \V,j).i + Pa = 0, 
Ti = - Mij,j. 

f13- th3.nh phiin ngoq.i JL,rc thco hu6ng z. 
JH&n C duqc <'biH h)m ba phiin C = C* + C** + C**'*.trrong l:mg chlu de 

V\r = \\' = 0, ui = ~i = 0, ~li.j OJ= fl, Nijn.J =Pi trl-n C* 

\V = \~1 = O, \Y,i = O, ui = ;li = 0, l\1ijnj = Pi tren C** 

\Y = W = o, .t\Jijnj = 0, Nijllj =.Pi tren CH* 
nj- thauh ph3.n vee tu ph~tp tuyCn trtm bif>.n C. 

( t.t) 

Jif>n l;:i?t 

u .sl 
(J ,4) 

Ky bi¢u t;{, ,-\r* l:l cac th3nl1 philn ella vce!0' v~1n t6c Ujch chuyen iio h:r ~1-2) ~.hi111g 
ta nh~}n drrqc h¢ thlre sau 

f (P;~,* +ra\V*)dA = f !1- Mij.i + Nij W,;),j \v* + Nii.:"n dA ([.6) 

A A 
0- day A Ia \-li~n tich be m~t c-lw han 

Ch(mg Ia eh1i )" c1€n (Umg nbfft thU:c snn day 

Nij,i;,1 = (Niju.t),i- Nij;lt·i (J.7) 

~:u 



GlR sir di\•JJ tlrh ,\ dti\H': chi<l th;.tnh L (h:-tn Y6i di(·n 1ich Am duo(' Lao quanh Lbi 

dubng cong Cm. lrong vllng nay Nij~j Een tt.tc, St! git'm do~n chi x:iy ra h·eu cite bien 
Cm· Khi tich ph~n (1.7) tren A v:'t ap ''li,mg cOng thlrc Green chlm.{! ta cO 

L J Nij,!;ijdA ~ L J Nmjt;j'nmdC- f. Nij ,;j,j <•lA !1.8) 

A Cm A 

Cac phep Unh tu~ang tq cUng x?iy rtt tt6i v<ii cac d;d ltigng. khli~, c1~6i ·cl).ng tlr 
(1.6) vll (1,7) chung ta c6 h~ lhtrc . 

L 

J (P;~f + Ps W*ldA = - L J Nii ;,[njdC + J Nii;li*•i dA + 
A Cm A 
K R S 

L S MijoinjW*clC +. E J Mij\V :;njdC __..L S NijW,jW* tlidC + 
Ck Cn C, 

Q 

+ L S NijWvV.jnjdC - J ( 1.9) 

Cq A 

0 dl\v Cm, Ck, Cn, Cs1 Cq tuang irng 18 duC:mg gi:ln do::tn riia cUe bi~u th1!c ,Jt-r&i dtiu tich 
phA·n: N6i chnng Cm =/= Ck =/= Cn "'1='" Cs =/= Cq· Neu chlmg t~ ch9i1 tru6ng v~n i6~. lto sao 
cho u khlt vi, 'N c6 0:~.10 him e11p hai tn'r ra mQt s6 ctuCmg t~i clay ·w c6 gian _do:;tn. Tt'r 
(1.2), (1.~) cMng Ia c6: 

J (P;;,r +PsW"lc!A= ~ <- N;f~l' + Mti•''v•- NijW,i w*Jojii!C+ 

A C 

Nijt;f,i dA + J Mii,V:'ii dA­

A 

Cn 

N;fWW,*1dC- f 
A 

R 

rJ 
c. 

Tir phuong trinh cftn b:ing thlr nhat trong (1.:2) ta c6: 

J Nij,i'\\',:WclA = - f Niv;1W<·IA 

A A . 

(1.10) 

Chi! j laW* lc = 0 trong Hit cil c{tc diilu ki¢n hi en (1.3), (J.,lJ, (1.,\) dAng thirc 

(1.101 s~ cho la h? l h{rc: 

f (PH; ( + Ps \V*>'dA - f P;WWt, dA = - ¢ (N;;~j + lllij\Vfj) nidC + 
A A C 

R 

+ L J (NijW- Mjil >v:,njdC + J [<- NijW + Mji;,v,:i + Nii ~i'.ildA. (1.11) 

Cn A 
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?-r d·'tv Cn cb'i c{tc. r1tr(l'll{:t gll_v ntlm trn'lf-! flltl~n A ~~i.b b::in. Khi chl1 Y t&i rAe diiht ki~t1 
bien ·([.3), (1.4), (1.5) ta se thu dnqc: 

p [- Nijt;tn;- Mij iv:,n;]dc =- p M•; ,~v:,rijdC (1.12) 

C C" 

sf) hqng thfl' hai trong ve phlti etTa (1.11) cho gi:'l tri hao Htn nang ltrqng tren cftc 
duOng gian doQ.n. sO h~_mg cu6i ct'lng Ia hao Hin nang lrrc;tng trong v~ng bi~n -d:mg lien t!)c. 

Ca Ctlu c:ic duQng gUy cho phCp du&i -hie- ·d~ng ciw . tii . trqn.g blln s~ _· ·Phftn chia 
th3.nh m¢t sO hii'u hzm hoQ.c vt. cUng cUe c1a·6ng g~y c6 Vi tri khOrig "thajr d~i the"o th6i 
gian [1}. cac dtrOng gay nay c1rrqc x{tc _tqn'h {<,li C~LC mem gian do~n elm vV·.: [2]. Chuy~n 
d:Qng cira ca c[u se gAy ra do· ('ae; ph~n tlr .cling quay tuong tfOi v&i nhau thco phtrang 
dtrOng gfiy. Sg hao tan nUng luqng chi xfiy ra tr~ri c~1c du·('rng glly, t{ti dO c6 cac bi~n 
dgng t~p trung. 

Nhu da chi ra tr~mg [2, 3] .cac gi<i thi€t n~u ra trong lj thuyet cftc duc?-ng gfty chO 

phep chling _ta bO qua uf so Y6i W*. Do clO c{tc ~a c§:n du6-ng· g4y c6 lh~_ Xem Ht d~ng 
eho phep chi <l6i viri ban co hi~n khiTp va bien ngam. · 

Khi slf dt,mg tru&ng d¢ng cho phep la co cau dtc dlrOng giiy ·lh£ng tfr (1.11) chUng 
ta thn Chrqc kH. qua: 

, R 

I Pa W"<IA- f P;Wivt,dA = - J MB" dC + '[ J (NW - Ml B"ctc (t.t3l 

A A c*• Cu 
& day N. M lay gia trj dQc theo Ca c1trqc xac djnh b&i h~ thi?c 

N::::: Nijninj, M = l\Jijl1il1j (Ll4) 

Ia m6rnen va n¢i h_rc cUa thi@'t Eli~n thco phuang dmYng gay (hinh 1). 

mnh1 ffid2 

g - Ht g6c quay tuang ~Oi ?9c the? c1n·(.'mg c-lw hni phiin ti'r ll.e nhau. Hai tim cli'ng i, j 

e6 g6c quay tuang d:6i 6j. er thl 0* se dtrqc xac djnh theo hinh 2. 

§2. cAc V,).N T6C BitN D~NG SUY R(ING- DIE¥ KI~N GHJI II!N­
QUY LU!T CHAY 

Tr~ng thai ir1'g suat va bien clq.ng cln:t ban khi xay dvng h~ tQa d¢· dja phtro-ng 
tnlng v&i ti£!p tuyen t va ph<lp tuyen n- cUa cUe du&ng g~y dtr?'c c1~.c tr~ng bOi cac Ung 

su&t .<;~ny r¢ng 1-Ia13' Na13• Ta vi cUe v:).n tOe bj~n dq.ng suy r(>ng X..al3• Aa13, "(a (oc, (3 = n, t); 
bam hao ·t::\Ji cO d~ng sau: . . 

D = Ma~"·~ + Na~'-·~ + TaY• (2 .I) 

22 



Blii vUt b~111 d$n_g lnr&ng d.i'&u ki~n gi/ri h<}ll ec'l tb'E- trlnh h;;y trong l•l<_tng 

<l>k(Ma~, Na~. Ta) = 0 (2.2) 
C{1e ham 0k x{lc djnh mOt mi).t lOi trong khOng gian <:;\c lrng suflt sn.y rQng. 

Quy lna.t chav deo dtrqc x9.c d1nh theo h~ th(rc: 
. · · a~.k · ii<llk • ii<l>k 
Xa~ = h --·-, A a~= Ak -.-.-, r a = f.k --. Ak ;> O. , 2.3) 

<1M.~ iiNa~ iiTa . 
Trong tru&ng hqp tOng qulit- khi chUJ den tfit clt e~c tlulnh phlln nQi h,rc· thi vi¢c 

xilc djnh <l>k rat kh6 khan. Trong tln.rc te 'chi c6 th~ x~y dgng trong m¢'t s{f tl·u()·Og h{;rp_ 
ri~:.ng, vi. d~l nlur bO qua Rnh hubng. ella cac ll!C mfrng va lv-c ci'it [1, 2] ho~c t:hi xH tro.n'g 
m~t pbiing (M, N). • . , ., , 

Khi cac dtn'mg g:ly Ia th:tng vQ bO qua anh huang cua· h:rc cat t~t c6 
. . . . . . 
iGtt = 'Xnt = Att =Ant·= Yn = ""{t = 0 (2.4) . 

Tlr d:6 h3.m hao tRn (1.13) si! Lieu di(;n trong (il[,l.ng don gi<in sau: 

D = (N·nn V\_r - Mn 0 )6* • (2 .5 
Bi~u thlrc (2.5) 13. b~un hao tlln ella b3.n trEm dl:c d:uGng g[y theo m6 tlt Lagrang--e 

gAy ra- do ·mc)t tnr&ng v~·n tOe hi~n d~11g t~p trung.- Nhu v~y d~ k-h3o sat niingoTuqtlg · 
hao tan ch4ng. ta chl c~n ch{t }r d~n c3.c rn~ men Man v8. c3.c n-Qi hrc Nun lhe.o tiet cli~n 
c:U-.a-. -drr&ng gly. N~u cac d<Ji hrqng. nay d-ugc chQn 1:1 trng snift suy rQ.ng thi cllc v~n·tOc 
bic!-n- dl:}:ng suy r~ng tuong tmg. v6·i nO se h\-: 

(2.6) 
Cac lrng su·~t suy rQng kh3.c kh1ing gfiy ra str hao tan nang hrqng dugc xem nhu 

1a clc phltn 1\'c Mn trong. 

Vttc xac djnh du&·ng g"i&i hqn trong m~t ph&ng Orin-a·, Nttb) c6 th~ bang 'ba ctich 
san dA.y: 

- Chuy~n tn,rc tiep duCmg gi&i h::,tn trong khOng giatl cite Ung suat Pioli Kirchhof 
sang ca.c lrng suat suy rQng nhu.trong [5]. 

- Xet tiet di~n .cl'ta ;phln tlr theo du&ng gfiy cbU11g ta .se duqc ti~u chuhn ~i&i 

h~n irng suat pbilp C\fC a~i c6 dl)ng (hinh 3). 

f ~ (N/N.)2 + (M/Mo)- 1 = 0 (2.7) 
- BO qua. s·l! hr(Jng tac- gifra :M va N, chUng ta se nh.._n duqc tieu chn?i.n gi&i ·h~n 

h.inh vuOng (hi·nh 4). Gilt thiet ve S\f lAm vi¢c· dQc l~p ella cite n¢i ll,rc da duge Johansea 
[1, ,2] sU: dQng k!li nghi~n ciru uon bltn thuAn ti•y· 

Hinh 3 

-I 8 

·I 

Hink 4 

I 

N = Nnn, l\1 = Mnn•­
M aoH~_, N -= 2a0H 
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Sau khi Un'ra rih~m r11r)t cfu,'rug i.'ollg g•t'ri li!)Il kin vil IOi tro11g m~t ph:'lrig CM, N), 
him hao tan nrtng hrqng 

D = (N W - M) 6* (2.8 

dtrqc xiy d1,rUg tlr c3c Lmg sudt tl!l.rc i'd,N vi djch dJUy~n thi!c VV dQc theo cic du&ng 
gfiy ct\ng v6i d~tC tl;ung chuy~n U1)1lg cUa CO' cau cac duOng gfiy 13. 'g6c quay tuang d6i 
dla hai phan fir ctlng k~ nl.1au. 

EJ~i itp dt,n.g blt d~ng thfrc ()o. djnh Brucker 

(N*- N) w@• - (M*- MJ fJ* > 0 
chuug Ia c6: 

. (2.9) 

D ~ D*= (N*W- M*JB* (2.10) 

& dfty M*, N* lien h~ v&i WS*, - lJ• qua quy lu~t cbiiy (2.3). N6i chung N* = N*(W, 8*), 
Jl'l* = M*C\y, 6*> khOng phlti la tnr&ng phtl.n b6 lrng suit trong ca ciu cac du&ng g&y, ciing 
kh6ng phlti Ia t.ru&ng phfi.n b6 U:ng suAt trong ca c[u thl!C· Chi khi nao trU'&ng CO' CEiii cac 
c1m1ng .. gliy trt\ng v&i tnr&ng bi~n d~ng tlwc thl M", N° se Ja tru&ng phAn b6 li'ng 

·sufft thl!C· Nhll trong [4] da chl ra rang kha nang nay Mu nhtr kMng xliy 
ra vi cac ca cilu du&ng gliy khOng bao Mt cac tnrong d¢ng cho phep· Hao tAn 
nang 1u-qng trtm bien C ciing dugr xi! Jy m¢t each thich hryp. TU quy. lu;!t ch~y.-d&o di~m 
t'rng suilt i'rng v&i bien d;:~ng tren bi€!n sf! cho mtl men uOn, C\f~ d~ti trong truCrng hqp 
loien ngam va khOng ph~ thu¢c viw dich chuyh th\l'c W(x ,y). 

· K~t qtJil cMng Ia nh~n duqc h~ thlic: 

D* = (N*W - M*Jfl* = l'(W,G*) (2.11) 

D:;Ing ella :ham F trong tnrCrng hqp tOng quat se pht} thuQc _v:lc ca ciu cac duOng 
gtly va di'e.u ki~n gi&i h~tn dtrgc ch<;>n. 

Tir (2.10), (2.10, (1.12),(1.13) chi•11g Ia nMn dtrqc dimh gh't sau 

R J Pa\V*dA --, J PiWWjdA ~ ¢ Mmn iJ•,,JC + L J F(W)hctc. (2.12) 

A A C Cn 
(_'}· d~y JHma:x: la. gili t.ri Cl.JC d::JI ella m~ me·n thea li~u chuln gi6i hqn dugc chQn. C** = 0 
khi bierl kh6p toan hQ, C** = C khi bien ngim toan he?· Btit diing thirc (2.12) trb thanh 
d~ng tht'rc khi truOng bien d:].ng dQng cho phep tritng v&i tru&ng th lJC· N6i cbung diCu I 
dty it xay ra khi l&r c{lC tnrOng d:Qng cho pht!p H CO' cUu cilc dtr&ng gAy. Nliu v~y kh{ . ~ 
cho tru&c m(lt ca eUu cite dtr&ng gAy va mtjt m~t gi&i b~n du:gc chQn, (2.12) cho ta 
m6i li~n h~ gifra ngot_d hrc vil ~Jich chuy~n th'!c cUa h:ln. 

Trang b:\i nay ae. x:fl.y d~;rng mQt phtrCYng ph<ip m&i d~ulh gia m6i lien h~ 
Jt.re- dlch chuyen cUa bltn lim vi~c sau tr<Jng thai gi&i h~n tr?!n ca sb kh8.i ni~m cac 
au&ng g[y khi ehU )' t6i c3.c h:rc rning. B?t nh~n duqc hieu thllc. d3..nh gi~. (~.l2) cho b8._J0_e6 
hinb d6ng b&t kJ, c6 cftc di8u ki$n biCrr ngAm va kh&p vk .ch!u t3.i trQhg d9-ng b~t ky. 
f)~ tir (2.12) rur ra drrqc m6i li~n h~ ClJ. th~ gitra l\fc - djch chuyh th\l'c ch(mg ta din 
giB.i quy~t cac bAi toan sau di'ty 

- Ch9n thich hqp ca c4u cite du:ang giiy thing 
- Ch9n c:ic Qieu ki~n deo thich JJ(!P· 

Minh h9a eho di€:u n:\y c1uqc trlnh bUy b·ong }Jhiin hai ti~p theo. Kt'!t qui nl4n 
c1uqc tren dAy c6 th~ rnO r()ng cho h<ln Lt-. ttlng c6t thep ciing n-llu die ban dj htr&ng 
tOng quat. 

Dia chi 
Vir• ca v;;,. KHVN Nk¢n ngily 29!5/1984 
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ST..'MMARY 

RIG!Il PLASTIC PLATES AT LARGE DEFOHMATIONS! 

By being statically loaded plastic. plates. can support loads exceeding the bcnf!L-.g 

collapse pressure,-The behaviour of perfectly rigid plastic plates beyond the yieM load dependS 

on changes in geometry to the plastic flovy. Therefore in post yield behaviour the deflection 

can not be considered small in comparison with the plate thickness. In -this paper "\VC 

employ the equations of plates at moderately lP.rge deflectim1s and the approxima.live 

behaviour of plates introduced in/2,3/ by dividing plates into a number of rigid region,~ 

"\vhich have been separated by line hinges situatcJ nt locations vYbcrc their dis~·ontintti-

1ies in _\V,i occur, an estimative method of the toad.-deflection relation,ship of arbitrr:ri\_v 

shaped plates having arbitrarily boundary conditions i8 devell,ped. This method is· d,r-c-~~­

t!y extenr.lecl to anisotrop1,-~ and reinfor-ced concrete plates. 


