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§I. MO alu 

C:\c b&i toin s6ng tronll mOi truOng dan -hM kh6ng.- c6 trng su(t tru&c dtl~C. 
nghien ctru trong [!, 5, 6]. Trong rnOi tnrlmg c6 bien d~ng ban dau thuln nhlit, chun,a 
dugc nghien cuu trong nhi!u cOng trinh. -v! dv [3, 4, 7, 8, 9] ... Trong thgc te, bi~n,' 
d:,og ban dlu ella, m6i tnrCrng khOng ph~i bao giCr cling tuftn theo qui lu~t don gi_~n> 
nhtr v~y, cbung c6 th~ kh6ng lhu!n uhiit. Do v~y. vi~c nghien c6u cac bl\i loan s.\n~ 
troug m~i truirng dan Mi c6 bien d~ng ban dau khOng thuan nMt Ia riit cln tbilt. 
Trong b~\i bio nay. chUng ta _nghi~n 'rU:u,- bixi to an ve S\1' ph3.p_ X' va kh_Uc X .. l•lla s6~g 
SH d6i v&i l&p v~t ,li~u c6 bien d~ng ban dau khOng thuan nhat tbeo m¢t hu&ng. Vi~c 
lim ngbi.m chfnh xac ella bid loan ]il. rat kh6 khan, do v~y Ia 8lr dvpg ea.c phi!'C1.Djl phtp 
x«p xl d~ tim nghi~m gh dung cua bai toitn. 

§2. B~T BAt TOAN 

Xet rnOi truOng vf:J h:;tn gom· mQt l&p v~t li~u d~t 

Ta phAn bi~t ba tr~ng. thai cUa m6i tnr&ng: t.r:;~ng thai 

va tr~ng th:li t<Ji th&i di~m ctang xM· Gi3,---thh~t 
lr<:~ng thai thai· di~m dang xet khac rat H tr:~ng 
thai ban dau. Khi d6 nhi~u d(>ng !a M· Ta dua IT' 
vi:lo h~. tQa d_¢ Lagrang (Xijl, X~il9 Xjil) mfl_ b \!.I· 
trq_ug th:ii t~r nhi~n- _nO trUng v:&i c:ic -h~ t9a d\1 
B~~cac vu6ng ella hai ban kh6ng gian va l&p 
(J = 1. 3 Ung v6i ban khOng gia.n tren va du&L t;'\ 
J = 2 irng v&i l&p). a tr<;~.ng thfti ban aau. ta slr 0 
d1)ng h~ tQa d(> B~-cac vu<lng g6c OZ1Z2Z1 cbung 
cho ca mOi inrOng~ trong d6 ml;tt phlng OZ1Z2 
trling v&i mi_it phting du&i ella l&p (cbU Y ding rj\ 
cic trl}.c xSil vu6ng gOc v&i lOp). \;;;.) 

. Gil stf bien d~ng ban diu ciia hai· ban 
khOng gian lei thuln nhit, cOn bien til.arig ban diiu 

cua l&p Ia kh6ng thul\n nMt theo hrrcmg OZs, tuc li: 

gma hui han kh6ng gian (b~t). 
tg nhi~n, tn)ng thlli ban itlu 

Zj 

l 
Hinh 1 

u!(jl = 8mkCA~ 1 - 1)X~il, (m = 1, -2, 3; .l = 1, 3) (2_.1) 



· trong d6: r E ( 1 l''tx· t3l) ·-" o ux(Zl E [ ] l "[OH]' " 3 · T w 3 O,H , (0) = O. 

(!{ l:l d¢ d!y cua l&p a tr~ng thai 1\f nhi~n). 

Tir (2.1), (2.2) suy ra: 

. z., "'- /.~il X~1 (khOng c(>ng .theo m, m = 1, 2: j = I, 2, 3), 

za ~ "~1l x~" + f(H), x~1l > e; 

X~' <o; 

z, = f(X~Il), 0 < X~2 i <H. 

(2,3) 

,;.,;_, 

Gvi H U d¢ diy cua lap a tr~~g thai han ~au, tir (2:2), (2.3) sqy ra: H = f(H). 
Gii sti mbi irrr6'llg 1a nen dtrqc, khi d6 phrrong trinh ca bin ella DhiBu CQ.:tiyen 

oljch oia s~ng SH lrong h~ (X[il, X~,i', X~i 1 l la (xem' [2]): 

(2.5) , 

tro_ng d6 wjii21 , wW23_ drrgc xac dinh b&i (II.33) trong [sl. D~ dang cbung minh rAng 

(l)~B1 = cons~(jl'· wkU3 == canst( jJ v6i j .= 1, 3, c<1n wi~~l, w~i~3 la dtc hltm cUa X-;~ 2 1. 
Chuy~n sang he OZ1Z2ZS pbrrong trinh (~.5) c6 d~ng:. 

(2.6) 

ll'ong d6: 

~ti1 = (2.?) 

Do (2.3) ntn c6 ton t~i ham ngu:gc X~2 1 = r-I(Z3) E' c 1 . - 'cho n~n cac h<l ;6 ch (2.6)' 
[O,H) . . . 

10 cae ham phl) thu¢c lien l¥C vllo z, tr8n [o, HJ. Ta ciing gia thiet thtm: 
-(2) - --
"'S223 =F o V z3 E [0, H). 

T~i trQng tren m~t z, = cons! _c6 d~ng (xem (II.27) trong [3]): 

(2. S) 

Gii sir t~i bfm kh6ng gian h·en cho s6ng t6i SH c6 bien d¢ don vi~ 

11 
ub = cxp i(!(1Ztsin8! -- KtZscon01l, (2.~) 

'"" l) .-..; ' 
irong d6: 81 - goc tlri, Kt = w/C,!, C,t = [w~H2/ ptllJII 2, ol h\ 1an s6 s6ng: Khi do song 
phlm •• va kh uc x~ c6 d~ng : 

{!) 
uzp = C. exp i (KtZ1sin8t + K!Z,cosG1),' 

(" U2k = W • exp i (K,Z18Jn8, - K3Z3cos~3l, 
(2.10) 

lrong 1!6 6, - g6c khilc x~, Ktsin61 ~, Kssin83 = ~.a dAy, d~ -dan gi1tn"oach viRtil'h<'> 
qua nhan tu exp (-iwtl. 

;27 
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I 
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'fa. ph:H tinh cac h~ 110 phin X~ va. khUc x:;t c~ w. :Vfu6n v*y ta tim ngbi~m cUa 

i.IJ) tr~n · [0, fl] v&i di~u ki~n li~n tl)C t•i Zs = 0 va z, = H; 

(2') (3 ""'(1) ...,...(3) 
Ill (O) = uz•' (0), Pz (O) = Pn (o), 

(2J""· fll·"""' UJ~"'-~'c2l~ ""'ell""' "'OJ ....... 
Uz (H) = IIIT (H),+ tlZp (H), P2 . (H) = p ZT (H) + P 2p (H), (2.11) 

Ta tim nghi~m eua (2.6) ohr&i d3ng: 1)~ 2 ' = ;;(zsl expi ~Zl 
l~t •(3.1) vao (2.6) ta c6: 

~ 

d [ ~ r2l du I 
dZa "'

3123 
dZ3 

.'•'r difu. ki~n mn tt)c (2.11) auy ra: 

u (H) = exp (-iKt.Hl + C . exp 0Kh Hl, . · 

du o:f) = (-iK1• ~ ~~'u I ~ ~~.s <IJ)) [exp ( -iKt,ll) - c ·. expOKt:J:D]. 
dZs 

<3.1)_ 

(3.2) 

(3.3) 

rang t!o: KJr - Kj co•Oi (j "' 1,3). Nbu vb, dl; tim C, W Ia phiii giai (3.2) v&i dibu kitn 

. (' ) - !31 du ~ b1~n (3.3). Blj.t yt Z3 - "' 3223 ---;- ,)"z(Z,)= u, khi d6 tu {3.2) ta ctl h~ pb11ang trinh vi 
· dZ, 

pMn tuyfn lfnh thuln nMI oau: 

dY cz,> 
---''--=A (Z3) Y (Zs) 

trong do: 

A (z,) -~-·)_ o l .. t 
'"" (2) 
(t} 3223 

~ (2) ~2 ~(2J 2 
(1)1221'"" -p (I} 

0 

Y (Zs) = [ ~: ] , [ ... ] bi~u thj ma tr~n· 

Trr (3.3) sny ro: 

(3.4) 

Y co) = f- iK" "'~i•s 
w 

· W j, y {II) = I- iKt. [exp(- ~{!x H) - C, ex~ (~,:1, H)J· (3.8) 

cxp (- iKh H) + C. exp (iKI< H) 

Nhtr v~y. d~ giiii bai totn, ta phai fliai h~ (3.4) v&i di~u ki¢n bi~n (3.6). Vr~c tim nghi~m 
c,hfnh xa.e cua ht (3,,1). (3.6\ la r:H kh6 khan, cl1l e6 lh~ thv:c hi~n duqc trong mOt s6 r:ll 
it lnrl'lng hqp li~c bi~t c.ita ma tr~n A (Z,). Do v~y ta di tim nghitm g~n dung cua .n,;. 



Chia (0, I-1] thanb N do~n bltng nhan co d¢ d!li 3"' H/N bih die di~m cbiil 

z~nl (n = l,N+i; Zj1l = 0, Z\N+lJ = }!). Sau <16 ta tim nghi~m !i~n lvc ci\a h~ s~il: 

dY(Zs) '"')- - -( -, . =A (Z3 Y = A;,. Y n "= 1; N)' 
dZs 

val difu Jd~n bi6n d~ng (~;6) thay (Y, C, \Y bling Y, C, W). i'J dAy A (z~•J) • A•.,.. ~Qil•t<~l 
. ' .. - ·-~-~·:·, 

voi Zs'' < Zs < z~u+ll (n = 1, N). (u). 

N~u ta chirng minh dtrgc r'~ng' lim Y "'Y, lim C = C, lim W = W tht Y !a 
~ --.o 8 ..... a 8.--..o 

nghi~m dp xl y va c, w 1:1 cac gia tri gln <lllnil cln tim cira c. w. 
- -

Dt tim Y, tnr&c bet ta tim ma tr~n n~hiOm eo biin, Ji~n ll!C F (Zs) cila M (3.7) 
rlri di~u ki~n ; F (o).= E (E - rna tr~n dan vi c~p bai). Sa u mOt •6 tinh toan ta c6: . 

! 

- . (zs - zj•'l 3,\, Mu-t a.\1 . z'"' ..- z ..- z!>+tl -. -· 
F (Zs) '"' e • e .•. e vln ' .... s ...., , (n = 1. N),' (s:v) 

A 
Ap dl)ng c6~g thll:c: ,eA.= E + - + ... 

Ak 
+- + ... : 

kl 
df dang cMng minb d1rc;tc cae, 

cbng thlrc sau: 
I I 

[ 
cos e. si.n e., •. ]' . d 

trona 6 : 
- an sin e.D cos ell 

6 -• 0 , [(:;tzl(z'•')wz~;:;!2J (ztul)"2)/;!2l (Z'n')]IJZ 
~- - o • l"'n, 1"'0 = r 3 1221 3 Is 322.3 3 ' 

[

-(21 (n)) ]-
1 

' (Z (n))-•• = ~ w 8223 (Zs . ~n s - Zs An 
_ . ~Ia tr~n e 

co dang (3.10) trong d6 On duc;rc tbay blri 8! ,;, (Z3 == z;•l) &, 

b~ng phep chtfng minh quy m.tp, ta chlfng minh Chrqc riing: 

al N~u n =<2m (n - s6 chltn) thl: 

2m C~m 

ni~l = n· cos Eh + (i)2 E a~l sin eit •in ei2 n. c.Os el + ,,. 
••z 

i=l i1<i2 i +i< 

+ (1,)2m a1 • a3 ... a2m-1 e 6 
sin u1 ... ain 2-., 

a2 • 34- •• azm 

c!m 
(n) ', L sinO; n H12 = - (,)- -- co16k - .. 

--- - at 

i=l k+i. 

(3.10) 

) "' 

• i' i 
' ' 

' ' ' 



c~~;·-l 

-~ (iJ2m L l ai2 ·•• .i.-tizm-2. ,· .. fJ. 
------·- Sl1l 11 

aj1 •• · t1i2m-1 
il<• .. <itm--i 

(n) . 2 \' 
Hzt =<1 f._, 

i=1 

n oosB, ~ 
k'foij 

·c' 2m-l 
2;n 

ai1 ••• aizm-1 

ai2 · •· ai2m-2 

n cosOki. 

k'foij 
2· 

·2m Cz~ 

·H;~_1 
= .. rr cosEh"~ (02 L. ~ sin6it sin6i2 n Cos61 ~r .... 

ail 
i = 1 i 1 < iz · i=/=ij 

+ (i)2m _az, a
4 

"' azm sin01 • ., sin62m (i,j E !J, 2, ... , 2injl. 
· at.a;~ •.• nzm-1 

b) Khi n =2m+ 1 (n- If), ta c6 cac cOng th(rc·turmg 1\l· 
Ta (3.9) u. c_6: 

"' (D-i) {D-1) , 
fll(Zg) = Hu cos~ + H 21 sm6j:iaa, 

~ (. ) Cn-11 6 cn-IJ . ~-~ ft2 Zs = Hu cos ! + H 22 suwn au 

(n-t) n• (fi-1.·) e• 
fzl(Zg) = H:u cosvn - H11 ausin Il• 

(3•11) 

(3.12) 

N ( (n-Il 6* (n-1) .. n* ' [ll) - ---- zl•+l) ) f.u Za) = H 2 2 cos n - H12 austnvn v&1 Z3 """'=:: Z3 ~ s (n""" 1, N -

Do v~y: · 

(3.!3) 

, B la cac h1ing sii x~c c!;nh l.it di~u' ki~n (3.6). El~t (3.12J, (3.13) vao (3.6) ta e:(): 

0 

{N) 
Hu 

HINJ 
Zl 

0 
. ""'(3) 
1K3zCU322.3 

1 -1 

0 

0 1 
- 1 
A 

B 

0 

0 

H{N) 0 12 
.,-(!) .• ~ 

~ 1h.1z(.U3!23 exp (lh.tzH) 
= 'K ~,ll ( 'K ~H·1 

"""' 1 lztt)3U3 e.xp - 1 1'l 'AI \V 

H~~l 0 c exp(- iKt<H) 

· Gii.i h~ (3.14) Ia c6: 

C = exp(- 2iKhH) [Zl + Zz] [Zl- Zz]- 1, 
~(1.) ...... .... "" 

W 2iKt,6)3223 exp(- iKh H) [Z1 --- Zz]- 1, 

..., • ¥ ~(1) (. {N) . ~ ""'($) (NJJ -Z· (Nj .• '""'(3; tN) 

.f...rl = !KlzW3Z23 Hu _, ll\.s,z{.:l3223 H21 t 2 == l"IU ~~ lKSzW32:ZS Hu ~ 

(3.H) 

(3.15) 

<3.J6l 

(3,17) 



i1tly giCr ta chtrng minh Lim Y ~ Y~ Lim C = C, Lim W =- VV. 
s-~o a ..... o a-.. o 

iS. tsl 

G9i F(z,) Ia rna tr~n oghi~m co ban c{ta h¢ (3.4) 

(F(O) = E}, theo djnh ly v~· sv ph\1 thu¢c !len l\lC cua nghi$m m~t li~ phuangtiinh - .. 

vi philu vao v~ pHi til co :.lim It F - F II = 0 (3•111) 
i)_...;,.Q 1" \ 

Gi~ si'r ftj(Za) la cac phAn ltr. cua F, hi (3·19) suy til; 

!fm f•;(Z,) = fij<Zsl 
a_.o . 

vi S\f Mi ll) o day lA d~u.. D~t vito (3.6) bi~u thl'lc: 

Y(Z3) = [ Afu + Bf!z ·1· (A, B la cac Mng s6). 
Afzt + Bfu 

. Ta thu <luge h$ phuang lrinh 

!tong d6 

A 6 

B 0 
r = , r. = 

iKtz;,;i\hexp(- iKt.iiJ w 
c exp(- iKtzHJ 

{Nl .... IN) "" IV 

con D c6 d~ng rna tr~n D0 cua h9 (3.14) trong d6 Hq lhay bbi ftj(H), flo H i = lij(H) 

nin then (3,20) rna trtn D. Si! hQi tlJ \cri rna tr~n D kbi a ... o. 

M~t kbac, r. chinh Ia rna lr.n tv ·do cua M (3.14), cho n~n: lim A =A 
8--+0 

lim B = B, lim C = C, lim W = W, lim Y = Y (i)pcm). · 
3-o a_.o 3-..o 

I. lliSn cl9n!i loan dl:lu .,;., lap Iii thuan nh<lt • 

. Khi d6 ~i~2Ji (i =· i1. 3), ;(zl h\ dtc bl\ng s6. Str· dt,wg (3.11) t.a chfrng minh dtrt;rc r~ng: 
. (N) - . (N) - (21 -

llm H 11 = cos~zH, hm H 13 = -- ol3223 ~2 sin ~2H, 
s~o a_.o · 

'trong · drJ 

Kh·i d6 cac 

d~ug (3.24). 

. . (N) - - (2) (N) N 

hm H 01 ~ sin~•H/w3003 ~2. limH00 • cgs ~2H, a ..... o " · "" a_,o -" · 

~. = lCr"'1'·'2 - ,~m~ ~·)~1m31, 12• 

(S.24) 

N 
gi~ tri cbinh xitc C, W ntrqc tinh lheo (3. 15), (3.16) trong do H\jl c6 



:J!, M<li tru<fnl! khlh•l <6 l:oi"" <li'i"'ll l'riloh. 

Kbi d6 ;;;mi = V· ';', ;u, = pOl (j = U), H =H. (3.25) 

BJ:it (3.25) viw (3.15), (3.16) Ia se thu duqc cite cOng !hired~ tlnh h~ s6 phin X') vt\ khUc 
X~ ct'ta· S.6ng SH.d6i V('ri 16p v~t li¢u kh6ng cO bi~n df)ng 1ru.crc. N6u chO H = 0 trong cac 
k~t q·\Ja d6, Ia se thu dtrgc cOng lhi'rc (1.9) trong [5] {h~ s6 phan x~ d khflc x~ cua s6ng 
SH d6i viTi bien phftn chia ciia hai ban khOng gian khO!ig, c6 frng suM trti-6-c)i ' 

Nbtr v~y. lrong bai b!o nAy chune Ia 4~ nglfien cliu hili loan v~ sJ! pb~n .x, vi . 
khuc X') cua s6ng SH ddi v&i l&p v.t li.u c6 bUn d.ng ban dau kh6ng thuln nhlU lheo 
m¢1 htriJng (OZ3). Ta da lim nght~m :dp xl cua hili tqan, cliirng minh ttuvc ''! hQi 11) 
ciia nghi~m xap xi tcri nghi~m chinh xic. Bang .each chn quo gilli h,n cite kH qua thu 
dtrqc, ta dil tim <'luge nghitm ch\nh xtc l!·ong cac lriJimg h.;rp : khi lap v~t litu c6 bi~n 
d¥ng ban dAu thuil.n nhfl ho~c cit m6i tru&ng. kh6i1g c6 biEn cl•ng bap dau. 

Di~ chi Nh4n ngily 16J12/19il5 
Trailng. f!~i b9< Thng h,p HN 
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PE3IDIV\E 
OTPA)KEHHE M IIPEJIOMJlEHliiE BOJIHbi - SH OT CJIOH C 

HA'IAJlbHbiMH HEO,UHOPO,UHbiMH ,UE<POP MAUHHIVIJI 

B 3Toii eTa Tee paccMoTpeH3 aaAa'l3 o oTpameHHH H rrpeJioMJieHHH BOJIHhi. - SH aT 
tJioH c naqaJib<fhlMH neo,I\Hopo.nHhiMH Ae¢opMaU:Hi!MH. IIocKOJihKY To'IH<J<" peweaHe aa)(aqll 
H3HI\€HO J!Hlllc )\Jill HeKOTOpbiX '13C'I'Hh!X cJiyqaeB, 8)\eCb 11pe)(JI0)!(€H npH6•1HlKe!IHb!Ji 
MeToA pernennii noii 331\aqn, OpH nepexoAe K npel\eJiy Ha nonyqenahlx peayJibTaToB, 
llOJiy'leHO TOq!loe perne!!H€ B CJiyQaliX, KOr)\a B CJlOe HMEeT MeCTO lt3'13Jlb!l3ll O)(HOpOI\H3l! 
1\e~OpMaUHll HJIH OTCYTCTByeT HaqaJib!lal! Ae~OpMaUHff, . 


