
SONG CAU TRONG MOl TRUUNG DAN HOI PHI TUdN 
VOl BI~N DJ;\.NG BAN DAU THUAN NHAL .. 

PH~M THJ OANH 

./ 
Song ciiu trong moi tnrung dAn hOi tuy~n tlnh khOng ~6 ung sn51 ban d.ln dl!. 

<luge: nghien ct'ru _nhi£m, chang hon ttong [t; :1]. Tropg bai nay, ta. xet s6p.g -~l"Q: _·troqg 
rn6i tnrang dan hoi phi tuyen c6 bi~n d~ng ban d~u thultn nMt. Ta dung phtiafl,g1Jl'"'P. 
tugen tinh h6a cua rY3b A.H, [3) va sir d~ng cite h~ thu·c ca•hiin trong h~ IQa d¢:<'ong 

. tn)'C giao [4] d~ giai bai toan truyln s6ng diu trong kh6ng gian vO h~n v&i 15 hOrrg hl.nb 
clu.· Trong tnn:rng hqp dan hOi tuy~n tinh kMng c6 bien d~ng ban dil.u;· cac kH qu~ 
nb~n i!u·gc trlr v~ cite ~lt qua n~u trong [1, 2]; ' 

§ 1· M<)T VAl Ht THUC CO' BAN CUA BAI TOAN TUdN TiNH 
HOA TRONG Ht TQA D<) CONG TR1JC GIAO [4] 

I . 
K~ch dOng ella c3.c tbanh pb~n ella ten :x-a 'bien lil.~ng Grin: 

2"(;; = <3r + V;U'm)VtUm + (3,W + ViU 0 mlViUm, 

Kicb dling cUa rae bllt bil!ti dgi s6 ella teD.:xa bien d:mg Grin: 

At= gki(3t + V;U'mlVkUm .. 

A2 = 2y'ki(8j + \7;U""JVkllm, 
A,= 3y8kY~i(3j + v;u•m)VkUm. 

(j.J) 

(1.2 j 

Phuang trinb chuyen d¢ng va di~ti ki~.n hi~FJ yiet di'ii v-6i kich ~1¢ng c.Ua. tenxcr 
trng su~lt Ki~c kh6p 

n day 

V 111"'- pti"',= 0 

Nitim!Sl =Prn 

li~n h~ vH lv 
tim =·u}~a~V~Ua 

(t)imal' = (3~ + \7tuuo;) (0~ + VI!l~C!Il) (@.intf> + hint·~)+ ciJn&~ 
Trong (1.6) ta da dtta ra eac ky hi~u: 

h,intf> = [(gif'gtn + gn~gti) ___!__ + ~ (aHgnrg~su~t + 11 it1J'Bsgrll + 
0\0 •) '"' - "" 1'!1 

. 112 -' . 

+ gn~gtSg1'i + glltg!>sgl'if(~s-.-B-]<I:J•, 
»A o 

in tiO 
3 i~ 

aint~ =. E -r: <D\ cima~ = gma E <J;lc., 

Lin . a . a . »·. 
= g'" -- + ''t1nrg"'(' __ + "·"· P'gmrlllnsyo ·vo OAf -ti rs 8A2: .. h e pm, rs aA3 ' 

1)l' lA !h~ ,jan hbi lrng vCri tr~ng thtti bnn df\u; <Pa = WL~l' A2, A;) 

(1.5) 

(1.6) 
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Xet Iv~ tqa <19 clu (r~ 6,. q-;). C:!:tc tb3.nh .ph~ln cjia tenxo me tric cO d~ng: 

0 

.L.) - llii ,; ( . ~ 
0 . 0 

(2.1) 

jrong ·~ tQad¢ nay phuong trinh (1.3) c6 d,.ng: 

til"+ +t1"'+ctg6t2m+ Sf [ +(t12+ t21)- sin8~as8t33] + 
. + 8~ [ +-~t 13 + t3l) + ctg6(t23 + t 32)]- 3j(rt22 + rs;n 26t33)- p{jm "'0 (2:2) 

Trang tnrimg hQ"p bai toAn c6 tinh chat cioi xung diu vlt bi~n d~ng ·~al! dan· Iii 
lhdn nhlt 

u~ = (h -l)r, u~ "" u• = 0, ).t"' canst, 
' v . cp - i 

tbl (1.5) c6 d~llll dan giin- san dAy:. 

tim·= 6.)im_11Ur,r + Ur(?Jim22r + _cohrl33l'sir_26'). 

Tt'r (2.3) ta xac djnh dugc cac thanh phln v~J ly cu• "'Iii Ia: 

0 ...,o c 1 ("~2. ·o o . ...,o 
"'In= '<p<p.="'lee=-; A,-v. "Yro="Ye<p =· 'cpr= o. 

vi!. cite bll bi~n d\l.i a6 cua tenxcr bien d~ng trang tr,.ng thai ban dllu ll: 

.,3 2 o3 2 zo 3z s 
At=- (A1 - 1), A2=- (l.1 - 1) • As = - (A1 - 1) 

2 4 8 . 

Tu (1.6), (1.7) va (2.3), sau khi t!nh loan Ia thu drrg6 ket qua: 

w1~11 = r"-6}222 ~ r4sin40w3833 ;E a~1~ wimkk = O .. v&i m =F i, 

lrong d6 

"'1' ·= !.21 [(·-
8
- + 2Y•, -

8 
.. - + sy·~ 

OAf r OA~ r 

a d~y "'l:r xac djnh theo (2.li). 

Tir (2.4), ta suy ra cic tba~h phlin v$.t if ctla tenxo Unf! suat t 11: 
Ur 

trr = 0:.111lr,r + 2~21 ____., 
r 

llr 

r 

.h'l' = tr~ = tQ'P= t 9 r =ter C' t'!'~ = 0. 

12.3) 

(2'.4) . 

(2.5). 

(2. 6) 

(2.7) 

(2 8) 



Trong ti'IT/rng bqp nay. plHrong trinh chuyh o(ing (2.2) clan TO d~ng: 

Th! (2.9) 

'Otrr --+ 
ar 

va.o (2.10), ta -_thu Quqc:: _ 

--~-2 urf . -_2 au! :' 
---+~-~ 

ar 2 ' r ar 
· 2 p a2u, 
- Ur = -----
r2 ~11 at2 

(2.10) 

(2.11) 

{)6i v&i b3i tolin d6i xlrng din n6i tren diCu ki~n bi~n duqc Vi~t du&i d':i~i~ 

.=--q(t) (2-!2) . 

trol)g d6 q(t) llt ham (llJ y b!~U thi kich d<)ng cua h,rc m~t. . , · .. 

Plmcmg trinh· t2.10 va di~u ki~n bien (2.12) k~t hqp v&i cac dieu ki~n. ba'n dil.u· • 
cbo phep ta gilli bii toRn -d¢ng di!Si xUng dlu cUa m6i tr.u:Crng dan 'hl'li c6 bil!n _d'-~g b_an 
dau thuiln nHt. 

§ ~. s6NG cA.u 
., 

Xet m6i tnr(Yng ~a khUng gian v6. h~n v&i 16 hOng hinh dlu ban ~inl~ 'trong tr:}ng 
thai ban d3.u Ht R~. C:iu tlJO tir' v~t U~u dan hbi lJ tuOng, nen 'dugc, th£\ bi~n d~ng -·I~ 
tUy j·. Tqwg thai biEin d~ng han diu tbuln nhlit va c6 tinh chAt ddi xfrng _c3,u .. · Gii sit 
kich d\)ng ciing c6 tinh cUt doi xirng cil.u, khi do trong mOi tnr&ng sii · xdl hi~n s6ng 
du va clich chuy~n c6 d~ng: 

__,. \ 
u :;:::: (ur, 0, O), llr = Ur(r, t), 

"-' dtrqc xtc djn h tir h¢: 

a2ur 2 --+-
8r2 r 

a·ur - 2 p .»2ur 
---- li}' = -- ---· lr. ,2 o:u at2 • 

(3.1) 

au, . u, I 0:11-- + ~ 2a21 -.- . =-:--- q(t), 
»r ·r r·= H 

(3.2) 

trong 06 R 13 'bin kinh ella 10 h'l}n·g trong tr~ng thbl tl.r nhi0n~ n ::;:: hl 1 Ro~ 
H$ (3 1). (3.2) c6. d~ng ho~n toan !rung veri d~ng Ctla h~ phuong trinb d~ giai 

bai to<"m d6i xfrng ciiu trong tnr&ng_ hqp dan· hOi tuy~n tinh kh6ng c6 trng su(t han diu. 
ch_i 831 khac a cac h~ s6 h~ng sO .. Tru{mg hqp dan hOi tuyen 'tinh !{hbng c6 li'ng .sua! 
ban di'iu cla duqc trlnh bfty trong nhieu Hd li$n 9 ch~ng h::Jn trong [1, 2] cho d.c tnxOng 
hqp q(t) =Po~ cons! hay q(t) = p,e'"' hoi).c q(t) = qlt) H(t). 

Do d6 vi$c gi:H b:\i toin S6ng ci'1 tr0ng tnr& 1g hqp dan hOi tuy~n tinh 
h6a bo?t.n to&CI tuang- tl,l' nhLr tro!tg trucrng. hqp dan hOi tuyGn tinh kh6ng 
c6 trng su,u ba:n dau. Nnhi~m ella bii toi1~ tur~o tinh h6a suy ra tir nghi~m ella b·ai_ 
toan tuyen tinh bang each thay dOi c:ic- h$ sO h1ng s6. VI v~y, b cUy ta chi din Urn 
cac II~ s6 'Xlt, OCzt· ' 

Sao dfty ta se tlnh 1X11, <Xzl trong m¢1 vai lrtrang hqp c~ th~ cua th~ d:\nhbi. 

1. Trrrang hgp dlm hbi phi tuyen v&i tM Munnaghen 

1 . 1 1 
<ll = - t.Af + fi.A2 + ~ aAr + bAtA2 + ~ CAs, (3.3). 

2 ~ 3 

1i) 



s~u "-~1i _,HnJ-1 to!p~ ta ~i -O:~n k~t_ qua: 

<i<ll =A (AJ + Ail + 2ft tAl + y~,) +a (2).i A~ + Aj2 ) + 
_.: l> [•).J y~, + A~ + 2 (X~+"(~,) ArJ + C (2At + y?,) "(:, 

"21 = Af (A + 2aAf + 4b "(~,). 

Thay cac gia tr! cQa Y~:rr Al, A~ ttl (2.5),, (!2.6) vio cac hi~u th\rc lren ia thu dtr\fC 

!!II = j_ (6'-~ - 3) A + (81-f - 1) f' + ,:_ ('-f - 1) (7Af - 3) a + 
~ . 4 . 

+ ...!_ (1-f- 1) (29).f - 9) b + .!_ (l.i - 1)(5i.f -1) C, 
• 4 . 

"~' = ).~A + SA) Ct.~- 1) a + 2/.!(1-~ - 1) b. (3.5) 

N~u cho trubc tr~ng thai bi~n d11-ng. ta holm toAD Xltc djnh duqc e<!t; «21 i.heo 
Trang tmlrng hqp cho tr~ng thai U:ng suH ban d~u !hila dn phi.i xae djnh A21 

Giit_ si'r ta C6 trQ.ng th:ii lrng suat ban d!u ll: 

·ong do cr~:r, a:~;p, ... , rr;r ia cac thtith phln v$-t Iy ella ten xa· i!nt suit s01 t 
l"rong h~ t9a d9 cong lr\fC giao, ta c6: 

s•ij_,: gli (Hj +a;\.io + bA;) + 2y"ij (f' + bA!) +.y~iyokiQ, 
Trong trulrng h7p d6i xtrng c~u xet tr~n. Ia e6: 

O':r = AAi + 2~Y~r +. aAf2 + b (2"'(~r A1 + AV-+ C Y:! 
'he gia trj cua r~, va A!, Ai Ill: (2.5), (2.i!) v:i.o phuang lrinh trfn ta nh~n duqc. 

"~' ~ (),j -1J [(;-A+")+ (! a+ 3b + ~) (),f- 1)] (3.6) 

3-i:H phrrang trinh 

('-r' - 1) [ ( -i ). + ") + (: a + Sb + ~) o.f - u =,., 

ta tim dugc ).~. Th~ gi~l tri ella Af vfto (3.4)' ta d.c djnb dtrqc et:11, CX21· 

2. Tm&ng hgp dan hoi tuy~n t\nh kh6ng c6 trng suat ban dau. 

Khi d6: 
1 ~ . 

¢> = - AAf + f'Az, a =' b = "' "' 0, At = 1 
2 . 

(3.7) 

(3.8) 

TM (3.8) vao (3.5) ta nh~n C!trgc: o:11 = A+2[l, <~<21 ="A ( '.9) 

Thay ($.9) v:lto (3.1), (3.2) ta nh~n litrqc clc klit qua clio ly thuy€1 dan Mi !uyen tinh 
kbOng c6 trng su(t ban dl\u. 

§ 4. vi Dl} 

Xet tnrirng hgp tren bien r = R kich, Cl¢ng cua lt;c m~t c6 d~ng q(t) = q. = cons!• 

clie klch d:¢ng cUa chuy~n r1lch va tOed¢ chuy~n <:lich !~i th&i CH~m ban dlu b3.ng kh~ng. 

fhra ;lto ham <j; tho• man lien h~ ur = a<Ji/&r, tir phuai)g trinb (3.1) ta nMn diTqc 
phuang trlnh s6ng: , 



i 
I· 
I 

a dAy : 

N gbi~m ctla (4.1) trong truimg h17p kh6ng c6 S\f ph an x~ s6ng c6 d•ng : 

o/.;,-;- f{t- r ~H)~ -;- f(~) 
· · ·r- R c2 = . o;ufp, ~ = t - ..::...._:;;.. 

c 

( 4.1) 

(4.2) . 

Ta cAn xac djnh ham f('<) thOa man cac dih ki~n bi8n vi. dieu ki~n ban dan 
$au My: 

.• ("11 "- 0:21)[ ~ £(~) + .....2_ f'(~) + - 1
- f"(~)]fr=R = -q., (4.3) 

\ _ r _ crz , c 2r 1 

·_ 

(~=t) 

11£") 1£ I --;;--;:- (~ --;:2 (~).,.=- r-R =O, 

c 

1 1£" 1 -- '-- (~)- -· 
c r · r2 

f'(-<) 1 = o. r-R 
't'=----. 

e 

D~ th<la m~n dieu kt~n ban dau (4.4). f(~) cln ichQn sao cho f(or) <= 8 khi 
V'< < 0, con khi ~ > 0 f('t') cluqc xac djnh tir dieu ki~n (t:3). Bi~n d~i (4.3), ta 
dlnMn 

f"(t) + 2Xf'(t) + 2X £ f(t) = - .E._ q,, 
R p 

. (4.5) 

au - Cl21 C 
trong d6 X= 

R 

Gil!i phrrang trinh (4.5) v&i di~u ki~n f(o) = f'( 0 ) = 0 Ia thn duqc k!t qua: 

f(tJ = - qoR
2 I 1 - e-Xt (·_cosX~t + : sinX'Ijt 1)] 

2p><C [ ' ., 

trong d6 ~ 
.. au + oczt 

'IJ" = 
(.(11 - (.(21 

Trong tnrOng hqp dan hOi tuyen tinh k;hOng c6 trng su(t ban d:l-u, ta c6: 

Ct 

R 

A+ f' 
'IJ= 

f' 

Khi <16 (.1.6) hoitn loin !rung v6i ket qua n~u trong [2] 

( 4.6) ' 

f!t• &hi Nh4• ngAy 10/4/1985 
TrlfiJng f)~i hf< TJ~g k~p liN 

17 



TAl LIEU rBA.~! 1mAo 
L HOBAIJ,!Uif! B. TeopHH ynpyrocTH. Map, MocKBa, 1975. 
2. THMOlliEHKO C.TL, fY)J,bEP ,ll. )!(, TeopHH yrrpyrdnH. HayKa, MocKEa, 1979, 
3, fY3b A.H: YCToifqlJBOCTb ynpyrnx TeJJ np>~ KoaeqHb!X )1e<jlopM3l\Hnx. HayKOBa ,llyMKa, 

KHeB, 1973. 

4. fY3b A.l-1. Yc'roii'lHBOCTb ynpymx TeJI np>~ B(CCTopoHHCM cl!mTI!IL HayKoBa ,llyMKa 
l\HeB, 1979. . -

5,_ fPHH A., A,llKI1HC Jl)K. l3oJJbUIHe ynpyrne )1ecpopMal\IIII II lieJI!!HeiiHal1 MexatUIKa 
- C!IJIOUIHOH cpe)l.bl, M11p, MocKBa, 1975. · 

· · ·, PE3IO ME . , , 
C<PEPI1'-H::CK11E BOJIHhi B I-IEJII1HEviHOfi YTIPYfOt! CPE,llE C 

HALJAJibi-IbiMH O,lli-IOPO,llHbiMI1 ,llE<POP.MAIJ,I1HMH 

PacMOTpeHo pacnpocTpaHeHHe ccpepl-i'!ecKHX · BOJJH B 6eCKofleqH.OM rtpoc'TpaHcT!le co­
ccpepHqecKoii noJJOCTbJO. MaTep!!aJJ npe)l.noJJaraeTcH nmepynpyrHM, clKl!Ma~Mb!M, BH)l. 
ynpyroro ITOTCHL(H3Jla ~ npoH3BOJ!bHblM, ' a HaqaJibHb!C )l.C<jlOpMal\l!H - O)l.HOpO)l.Hb!MII. 
On11paH Ha mmeapl!aHpoBai-IHYJO Teopl!IO pa3BHTYJO A.H. fy3eM, nocTaBJJe;m n pemeHM 
3a)l,aqH 0 pacnpOCTpaHeHHll BOJIH• TioJJyqeHO perneHHe )l.JIH HeK0TOphlX KpHKp€THbl~ 3a)l.aq 

THONG BAO XE-MI-NA TOAN CO 
(Sang thti 5 bilng tulin ll).i ph6ng phtrang phitp foim ly, Trung liim Tolm 

hQc ung dgng .va Tin ho;>c, Pharr vi¢n Khoa h9c Vi¢t Nam, 
1 ~l).c Blnh Chi, Q. L Tp - HCM) 

Cite hao ca.o trinh bay trong nih'n 1985 · 

1, - Ph~..: Huu Tri (TTTHUD va TH). · Ly thuy~t nude nong 
2. Le M~u Long (TTTHUD va TH). M¢t s6 v~n d! ung_ <ilJng khi tinh toan th6y h,tc 

s6ng ngoi. 
3· Phl!m Ngoc Qui (TTTHUD va TH). Cac bid toan bien cua vat ly toan. 
4. Dao Minh Ng0 c (TTTHUD vii TH). Mot phuong phap giai s6 bid toan tMu kinh 

nu6c ng0 t trong truong hqp tb~m ph&ng. · . _ · 
5. Tdn van Lang (TTTHUD va TH). Phuong phap sai phan giai cac bki toan bien. 
6. Le Van Thiem (TTTHUD va TH). Giai bai toan tbau kioh nu6c ng0t bang ly thuy<h 

h~m phirc. 
7. Steph$n Rempe! (Vi~n Toan hvc ung ohmg Vi~n HLKH CHDC Due). V~ mi)t bai to an 

bH~n ella phuong tr inh dao ha.m rierlg tuyen t:inh. 
8. Kierkrberg (H<:>i x:lc xuat thong ke tM gioi), Mi)t s6 van a~ irng <hmg thOng ke toan 

hoc trong y h'lc. 
9 Nguyen Sinh Hay (Dolm DHl). M¢t s6 d?c di~m ch~ dO tlai\y viln vimg Dong Thop 

Muai. 
Hl. Le Quang Huy~n- Truong Chi Tam (Ban chii nhi~m chuang trinh Moi sinh Tri An). 

Mi)t s6 yeu clu d6i voi bai toan d~ bio chat lu(]ng nu6c ho chua thUy di$n Td An. 
:1.1. Dao Minh NgQc- LeVan Thiem - Phan Hftu Tri (TTTHUD va TH) Xay d\Ing mo 

hinh toin hqc ghii sll cho 'viec m6 ta va du hao lu a n~i Dong Thap Muoi. 
12. U M~u Long - Dao Minh Ng0c - Le Van Thiem (TTTHUD va TH). Xiiy dvng m6 

hinh toan hoc gi:li s6 cho vi~c mo ta du bao eM d¢ dong chiy tren b~ th6rog song 
kelih vitng Dong Thap Muoi. . · . · 

13. Trln van Lang ~ Dao Minh Noc --De van Thiem. (TTTHUD va TH:): Xi\:y dvng mo 
hinh toan hQc giai s6 trong kh6ng gian 3 cbi~u cho vi~c ml\ ta, dt,t bao trlt Iuong 
va ch&t.luon.g nu6c cua ho chua thi\y di~n Tri An .. 

14. Tran Van Lang- Diw Minh Ngoc - Le van Thi~m (TTTHUD ,vi. TH). T.i~h- t~an 
de s6 li~u thUy lvc theo <;hi~u situ khi biet s6 li~u h~ r;* vimg 'Nam bi~n Dong. 

_18 


