
PAl TOAN FLUTTER CUA c. AU . TREO CO KE T(H LUC CAN . ~ . - ' 

' NGUiiN vAN TiNH 

~BaLto:lh flutter ella diu treo khi bO qua ll!c c&·n, bUng cich siX fl'="!ng:'·~htrc1n·fLP-4~P 
Gali6rkin,. trong [2, 3] da dU'\'C kbio sat v&i gia 'thi~t bam lvc n~ng va mb menkhii'il¢n'g 
bi~u di~n du6i d11-ng ham Theodorsen· Trang bai nay liep tvc nghien cfru bili loan flutter 
leila clu treo khi co k~_ t6i lvc can. . .·· 

Dga theo. Hd li~u [1. 4, 5] thi lgc can trong ciao <'l(lng u6n c6 iinh hu&ng !;,hOng -
dlmg kl t6i git tri tua t6c dQ gi6 t,&i h~n cho, n~n a dly ta ciing thl khao sat !<hi k~ 
t&i hJc c:in trong dao dQng xo:in. K€t qu:l cUa bai toan 13 dli thi~t l~p thrqc c·O"ng thfr~c 
glib dung lien M gifra t6c d9 gi6 tlti h~n vil ,cac tham so kb:lc ciia dao d¢ng. · · 

§.1. TRitT ,L!P PHUO'NG Tlll:NH DAO BQNG BON HQ'P U6N VA XOAN 

'{)6i v6i cllu treo d~m ctrng hai dliu g6i tva (hinh 1) !hi phuang tri1lh vi phln 
chuyh d(mg_cua clu c6 th~ vi~t du6i d~ng sau dly: 
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Hi11k 1 .. 
Riq 1Y + mq + S = P*, (1-1) 

EJ(I)9lV -GJd6'' + mr 2GQ + mt .:::.': ~~*~ 
trong d6 p* va 1f" 18_ ll,rc nang va '-m6 mel1 khi d¢ng; 

S la ll,rc· tile rlt,mg trong thanh gi-3:ug ; 
mt lil m() men xolin (lo d_c ll!c St va S2 gay ra (hinh 2) .; 
H I> lvc keo ngang trong day cap. 
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Tt'r hln h vc ta thay: 

q'; = ~ -- b6, qz = q + b6 (!.2) 

Tren cit ti~t cl,i~n cUn diu se chiu t3.c d1,1ng 
cUa c:lc h.rc tU d.c tha~h gi3.ng ta: · · 

S = St + Sa 

v~ c hju tic d~ng ella m6men: 

mt = b(Sz - S1) 

(L3) 

(1.4) 

M~t. kbac 1\rc trr o:\c t!Janh giiing qugc 
tfnh thco c4c eOng ·thltc; 

J9 



S1 = -· (llld + llg) (y'' + qi'), .S2 ~· - (llzd + Hg) (y" + q;') (L5) 

Trang d6 Hld va H2a Bin ltrqt 1.3. h;c: keo ngang dQug hrc ella dAy dp b~n tr;H v3 

b~n phUi; y'' = d 2.y/dx2• v6j y JA ham hi~u cfj;?n d~ng llan diu ci~a dAy cap. 

Th•.v cic gia lrj cua S1 va S~ tLr (!.5) voo (1.4) va (1.3) ta drrgc 
. '1_ -

S =- (H!d + Hg) (y" + q;')- (H2d + Hg) ly" + q2'l, 

mt = bl- (H2d +Hg) (y'' + tlz') + (Hld + Hg) (y" +qi')j 
Tfr bi~u thfrc (1 6) Ia c6: 

(1.6) 

(1.7) 

S =-' 2y''Hg- y''(Hld + H2d)-(Hld + Hglq;'- (I:!Zd + Hg)q2' (!.8) 

Theo [6] tht so h')ng 2y"Hg '~ c4n bii.ng v&i tai trgng tlnh lac o!Qng tr~n m¢1 
dcrn vi d~li ella diu~ m~t kbtlc theo {1.2) thl 

· q;l = q .. - Df3u, q:e ~ Q" + bO" 
cho o~n tl'r (1.8) Ia dugc: 

S = -y"(l-I!d + Hzd)- (Htd + lhd- 2Hg}l'' + b{Hld -llzd)6" 

Th\lc hi~n 'phep nhAn vlt sau khi bil c~c s6 !i•ng phi lnyon Ia co: .._ -
S =- y"(Htd 1;: H2d) - 2Hgq" (1.9) 

TtroPg tl! d6i v&i rnt: 

mt = by"(Hid + Hzct)- 2b2Hg6:', (t.to> 

Trong coic bi~u thtlc ('i.g) vit ( t.to) thl l\fc keo ngang d¢ng hfc Hid va Hu tr011g 
dao dQng bOn hqp u6n va xo~n dnqc xftc djnh t~eo c6ng thVc: 

I I 
EcF!!: 

" J q1(x, t)dx = k J qt(x, t)dx, Hid = ---z;; Y 

0 0 (!·11) 
I I 

Ec:Fe 
" J q~(x, l)otx = k I qz(x, t)dx. H2d =' -

1
- Y 

fL 
0 0 

BAy gi& thay (1.2) vao (t.J) ta c6: 

I I I I 

i-IJd = k I q(x, l)dx- kb J 8(:, t}dx, H2d. = k f q<ilx + kb J 6dx. (1.12) 

0 0 0 0 

Ciic bieu thl'rc (1.12) cho Ia tMy R'1d va Hzct phat oinh I! do dong lh&i d dao 
dQng xo3.n Vft dao d(lng n6n, \'~Y Il~U kJ hi~u: 

I I 

-p f-H, ~ k. q(x, t)dx, H~ = kh J 6(x, i)dx ( 1 1~) 

0 0 

thi (1.12) dagc VJel t!u&l d'!ng: 

Htd- HP- HM H,,, = JdPd + HMd - 'd d' 
va do d6 

H,,- H" = - 2H~1 , H1d + Hza = :~cH~. (1.141 

Tbay h¢ th(rc (t.14) vao (1.9) va (1.10) ta nb~n chrqc 

s = -· l,v"~~ -.2Hgq·~, mt ~.,.,.. 2hy"H~....,. 2b 2H~6'' (t.15) 



'f'r~n Ca i:ib clia u.l/ v8. ).l:J) CUI'Ji Cttng ta t\h~n dnqc phuang trinh dao d:¢ng u6n 
va 'x:oUn hOn bqp nhu ~au: 

EJ qn' + mq-- 2y"H~ - 2Hs q;, = p>K<, 

EJ.,OIV- (G.Jd+ 2b'Hg)9" -. 2by"H~ + mr•e = M0 • 

§2. crAi sA1 ToA.N nAo D()NG FLUTTER. c.o d T6T LVc cA.N-

(1.16) 

D~ tim duqc c6ug thl.'rc gin .dUng elLa t6c d~ gi6 t6i ht.tn theo cic tham · s6 k~:ie,' 
ta c6 th~ s{r d9ng l~rc nang vA mO,_-mea kbi d¢ng dtt&i d;tng s_au ctay [1, 4] 

(2.1! 

Trong d6 v la v~n t6c gi6; p - Ia m~t d¢ khong khl, 2b- chien r¢ng cua cl\u; 
j' U h~ s6 tj l~. ph\1 t-hlu)c vao calc tham s6 cUa dlu va ella khOng khi. ' . . 

veri~ 

N~u dlj,l q ~ q/b thl phLr<Hg trinh (1.16) viet l~i dcroi d~ng ;au ilay: 

EJbqiV + mb q - 2y"H~ - 2bHgq" = P, 

P .i= 2ypbv(v6- b ~), M = ypb2v(v()- bq > 

l 

P J M -M Ha = kb . q(x, tldx, Ha = Ha 

0 

Cac h~m q(x, t), 6(;r, l) trong (2.2) c6 th~ l,i~u di~n Mug phrrang phap Ritz 

vbi j = 1, 2,_3 ••• 

(2.2) 

eOn 'qtj• q2j chi ph~1 tb:.tt/•: tll&i gian; ""~lli, iJZj L'l. clte gift trj dn1 vee to dao d~ng chinb 
dQc 1$-p u6n va xoiii.n. N€u lay .i = 1 thi 

q = qt(tl1lr(x), 6 = qz(\)1Jz(x) (2.3) 

Thay !ibn h~ (2.3) vao (2.2) ta nh~n· d lf'!c 

l 

bEJqt'~fV + mb~t1i1 - ( 2by"k f 1hdx )ql ·~ 2Hgbqt'!J1' = !', 

u 

I (2 41 

EJooq>1lF - (G.Td + 2h 2J;lg)q21Jz' - ( 2hy"k f 1Jzdx )qz + mr2 1Jz~z = M. 

0 

Khi v~ pb1ti tri¢1 lieu thi M phuong trlnb (2.4) tr& thanb hai phuung lrlnh thuan 
TLlh~t -d_(lc l~p v&i nhau, trbOg d6"nghl$m c6 'th~- tim cltr&i d~·ng: · 

i(l)ut 
ql = e i = v=l 

l 
1 

>j 
I 

I 
I 
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d uqc: 

~c: 

l 

EJ"IijY ·- 2y"k f '11dr- 2Hg·~j' 
0 

I 

Elro'J:F- (GJd + 2b 1Hg)~2'- 2by"k f 'l]zdx ~ mr2.;_,~'l2·' 
0 

V~y tit (2.6) .va (2.4) ta tlm dugc: 

.. p 
( ql + OJ~q1)'Jt = --, 

mb 
-·-
mr 2 

(2.6) 

{2.7) 

Sau klti th•y q,. 6 tt'r (2.3) VClQ bi~u th'irc cua p vil M r~i d~t cac h~ s6 m&i'. 

s1 = 2ypjm, sz = ypb2 jmr2 (2.8) 
' 

Ta nh~n duqc cl.c phuang trlnh sau dAy: 

(
•• 2 . b • ) 2 • 

1')1 qt + OJ"ql + s1 vq1 - s1v q2·r,2 = 0 

'12 (~a + OJ~q 2 - s2~2q:J ,+ sabv~l '1)1 = 0 

Cac nghi~m q1. q2 c6 th~ tim dqgc du&i ol~ng: 

qr = · ~~e~'; q2 = ~ae"'' 
';ehay vao cac phtrang trinh (2.9) ta c6: 

'Tit(w2 + stbvw + w~)~, - s,v 2~z'l]z = 0, 

·r,2<w2 + wi - s2v2l~2 + s,bvw~I'll = O. 

D(w2 + s1bvw + w~)~, - •1v2 ~2 = 0, 

(u} + w!- s2v2 )~2 + s.2bv~1D = 0. 

<2.91 

(2.10) 

Vl D = ·~t/''i2 kh:ic khtlng n~n gill tri nay se drrc;rc dan gian sau khi khai tri'~n 
h thlrc. 

N~u k~ t6i lgc c<iln trong dao dQng xo~n thi. 12.10J tr& thinh: 

D(w2 + s1hvcu + w;);l - s1v2~2 = 0~ 

(w2 + w~- s2v2 + 28aW)~z + szbvw~tD = 0. 

V6i !iJ 12 h~ s6 can, 

Djnh thire cUa h~ plnrang trinh tren se Ia ~ 

d(Ol) = I D(Ol' 

N~u i!ij.t 

.0= 

+ s1bvc~) + w.!) 
s2bvwTJ 

f1!nb thlrc tr~ll se cho ta phlfOIJg. trinh !all d:iy: . 

l\.(.0) = AJl4 + AlQS + A2.\l 2 + As!l + A~ = 0 

V &i A0 :.::-. 1, Al = e + s:~.bx~ A2 = A.2 -I- 1 - s2x2 + ~.::lthx, 
= A2 ~ S2x 2 • 

(2 11) 

(2. !2l 

.· (2: 13) 

A~ = Sjbl<A 
2 + ''· 



\' 1 sO h_~;~ng :;::::;.1-h:.:. l~. v(, CIH1g ~"~~ b?c !_',1<:• .l''ci~'H l<< _, (J lllP h(, quu. lmng qlli trinh 

giaL-
u~. h~ thvc hi~n dao <1Qng On djnh ti~m c~n (Ltn~ d6 v*n t6c gi6 .ni'Q hon _ v$-n 

i6c t6i h~TI v.
0

) ihi Q tim c1l-tqc trong pbtrong tdnh (2-13) phUi t'O phUn thl,l'c fun, ngh'ia 
la -ph:li.thClU m&ri ti~u ~huiin On U~nh Hunvitz sau di\y: 

\71"' AI> 0, vz = I A! As l··-"_· o, \73 = AI A
3 0 

> o t2·11) 
, A0 A2 Ao A.z A4 

· 0 A1 As 

Ta nh~n th!y dao_ d.¢ng flut.ter xay r-a khi \73 =. 0 va .Q = ± ip 

Th~:~.y gh\. trJ nay cUa Q :vao phu-ong tritih (2.13) ta d:uqc hai phiu 

p4 - A2p 2 + A4= 0, -·A1p 2 + A3 =0 

Tir ( 2.15) ta c6: 2 As stbA2x + s 
p .= -- = 

At StbX + g 

Thay giit·tri ella pZ ttr'{2.tRJ dto (2.15) ta sC duqe- plnrong,trinh l_it}n 
t6c gi6 t6i h~n vc va dtc tham s6 nhu sau: 

· A1A2A3 - A4AI- Ai = 0 
s <(A2- !) 

ho~c z
3 + -- z2-- = 0 

Stb2 StS2b4 

troHg do .z = x/b la O~dl!<;rng khOng tb(r I)£UJ~ll (2.19! 

th'.t.C •• ~0 
(2.15) 

(2.16) . 

. 
h~ gifra v·1fri 

(2.17) 

(2.18) 

Ph nan~ trinn trl::ri t~n U.1i v6i diCu ki$o ),2 - 1 =/= 0 tl'r.c 1<1 n~u ())i = w~ tbi kh6ng 
xay ra ·dao d:Qng flutter • 

. P;huang trinh (2-.17) ciing chinh lit ket q~1a kbai tri€:D. djnh thtl'c ci'1a cit-e diell 
ki~n (2.14). 

Khi bO qua hfc cltn (s ·= 0) l hi ,phuang trinh (2. H) thOa man v&i c:ic h~ 86 n~u: 

(2.20) 

Thay cacM s6 t(l' (2 ·20) vao hai phtrang trinh (2.15) ta nh~n du<,rc C(\C lien h~. 
sau. Q.<\y: 

- V6'i Wu < Uh: .thi ~~n t6c giO t&i ht).rt 'ttc = O; v~ = (•)!/sl. 

Phuong trinh b.*c ba (2.18) drrgc ghh h~ng ph11ang phitp C6.cdan6. Trang khi g1a1 
n~u bO qua li3.c s6 b:;mg c6 v~ cUng be b$c 2 -ctia e thi nghi~m thvc dtrqC xftc cljnh 
nhu sau : · 

, = .(sO}- tY __ 1 _ _.::_)113 10 z 
~ s1s2b4 27. b6s~- - ~--27- -,-,-b.-. (2.2ll 

'f\'r d6 V:\n t6c gi6 tCri h~n dugc tinh : 

Vr~ = zb6Ju (2.22) 

V~y ta lh:ly d6i v&i h¢ ma CiJu = W:;: ihl khOng- c6 kh~ nang xily 1'<1 dao 'd¢ng 
Flli.tter ~ e6n neu wu-o4= <UJt thi dl"eu ki¢n dt'l d(s z:&.y ra dad <1~ng Fluttc!' 13. bi(h th(rc (2.22). 
ph:ii tluqc thO.a m&:o.. 

§3. Vl DIJ: 

X2.c d:jnh tOe d¢ .gi6 t&i h~n dOi v&i cau Tacoma ell v&i d.c s6 li~u nhll'-sau. (d~ 
t i~n so slinh ta gitr _ngn_·y~n hi!; dan vj Anh): 

p= 
0,076 f 3 
-. - slug.s1 ft ; 

g 

5700 
111 = -- •lugo/ft; 

g 
b =20ft : 

b. 
-=1.3' 
·r 

2-'TC u:? 
(L)u = --; A2 = -~ = 1,75 i Y = 2 ~ 

15 (1.)~ 
E = 0,0!25 

23 
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'i"!'r -chng !hire (2.:\) ta tlnh s1. s~. Tll:ay Sl, -"2 \"~- dJ.r: gift tfj kh:\c t!a cho v~to (2 . .2i 
a ti'lh dtrqc z - ~,73 va do do lhay vito (2.22) Ia xac djnh dtrgc Vo = 4Ht/s i:Jo~c 13,2mfs. 

Theo each tlnh r.ua Stein men [1] thl Vo = 37,2ft/s. Con !rong !h\fC ~~ c~u Tacoma 
u bj dt khi v~n t6c gi6 l:l. 62f!/s (ho~c t8,6ds). Qua ket qui tinh toim, Ia !h~y coog 
hire (2.21) va (2.22) c6 thl s[r dvog thu~n lgi v&i sai s6 cho phep. 

§4. BANG KtT QUA: 

Tr~n co s& c~ng !hire (2.21) ta•.c6 th~ tlnh gia trj z lheo cac lham s6 hbg each· 
•iet cOng thirc du&i d~rig: 

z = ( •,a., .) I )3 _ __!! ...:._ 
OCtiX2 27 1X1 

(4.1) 

Trong 1!6 : <X 0 = l.1 - 1 ; <XI = ~pb2/m .: IX2 = b2/2r 2• 

Du&i day giiri thi$u mQt s6, ket qua tinh san voi etc !bam s6 thay dM nhu sau 
• = t/~0 .d~n 1/100; ot, = 0,1 d~n 2; 
ott = O,OOl d«n 0,05 vil ocz - 0,5 dEn 2· 

Ta c6 hru y rllng trong cOng trlnh [5] Bleich cfirig dA l~p b:l.ng cho m~t !ham' 
0 nhtrng viri gia thiel gill trj 2r2/b2 Ia h!lng s6 va chQn Mug 1,25. Troug thgc 16 ta 
Hy gia tri v = 2r2/b 2 cua cac c~u !reo c6 th~ d~t tiri 3,0 va bi~n abi lrong m<)t mih 
·¢ng; thi dl! 'd6i viri eii.u Tacoma cu thl v - 1,17. Yi thi day Ia mQt lrong .eac nguy~n 
1Mn chinh dlln den sai s6 kha lltn trong cac ban( ctla Bleich, nhu m<)t s6 ti.c gii. ilil 
1h~n xet [7]. 

Gift tri ella z trng v&i. e = 18/0 

"' = 0,2 oc.. = 0,5 ' 

~ 
. '. o,ooo 0,01 0,02 0,03 0,00; 0,01 0,02 0,03 

2 

0,70 4,37 2,82. 1,34 !.51 6,17 4,00 2t67 2,00 

0.80 4,08 2,68 1,78 1,30 ' 5,S6 3,U 2,53 1,91 I 
. 0,90 3,90 2,56 1,68 1,29 5,58- 3,66 2,3!. 1,78: 1 

1,00 3,72 2,~6 1,59 1,19 5,38 3,50 2,25 1~76 
. 
1,50 3,12 _2,11 1,03. 0,84 4,56 2,96 l,IJ2 1,53 

"• = 01$ "· = 1,0 

~ 0,005 
2 

o,ot 0,02 0,03 0,006 Q,Ol 0,01 O,OS 

'·-· 
0,70 1,~6 4, 76 3,04 2~14 8,02 5,17 s,os - 2,32 

0,80 7,02 •••• 2,91 2,00 7,62 4,92 3,16 2,20 

0,90 • 6,69 . 4,34 2.77 1,97 7,30 4.72 3,01 2,1'1 . • 
1,00 6,45 4,18 2,69 1,87 7,02 4,54 2,91 2,ctD 

1,50 5,51 3,60 2,34 1,60 6,01 4,90 2,63 1,76 I 
tJi• c~i 

~ruvng tJ~i l.9c Xily dlf•t 
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SUMMARY 
DAMPING FLUTTER OSCILLATION OF SUSPENSION. BRIDGES 

The paper lileab ·with flutter problem of suspension briag-es in r~gard to 
dal]lping. . · 
~- · The formulatead expression makes ·possible t"o obtain the dependence of critical 

'Wind velocity and other structural ·par•meters. ~"' , 
· Numerical calculation, is given of thf' Tacoma Narrows Bricilge and for sorhe 

valUes of parametPrs. 
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