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C6ng trinh [1] aa ap dvng phuang phap sai pMn h luan huang !an c~n m¢t chi~u 
d~ giiii so·bili toan tMm ph&~g. v~ di~n bgn cua rn~t !J.r do trong ntrac dtrai dA\. COng 
trlnh (2] al tim I&i giai giili tich cho m(>t so b:l.i toan truyen chllt trong tru&ng hgp tMm 
hai chieu c6 xet t6i khuech Um d6i luu va trao dOi chitt v6'i dUL -COng trinh nfiy xet b~i 

· toan thlly ll!c kh6ng dt'rng hai chU\u ve dien bi€in ctia m~t tg· do trOng mr&c drr6i da"t 
va !hay aM nong d¢ chilt Ma tan c6 H t&i khuech tan doi luu va trao d1li chat v&i dat. 
D~ giai so hili toan nay, phuang phap sai pMn ~n ltian huang liiri c~n rn(>t chien auqc 
ap dl,lng u d~ng xffp xi hi~u. 

§I. D!T BAI TOAN 

Gi3. sir m~t phling tqa dQ xoy song song v&i phuang n3.m ngang elm chuy?:n d¢ng 
th3.m ph[ng~ Ttr m~t ph5.ng nay, theo chi~u hu&ng lf!n tr~n, ta do m~t t\1' <do ctia nu&c· 
du&i d:it z - nhu hiun ella tQa d~ x, y va lhOi gian t. 

V&i gia thiet Ia m~t tJ.r <ilo z (t, x. y) vil lap. set z.,(x, y) drrai mien cbuy~n d<)ng 
cua ntrac tMm thay db! it, nu&c <ilu&i diit lit chat long khOng nen vil dbng nMt, dong 
ch3.y tuan theo djnh lu~t Bac-xi, dilt 13. mOi tru&ng khOng nen va d:ing h u&ng, tiT pbirang 
trinh bao toa.n khQi luqng c6 tll~ suy ra· [3] phuo-ng- trinh Bu-si·net tOng quat cho z 
nhu sau: 

Oz -> --;.. ZN - z 
cr- =v .[(z-z,)kL':,z] + K +w, 
~ H 

6' day: cr = a(x, y)- dQ r6ng t\t do (hay ti_ch qrc) ella d:It, 

k = k(x, y) - h~ so thiim, 
K == K(x, y) - h¢ s6 th[m eli a tiing set; 

ZN = ZN(z,- x, y) - cQt :ip cit a nuc'.rc ngiim n~m du6i 16-p set, 
H = H(x, y) - chien day cua !&p set, 

W = Vil(t 1 x, y) - cu&ng d9 ntr&c m~lt th:fro t&i m~t t1,.r do z. 

(1.1) 

GiJ. s-IT irong nu&c cO chUa eh:H hOa tan v&i nOng J(> kh6i luqng· Hly trnng binh 
tbeo chieu cao lit C(t, x, y ). Neu lay th~ tich ki~rn tra Ia hinh lang tr~ c6 day t!.xt:.y va 
chi~u cao (z- Zfl) thi kh6i lugng ch:It hOa tan chiTa trong d6 s€!·Ia 
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cr(z - za) L\.xt:.yc 
Sl' !hay a6i thco thin gian cila kh6i hrqng cMt bOa tan nay Ia 

a 
cr- [(z- z,)C] Axt!.y 

at 
Theo kbOng gian, kh6i hrqng chat Ma tan nay thay d~i do Mug tham mang di lil 

~ ~ v. [<z - z,) v c] t:.xt!.y 



~ -V. [(z - z,)D\lC] l'lxl'..y. 

6' dEty, v~n t6c th«m v d11qc tinh ·lheo djnh IU*t 'flac~xi: 

~ -
,. =- k v z. 

, ,;-. __ H"f sO ~khue-dh ~t::m rdei·l luu tl'il.ng hlrlmg_D ·dtrqc My trung binh theo ehj(u cao va 
brh diln .theo [4] n)m san 

~ 

D=lllv! 
A = A(t, X. y) IA h~ sO tan x::t diing htrt'Jng. ). dtrqc 1!ly trung ·binh t hco c'Hfeu-·Ca(l ,,;:a 
thuc)c VllO -c~U _-tr(IC -clla-.:'d~t. 

(;iii siT n()ng d:¢. chilt 'bOa tan e-lla Inr6c m~p v-i! nn6c ngllm cling Hr·c. Trong ~n¢t 
don vi thr'd gian. kh6i luqng vi luqng do ntr&c m~! va mr(rc rgiim mung vfio the fid1 
ki~m tru ·I a 

vi 

GQJ q 13 ct.Wng d¢ tra:0 OM: chit gifra nu·irc va d:H ·Guqc lay trung biph tbeo chill 
cao. Trong tire ·tiCh ki~m IT~ itrrgc ·x-et, ·hrQ'I-tg vi- lugng·tang ·them trong rri""l)t don vi tp.&i 
gian do trao d()i chat v6i d':lf l& 

q(z - ZIJ) l'..xl'ly. 

Gi~ sti· quit t:rinli-trao· dOi chf:it v&i dU lit thu~n 11ghjch va ch'i xet 0 d~ng ket t_inb 
hay hoa tan. t ir [ 4] ta co 

q = y (Cb- Ci 

v6i r = y(t, x, y) Ja b¢ s6 v~n tefc bOa tan va Cb = Cb(l, x, y) 1a nOng (1¢ bfio hOa. 

KhOi hrqng ch:H _bOa tan trong th~ ticb ki'hn tra tb.ay d:C\i theo th&i gian ·v.a: 
. kh6ng gian do cilc nguOn ntr&c m-~t.. nu_Oc .ngiim gay. ra va do !no d0i chat._ v&i d:ilt. 

Ta c6 

Dva. Y~o (1 I) tn c~ phtro.ng trinh cho n(Jng dQ C trong tnrlmg h~tp tb.iim phing 
nh 1.r sau 

ac 
cr -­

dt 

--V~(r:.::z_·_- .c:z;:B):.::D:_V:_·.::..C ~ 
+k\lz.\lC+q ( 1.21 

'j rong (1.:]), mr6c m~t va Dlttle ogarn kb6llg anh huCrng gi t(Jj sv· l!i6n dOi dia c. 
TnrCrng hqp 110ng d() :ella- nu&c .ml;J.t ,,.a_ nrr&c JJgi'i.m khac vfri C dU'qc x6t ~rong [5]. 

\'(yj c§.c. {fie_u J.:i~n cr > 0, k > 0, Z :> Zf:h f.> 0, [\/z] :> 0 h¢. plllrong trinb d<!O 
ht'lm ri{>ng ll~C 2 (J.t),,(-1.2) Ht h¢ phuailg trtnh parah6.1ic ~l tuyen Unh dOi- v&i Z vll C [6). 
Ngoa i ra~ lrong [6] cilng chi rc3, v&i clic diEHI ki~n d§ n0u, phuong trinh (1.1) (hay (1.2))·la 
phuang trinh .. parab6lic cfOi Yt7i an z (hay C)« cUa Jninh »• Nh~n xet nay d:trqc sU (!{I.Jng 
de x~y dvng thu*t gild sO th6ng nhl'it cho (1.1) vii- (1.2) duqc trinh bay Ct §2 

H~ da.n gi:ln trong ':'i-~c trinh holy phuang Jlh:ip tinh, Ia gw.1 l1~ pllu·ong trinh (1.1), 
(1.2) trong mi·e;l 

0 < t < T, 0 < x <X, 0 < y < Y (1.31 
-vUi c{le dieu ki~n ban d.A,u, dH~u ,ki~h bien (b~e nh~H lw~c b~-e ha·i·l vil Ctiliu ki¢n li~n hQp 
tuang trng cho z Y<'l C.· 
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§ 2. PHUO'NG PJIAP TINH 

Mien (1.3) dtr<;~c rCd rt.tc tbanh lu&i sau 

tn = nL\t, 0 < n <: N, 
Xi = ilh, 0 < i < I, 
Yi =jll.y, 0 < j < J, 

N =TiL'>!, 
I = XtL'!.x, 
J = Y/L'!.y 

(2.1) 

iJ tirng th&i Ui~rn ln+l, phucmg trinh (1.1J du<;lc giiti' tru6c dB tim zn+ 1, sau d6 
en+! duqc tinh tir (1.2). Vi~c giai tung phuang trinh (1.1) hay . (J,2J d6l v&i ~n •'cua 

mlnh » dtrqc ti~n hitnh theo phuang phap .sai pMn h JuAn huang Ian c*n m\it chien a 
d~ng xdp xi hi~u nhtr sau 

hay 
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X 
u+l n+l . 

Zi,j+l - Zi,j-1 

2dy 

1 + -Kij 
2 

ki,j+l - ki,j-1 

211y 
n+l D+t • · · 

ZNij - Zij + ..!... wn.+l 
iJ ' 

Hij 2: 

Jx 

"'i (:crt'2 - c~i) / Ll.t = AijkiiiVz 1 ~+liz ( c~(i2 - 2citu
2 

+ cf.::l!r)jl1x2 + 
! 

[ (i.i+l>i- :>.;_t,j)Inil VzJn+112 + 1c 1;fk1+1>i - k1_1,iJl7zl ft112 + 

+ /. .. J< •• {IVz/ ~+l,lz -- /Vzj~+ll•). + k;· ( z?+ 112- z~+ 112 ) + lJ 11 l+l,J 1-1, 1 J x+1,1 1-1,1 
. . 

+ A ·k"J;:; J n+lf2 ( n+l/z _ n+l/2 _, +. ·)/( n+l/2 __ )] X >J >) V z ij zi+l,j Z;-l,j ZBi+loj Za;_[,j z;j ZBij 

(2.2) 

(2.3) 

(
, c~+l/2 _ c~+l/_2} f4Llx2 + _1_ y~:tl/2 (cn;-l/2 _ c~.+1/2) (2.4) 

t+l,] I-1,] . 
2 

lJ hiJ · 1] ' 

" 
.. (cn+l -c"+lt2)/ Al =, .. , ... ,-;:; 1"+1 (c•+' _ 2cn+l + 
lj ij ij L.l fi.IJ \.lj V z ij , i,j+l ij 

+ c~,J~l )/tly2 + [(Al,j+l- Ai,j-ll kii\Vzlft1 + Aij (kt,j.fl ~ 

ki,-j-tlJVzj;t + A!jlcij (jVz/f,j~l -IVz\f~:_[) + kij ( zf,jlt- z~,J.:_l) + 

+ i.qk;;JVz/jt
1 

( z(jl1 -:- z~;'j~1- Zf>;,j+l + ~Bi,j-1 )/( zF/1- za;;)J X 

x (c~-t:1+ 1 - c~~~ )/4tlv2 + -~ Y".+1 (c"h1+
1 - c~+l), (2.5) 

~'J :!.,]-1 . 2 iJ J lj 

!. 
jl 



L. 

. • ' d z" en ' - > n+l/z - ' n+l Gta Stt f! c6 jj' ij · !-)au tl~n ta ttnh Zij t1r (J,2), tmh Zij t!): (2.3) v;i san -c10 

, n+L 2 ( ) . n+l . ( ) ( ) ( ) , ttnh G;j tir 3,4, tlllh C;i ltr 2.5 , tl~ sai ph an 2.2 , 2.3 Ia h¢ a In yen lin h. De' 

tuyen tinh h6a, ta <·lUng phep l~p. trong c'16 an Zij ch'fra trong cUe h~ S<) dtrQc eoi 18. cla bi€( 

0 _ bu&e l;;ip tnr6c. Phep 1?-p & tl£ty 12. phep l(l.p trong tt'rng ntra phtrang trinh (2.2) hay 
(2.3). Tuang ti,t,· ta c6 !h~ til'!n htlnh phep l~p- cho tUng phuong trinh. 

Cho tirng-.-nifa plnrong trlnh, h~ sai pblln hr_l]ng lrng duqc gii'ti b?tng phuung pb~p 
truy du&i. Trong fo] d_a chirng minh r3.ng di~u ki¢n _dli ae phuong Philp truy d:uOi On 
dinh khi gii\i (2.2), (2.4) Ia · 

. max lki+l,j-ki-l,jl < min kij, 
J,-;;;;:;,-;;;;:I-11 o<i<I 

max ! Ai-+1,j - Ai-l·j! < min Aij = m). 
1<i<I-1 o;;;;i<;;;I 'J• 

(2.6) 

-> -> -> 

max II vz/,+,oi -l\7zl,_1,il,;;;;; min /17zl1i =mpi' 
,,-;;;;r<;I-t o,-;;;;i<;I 

max 1 zi+l,j - zi-l,j I< min I rnA{ mgr/2, mTv/41 
l<i<I-1 . · 

v6i mQi gUt- tr! j clia mien (2.1). 

·Khi giili (2.3), (2.5), ta c6 diCu ki~n dlt de phtrarg phap truy CTuOi On c1tnh tu-ang 
I'! nh11 (2.6). 

§ 3. cAc BAI TOAN cv THE 

M6 hinh Huh toan duqc thU· nghi~rri v6-i cac ~ia tr! kh6ng thlr nguyen nhU' sau 

a= 0,1, k = 10-9, ZIJ = o, K = 0, \V = o, A = 1, y = .o. 
LU.c d6, z v:l C thba man cac phrrcrng trinh sau 

() z ---')- --"" 
a-= k\7. tz\7z), 

at 
~ _,. _,. 

ac 
a-=Ak 

at 
\7.(zjvzi\7C) _. _,. • + k\7z.\7C. (3.21 

z 

N&u ta c6 tren bi&n cUa miCn (1.3) z = Zn(t) chi ph\1- thuQc v3o tva trong mien 
(1.3) z(o, x, y) = zB(o) khi t = 0 I hi llri gilti ci\a (3.1), (1.3) lil 

vacua (3.2), (1.3) lil 
z(i, x, y) = ZB(t) 

C(t, x, y) = C(o, x, y) 
v6i btlt ctr dieu ki~n d3.u C (o, x; y) vi dieu ki~n bi~n eho C nhu th€ nao. Vi ca ch~ 
khu~ch tan phf!.n tir kh6ng d:uqc xet t&i n~n- nOng d¢ ci'ta mu6i a bien va th&i dl~m ban 
tllu kbOng c6 anh huang gi tai nong i!¢ trong mien (1.3) cho Mi tolm dang xet: 

· Ned ta e6 dif~u ki~n bien 

X= 0 hay X= X : 8z/8x = o, ac/h = 0: 

y = 0 Z = Zy0(t), C = Cyo(t): 

y = y z = Zyy(t}, c = Cyy(t), 
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tH~u ki$n ban dlu 
Z = Zio(y), C = Ct 0(~r) 

lhi cf;.c i'in z(t,x,:y), C(l,x,y) chi b ca.c ll~l.lll ciHl f, y vi\ thO::! m~n cac phuong lrirth 

a~= k -"- (z_!i_:_), 
8t ay ay 

ac Ak a ( I az I ac ) »z a--=--.-- z ---- +k--
ilt z a.v · ay· .ay•· ay 

IIC 

fly 

Trrong tv nhU viiv, nCu v dOi chO cho x, ta cling cO JOi giili cil:i b:\i toan 2.chii!m 
(3.1), (3.2) chi phv thu<)~· vito t 'va x. 

Cite tru&ng hap vt:fa n~u da rluqe clUng d·~ kiem tra lhu~t toitn Vfl chuong trl~h 
[7]. Ngo:li ra, hong [i] da tiCn hilnh gild 'so c:k hili tnan \'"6i cac di~u ki~n bil!n khfic. 

Y O"i cite gHL trj 

I =.I= 50, Lb = L'>y = 0,02, L'.t = 86400 

cU.a mi€n rc'rj Ti}.C ,(2.1) VJ. dieu ki~n ban dilu 

z(o,x,y)=l, C(o,x,}r)=O, 

ra ~('! c{tc tnr&ng hqp sau: 
a) 'rZtt t~r do vi1 nOng d¢ ctuqc cho tren c:i bh~:n x = fl, y = 1. x = 1 hay J = 0: 

z ( t, x, y J = 1 + 0,2 t/8n400. 

Cit, X, y) = 10-31/86400. 

b) :\-Ii)t tl! do vfl uOng dQ duqc cho nlnr truCrog hqp .'a) tr~n Hlia bN:n lien ft.Jc 
X= 0 ·hay :y = •• Tren nU·a bh~n l,ien t9C cOn lq..i. (x = 1 hay y = 0), d~J.O ham c·Ua. an theo 
phuang vutnlg g<)e v6i bien b3.ng khOng: 

oz(t,x, yl/&n = 0, 8C(t, x .. y)/8n = o. 

c) ;\l~t tt,r do v<l n6ng d:Q do duqc cho t~i m(lt C.l}.llh X = 0 theo c6ng thUc a tru&ng 
bqp a). 'fr~n ba c<.IIlh bi_8n cOl! hJi, d:;to him1 ella fin! hco phtrang vu6ng g6c vbi bien 
Mng khong. 

_d) i\I~t h,.r do va nbng d¢ dlr"qc cho lheo c6ng thiTc a trtr&ng hqp a) chj tt;~.i 1 diem 
ella bien c6 tQa dQ (1.1). 6· d.C" di~nt khac tr~.n b1tn, d~o ham ell~ ln lheo phuang vuUng 
g6c v&i bien b3.ng J.;:htmg. 

K~t quO. :gild s6 ct\c b:li to£1n tren da duqc trinh bay trong [7]. 

Nhrr v~y, bai tofLn bi~n hai ehH~u khUng dirng theo m6 hinh thUy tvc d·e x€t dien 
bien clta m~H tv do trong nu6c du&i dat va sv chuy'bt ch{i.t hc'ta t<ln theo co ehC 1cbuech 
~6n d6i Juu c6 ke d8n vi~c trao dOi ch~t v&i d·a~ da. dugc d~t ra. Phuang ph:lp sal phan 
ll.n luA.n hu6ng l<'l.n cl}n m(>t chifu a oh;mg xap xi hi¢u t:Hl duqc {tp d!)ng cho tr'rng phuang 
trinh elm h¢ ,~a dugc tlri'r nghi~m qua m¢L s6. bid toltn qJ th{;. 
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SUMMARY 

A TWO-DIMENSIONAL Pl\OBLFM OF FILTl\A TION THEORY. 
The. problem about free· surface of ·gJ;ound Water )flow is sctlled Completely with 

considering the convectiOn diffnsion of soluble matter and the matter exchange with 
ground. A local one-dimensional method of changeable directions is usc-! to perform 
calculations. 
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