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MOT BAI TOAN HAI CHIEU CUA ..
' LY THUYET THAM

. BAO MINH NG()G

§M& PAU

Cong trinh [1} a5 ap dung phuong phap sai phﬁn ﬁn luin hoéng 1an can mét chidu

d% gidi s bai toan thim phang vé dién bi¢n ctta miat ity do trong nuwée dwéi d4t- Cong
trinh {2] d& tim léi gidi gidi tich cho mdt s6 bai todn truyén chit irong traong hop thim
“hai chidu ¢é xét t&i khugch tdn d8i lun va trao ddi chit véi d4t. Coéng trinh nay xét bai
‘toan thay hre khong dang hai chiu vZ dién bién cfia mit tuw- do- trong nude duwdi dit
va thay ddi mbng d¢6 ch&t hoa tan ¢o k& tol khuéeh. tan d6i luu va trao ddi chét voi dat.
P2 gidi sé bai toan nay, phwong phap sai phﬁn in ludn hwéng 1an ein mét chmu ‘durge
ap dyng & dang x4p xi higun.

§1. BAT BAI TOAN | .

 Gik st m#t phing toa dd xoy song song véi phucrng nfim ngang cla chuy%n déng
th&m phing. Tit mit phéng ndy, theo chitu huéng lén trém, ta do mit ty do cha nuwoc
duéi ddt z — nhu hém cha toa &6 x, y va théi gian ¢
Vi gid thigt 1&8 mit tw do z (t, x, y) vd 16p sét -zp(x, y) dudi midgn chuydn {‘Ioug
clia nude thim thay dbi it, nuwde dudl A4t 14 chit 16ng khong nén vi-ddng nhit, déng.
chdy tuan theo dinh luit Dac-xi, dit 14 mdi trudng khong nén va ding hiréng, tie phirong -
trinh bdo loan khéi lugng ¢ thd suy ra [3] phucog trinh Bu~51'nct tong quat cho z
nhw sau:

g — *V [(zsz)kA z] + K +Ws (1.1)
ot H ‘

( day: 6 =ofx, y) — a6 rbng tu do (hay tich cye) cia d4t,
k = kix, y} — hé s6 thim,
K = K(x, y} — hé s6 thim clia ting sét;
ZN ZN(Z, X, y) — ¢6t Ap cla nude ngim nim dudi lop sét,
= H(x, y) — chidu day cia 16p set,
W = V(t X, y) —cudng 46 nwdc mit thim té&i mit ty do z.

Gid st irong nwoe co chéra chit hoa tan voi ndng d6 khdai luong ldy trung hinh
theo chidu cao 13 Clt, x, y). Néu 14y th tfch kidm tra 1a hinh lang try e diy tf\xAy Va,
chitu cao (z — zf,) thi khéi lvgng chdt hoa tan chira trong 46 sé&-]4

5(2 — Zp) AxAyC
Sy thay ddi theo tho! gian cha khéi lrgng chit hoa tan ndy la

¢ — [(z - zB)C] AxAy
Theo khong gian, l\hﬁl 111'0110' chat hba tan niy thay ddi do déng thim mangdili
V [(1 — Zp) ¥ C] Axdy
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' {a do khuéch tan d6i luu la
ol e
. V o [(z = 2p)DVC] AxAy.
—_—

¢ dayv. van tde thﬁm v duge tinh -theo dinh ludl Pacexi:
—

:"‘]\v7

HE s8 khuér,h i d8iluew ding hodng D duge My i1 ung bmh {heo ch:cu cao va_ o
iy bz%v dlm theo [4] phu san :

- b= Klv-l'

i 1 = A(t, % y) 14 h¢ 86 tan xa ding hudng. * duge My tlun,t: ‘binh theo cln'éu
1;3 thude vio ofu:tric cla ddt, i
Gid s ndng @9 chét hoa tan cda niés miit va node ngim ciing & C. Trong mét
dou vi thoi giar. khéi lwgng vi lwong do nwrde m'll va nwde ngim mang vio 1he Heh
kidm tra-la
Sy -G AxAy
VA :
. = T

H

Go: q la cwong 40 trao d8iichét gitta nwde vi d4t Etmrc 18y trung bimh theo Ghln
7 cao. Trong thk tich kidm tra dwge xét, Tweig vilogng ting thém tropg mot don vi thed
© gian do han dbdi chdt voi d4t 1a ‘

glz ~ ZB) Axf-\v

: GiA st qud trink trao d@di ehidt voi dft i thuan uohlch vi Chi x6t & da:]g k6t tlnh
_-_hav hoa tan, tie [4] ta o
. q=Y (€ —C)

vdll T =y(t, 5, v) Ja bg 36 vAn téc hoa tan va Co = Cr{l, xy ¥y} 12 ndng 46 bic hoa.

Khéi brgng chdt hoa tan trong the tich ki2m tra thay ddi theo thoi gian v
o khong gtan do cac ngudn nwde mdk nude ngdm gay. va va do trao ddi chdt, véi dét.
" Ta co :

| a2 = o)) o - i L

. a-—[—Tﬁ"‘"‘l‘ + Vlz-rnl v~ {—2nDVCl=

L o © @t o - . . ) _..

' Kz — 2)

}—["—“——' G+ qlz —zn).

=W.C0+

Dua vao (1 1) ta ed phuong tr lnh cho nbng 46 C lrong trecng hep thim phing
nhw sau
: N .
a¢ Y {{z - 28)DVC = =
2 Vit + kY2, VC + g (L
at 72T In

irong (1.2}, nude mit va nede ngdm Khong Anh hudng gi t6i swe bign doi ena C.
Trudng hop ndng 40 cla nwde miit vi nurde ngim khic V(’ri C duge xét trong {5].

Vi cae didun kien 0 >0, k> 0, z > Zp, A > 0, \//l - ¢ hé phuwong trinh dso
ham rieny bic 2 (.1, (1.2) 12 b¢ phuong trinh parabblic 4 tuyén .tinh asi voi 7 va € (8]
. Ngoai ra, trong {6] ciing ebira, v&i cac didu kien df ndy, phuong (rinh (1.1) (hay (1.2))-14
phuung trinh parabtlic d8i v&i &v z (hay C) «cla mink». Nhan xét nav duge sit dung
42 xiy dyng thudt gidi s5 théng nhit che (1.1) va- (1.2) dwgc trinh bay & §2

bd don gidn trong vidge trinh bay phuong phap tinh, ta gids he phuong trinh (1.1),
(1.2) trong misn ‘

< KT, 0 x <X, 0<Ty <Y (1.3

v&i che @idu kién ban dﬁu, didu. kign bién (bde nkil hode bic hai) va didu klen lign hegp
twong Gng cho z va (.




§2. PHUONG PHAP Ting

Mign (1.3) dwoe roirac thanh lu6i sau
o= oA, 0<n < N, N=T/4¢, .
xi =ilAx, 0<Zi<TI, 'I=X/Ax, ' (2.1}
]ﬁy,[]{‘](J J—-—Y/Av
0' tu'ng thei didm l“"‘l phuong trinh (1.1) duoc gidi trude d¥ tlm 22+, sau dé
cott duce tinh i (1.2). Vige gifi ting phuong trinh (1.1) hay (1,2) d6i véi An t(cua
minhy» duege tién hanh theo phwong phap saj phén &n luén huéng lin cdn mot: chxéu G
dang x4p xi higu nhir’ sau

aels2 _ _a - ey L l2
zi%""l/' — Zij z?_ﬁ'lﬂjz _ 2_2;’1;':1’f2 + z’:ffh']
o3 — o = kyj (% — 7)) iy :
) At ] o . AI S

+ Zirdy T Bioly T zBi—}-l;j.+_ Zgyi—L,j ky + (;'i‘-_ — 251)) kip1,5— Koy s
28x ! LAY A
o+l n+i2 21 gt L2 :
« Zixls] — Zi=poy + 1 Kij ZNi Iz — zij -/ S Wn.,.”z (2.2)
2Ax 2 i 2
nrg o Bals2 = 5 Flog 81 g
Zij Zij =k 1;*7913) 71’J+1 2311 + z1»1—1 4

aij

5501 — Zi s 1 — Zpiial T Zpiil B k. ;. —k;.: ‘ i
¥ [th Bzt PLIZL ki + (245 - 2py) it il [ X L
2Ay : o LA ‘2Ay . 7

n+l Cong] . n+l nty T C ' ‘
SO 1 Hl ey g
% 3,341 Zij-1 + — Kij 2wt T Zij + — W‘i‘jﬂ, (2.3)
| 2y 2 Hy o2
hay VR
3 —_— L 72 +I!2 .
o1 (,C;‘i’“”z ~ Crilj),At = hijkiff Vz | Y2 (Cf‘ffl - 2‘3?1 + Cn+1!z_)},3xz *

ti) §l

o o i

v ) — . . '
[(li-z—l,]' - Ri_l,j)iiijIVZl?-"'I/z + )‘ii(ki-z-lgj — Ik 17])]V7] n+l/2 +

e

i)

R W (lvzl n+l/2 — 1v[lnl-1f2) w{m kij ( fi_lilz 7:1;"117’,]2) 4
= gl Uz _ aullz \f erre |
+ Rikij| Ve !1;'1 2 ( L ??iﬁ,j — Zpisl,j T ZBi-l:j)/( a e = ZBij)] X ]

(C:{;&ll}z anlllf) ’4AX2 3 — T;l;.ilz (Cllsli?/z - C;J]_—;-L"Z ), (2.4}

sij (C;‘j‘f1 *Cf,-”lfz)/m = 7\iikiﬂ€zlfj+1 (C:“]’il — 203 +
+ el )/Ayz + [m,m SRANEY kii\%’ﬂf{'i A+ ‘(-kiziir'l -
ki, j"l)le‘ AR 1 37 (leI"‘]“ - le\ i 1) + kij ( :H-l - zf,?il) +
+ lljkule] n+1( f#l — z’::“jl_l — ZBi,i-H. -i- ;B.i,]i__l)/( f]+1— ?Bij)] X

X ( iy —c;*;ll)/myz + Y’”‘l( By~ cg;l) | B

16




K ") . . . a1z . X +1 . 4
Gid s& 4% e6 Zyj» Cinj»- biu tién ta tinh zj; tir (2.2), tinh 3?3 bty (%37 v saudo

n+l;2

Ctinh GiF 2 v (24), tinh Gt (25) He sai phan (2.2), (23) 13 he 4 tuyén tinhe B

tuyén tinh héa, ta ding phép Lip, trong @6 &n zij chia frong cic hé s§ dwoe coi la dd hiél
& budce lip trudd. Phép Lp & d4y 14 phép lip trong lirng nfra phuwrony trmh (‘? 2) hay
,(2.3) Tuong ty, ta co thd tién hanh phép lip che tirng phrong trinh. .

‘ Cho tirng- nika phu'cmg trink, bé sal phan twong Ung dwge gidi biing phuong phép '
'tluy dudi. Trong [h] di chtmg minh ring didu kign du ae plurornn phd[} tray dudi On
dinh Khi gu’u( 2) (2 4) 12 .

max Ikm Kyl < min Ky,
IKII—1 v A |
max [Mists) = Mi-toj| << min Ay =m 7, : C (2.8}
1001 0issl ‘

i 1
max = E & - min -
1<iCi—1 !ZBH-l,] ‘ZBI—-I,] 9 0<{is<I I % Zpij l 9 — Mrpj

. N '
max || VZLH,] IVZL—_I’}! min [V?I,] Mg
1T -t 0=Zi(T :
max |z~ Fog jl < min {ml., m, /2 mrm]-[ﬂ
1<i<I—1 S ! ‘

véi moi gid-tri j elia mién (2.1).
‘Khi gidi (2.8), (2.5), ta ¢4 didu kien dit a2 phiropg phap truy dudi dn dinh twong
ty nhe (2.6). )

§3. CAC BAl TOAN CU THE

" Mb hinh tinh toan dugc thit nghi¢m v6i che gid tri khéng thir nguyeén nhwe sau
5=0,1, k=10"9, zp =0, K=0, W=10,A=1, v =20,

Lic d6, z vaA C théa min céc‘"{)hﬁ-ong trinh sau

8z — = ’
o T = k¥/. (2 2), : (3.1)
t

B v (7lelVC)

at z

+kv VC- o (3.2)

Néu ta co tréu blen clia midn (1.3) z = Zp(1) chi phu thude vio L va trong mikn
(1.3) (o, 1, y} zp(o) khit = 0thi o gidi efa (2.1), {1.3) 1a

z(t, x, v} = Zp(t)

aft, x, y) = C(O, X, y)
voi bt e diku kien diu Clo,x; y) v didu kién bign che C nhwe thé nio. Vi co ché
khu#ch tan phﬁn b khong dwge xét toi pén ndng 36 clia mudl & bien va thoi didm ban
d&un khéng e6 dnh hudng gi téi ndng d6 trong mign (1.8) cho bai toin ('Iang xét:

N&y ta c6 didu kidn biénm
x=10hay x =X : 32/8x =, 9C[dx = 0;
y=60 7 = zyg(t), €= Cyolt):
v =Y Ltz = Ty, G Cyylt),

va cla (3.2), (1.3) 1a
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ditn kign bhan diu
z=zie(y), C = Cioly)
thi che fin z (L, xy), C(,x, v) chi 14 cdc hiun cha !, ¥ vA lhda min cac phwong (righ -

dz 7 dz
G ——— = — ¥4 »
at ay é)y

ac Ak A oz ot ) Bz ac
o) = . 2| = + k . .
ot - .ay Bv . 35 ‘ ay 331'

' Tutrng tu nhu’ viy, néu ¥ ddi’ ch6 “¢ho \,1‘1 eling co 11 gidi chd biu foén 9 chitu
(3.1}, (3.2) chi phu thude vao t vi x.
. Céac. tritng hop via néu da duge dung d® Kidm tra lhuﬁt toan va chu'ong trink
[7]. Ngoai ra, trong [7] 4% tidn haoch gidi s céc bai todi vai cdc didu kisn bién khic,
Véiocae gid tri
I=J=350, Ax=Ay =002, At = 86400
cha midy roi rac (21) va didn kién ban diu : .
z{osx, y) = 1, Clo,x, y) = {,
fa X edie tnrcrng hep saun:
a} Mit ty de va nbng d6 dlmc cho trén cd biga x =0, y=1, x =1 hay v = 0:
z(l, x,'y) = 1 + 0,21/36400,
City X, ) = 10731/86400. » _
b) Mat tr do v& ndng d¢ duge cho nhu trudsg Lop a) teén nfta bitn 1iés luc
x = 0-hay y = I. Trén nira bién ljén tye con lai (x = 1 hay y = 0), dao ham cdxdu theo
phuwong vudiig gde véi bign bing khong:
dz(ty x> y)dn =0, JC(L, x, ¥)/dn = 0.
e) Mit ty Jo va ndng 39 do duoe cho tai mot canhk x = 0 thee cong Lhike & trudng
Lgp a). Trén ba cgnh bién eon lai, dao him cfia &ntheo phuong vudng géc vii bién
bing khéng-
' d} Mit ty do va ndng ds dwge cho theo cong thie & tr Lro-ng hop a) chi tai 1 ditm
clia bign ¢6 toa d¢ (1.1). & cac @idni khie trén bién, dao ham cha in theo phuorng vudng
goc voi bién bang I\h()ug
Két qud gidl s8 cdc bai todn trén 34 duge trinh bay tron,gr [7]-

:

§$4. KET LUAN-

Nhwr vay, bai tean bién hai chidu khéng cding theo md hinh thiy lLirc do xét dién
hifn cia miit ty do trong nude dudi dit va sy chuykn chidt hoa tan theo co ché khudeh
tan ddi Twa co k& dén vide trao ddi chdt voi ddf 44 dwoe dit ra. Phwong phap sai phaa
i luldn heéng 1An can mot chidn & dang x4p i hi¢gu dd duge dp dung cho tirng phuoung
trinh ella he v duge thir nghid¢m qua mat s& bal toan cy thé.

Blia cki : Nidn ngay 15/4/1084
Phan vign KHVN tei TPHCM :
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SUMMARY

A TWO DIMENSIONAL PROBLEFM OF I‘ILTHATION THEORY.

The.problem about free surface of ground water flow is sctlled completely with
considering the convection .diffusion of soluble -matter and the matter excharge with
ground. A leccal ome-diwensional method of changeablc dueclmns 1s uscid to perform
calculations. . o
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